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Lecture II-I 

You will remember that when I startedtl1e previous lecture I 
remarked that it was not possible for scientists to have a 
detailed understanding of the diverse properties of solids 
until the atomistic picture of matter came to be accepted. 

And it was for this reason that I devoted the whole of the first lecture 
to describing how the atomistic picture came to prevail. 

I'd like now to enlarge a little on this point - to show how the 
atomistic picture made modern solid state physics possible -
and to use this relationship to explain the plan of the present 
lecture and the ones to follow. 

Here's the large scale picture, as it was arow1d the beguming of the 
present century. 

I call solid state physics - meanil1g modern solid state physics - a new 
continent to be explored. 

Why? 

VG-ZjJ..-- Well, let me offer you some random quotations from the literature. 

Looku1g at these, I trust you can see the pOU1t. 

Before there was any body of knowledge about atomic-scale 
phenomena in solids, the literature was full of measurements 
of various interesting properties of solids that were merely 
recorded as data without any explanation of them in terms of 
structures and lnechanisms. 

Now that we have such a body of atomic-scale knowledge, nearly 
every paper, experilnental or theoretical, undertakes to give 
an explanation, usually on an atomistic basis, of the new 
results found. 
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The possibility of giving such explanations first became a realistic. 
hope around the beginning of this century, when the atOmIC 
nature of matter came to be accepted, and some of the 
properties of atoms began to be known. 

But of course, as was also obvious at that time, the job wasn't going 
to be easy. 

Here I've listed some of the major types of difficulties in red boxes. 

But with a little reflection on the difficulties, one could see, even in 
those early days, some of the most promising paths to follow 
to cope with them. 

These I've indicated in green boxes. 

For one thing, it was already obvious from developments in atomic 
physics and radioactivity, and especially from the logical 
puzzles that seemed to underly the work of Planck on black
body radiation and the work of Einstein on the photoelectric 
effect and on specific heats, that new laws of physics were 
going to have to be uncovered and understood. 

Much of the needed understanding was undoubtedly going to come 
from further work in atomic physics and proper formulation 
of the laws of quantum physics. 

Another difficulty was just the tremendous variety and complexity of 
the properties of solids. 

To avoid being snowed under by this complexity, one would like to 
follow the philosophy of studying simplest cases first. 
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Finally, if one is going to try to understand the properties of solids in 
terms of the behavior of atoms and electrons, one would like 
to be able, at least sometimes, to observe directly what the 
atoms and electrons of the solid are doing, and this is going to 
require techniques for observing structures and phenomena 
on much finer scales of space and time than had ever been 
possible before. 

How can such capabilities be achieved? 

Finally, one would like to study solids under as wide a range of 
conditions as possible, in the hope of discovering limiting
case behavior, etc. 

Well, now having identified these difficulties, let me say just a few 
very general words about some of the obvious ways of coping 
with them. 

The "new-Iaws-of-physics" problem was, of course, a real toughie at 
the start. 

The first attempts to formulate the laws of quantum mechanics were 
very confusing and unsatisfactory, and everybody just had to 
wait until workers in atomic physics and fundamental theory 
got a workable formulation put together. 

And, as you know, this didn't happen until 1925. 

However, even in the early years, a few things like the quantization 
of energy for a simple harmonic oscillator and the Ritz 
combination principle in atomic and molecular spectra, were 
well enough known to be applied to solid state physics. 
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An approach that was less obvious in the early years, but whose 
importance has grown with time, has been that of developing 
global concepts that involve many electrons or many atoms, 
but that are still simple enough to treat reasonably cleanly 
with quantum mechanics. 

We'll see examples of this later on -like superconductivity and spin 
waves. 

Moving over toward the category of Experimental Techniques, you 
will remember one very powerful technique for getting 
information on atomic arrangements in solids was discussed 
at the end of my previous lecture, namely the diffraction of x
rays in crystals, discovered in 1913 and 14. 

Other techniques of structure determination, unknown at that time, 
were of course discovered many years later. 

The riches to be discovered in experiments below room temperature 
were already starting to become evident at about this time, 
with the liquifaction of air in 1895, hydrogen in 1898, and 
helium in 1908. 

And as you know, the frontier has been pushed farther and farther in 
the years that followed. 

High pressure studies were also starting to be made, and received a 
great impetus with the work of Bridgman around 1915. 

Well, so much now for the quick sketch of the initial directions in 
which the exploration could go. 

Now I'm ready at last to give you a quick picture of how the 
remaining lectures are going to be organized. 
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Continuing the analogy of exploring a new continent, I'm going to 
try to choose a small number of paths that the explorers took, 
following each one along step by step for a considerable time, 
so that it makes a reasonably continuous s tory, in spite of the 
fact that there has been an increasing amount of interaction 
of the different pa ths with each other. 

Fortuna tely, there is one path, or group of pa ths, that got a very 
early start and was able to remain fairly distinct from the 
other paths for many, many decades. 

The area I'm referring to has to do with correlating the properties of 
solids, mainly crystals, with the behavior of atoms obeying 
the laws of classical mechanics and thermodynamics, with 
only the m ost rudimentary allowance for the modifications 
introduced by quantlffil mechanics. 

The main such modification used is simply the quantiza tion of the 
harm onic vibrations of the atoms. 

With this type of approach, of course, the forces that the atom s exert 
on each other, though determined in part by elec trostatics, 
are in most cases not available from theory and have to be 
deterrnined, if they are needed, by expressing them in terms of 
adjustable parameters that are fi tted empirically to measm ed 
d ata . 

But even so, a tremendous amoLmt of understanding can be obtained 
by judicious combination of experiment and theoretical 
reasoning. 

So the rest of the present lec ture .... 1'71' I $I ¥f the one to follow will be 
devoted to this area. 
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Most of the rest of solid state physics, at least until recently, has 
involved the quantum-mechanical behavior of electrons, and 
can be divided, somewhat crudely, into two or perhaps three 
stages of progress. 

No matter whether a piece of new knowledge is obtained by 
deductive theoretical reasoning from more fundamental 
principles or by inductive experimental reasoning from 
observations, the knowledge itself is nowadays usually 
expressed in terms of some sort of a statement about what 
electrons or atoms are doing. 

If the knowledge is expressed as a statement like "This electron is 
doing this and that electron is doing that" I call it "one
electron knowledge." 

Before the present formulation of quantum mechanics in 1925, and 
for much of the time after this event, most of the knowledge 
about behavior of electrons in solids was of this type. 

For this reason and because the treatment of this area in quantum 
mechanics is simpler than that of some other areas, this will 
be the next exploratory path that I will address in a later 
lecture. 

But of course not all of the electronic properties of solids can be 
accounted for in terms of the behavior of individual electrons 
taken one at a time, even when the interactions of the 
electrons are taken into account by some sort of average 
electrostatic field. 

Some phenomena are better understood in terms of collective 
motions in which a large number of electrons cooperate in 
producing a quasi-macroscopic distribution or motion of 
charge or spin. 
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Such specifically "collective effects" will be addressed in a still later 
lecture. 

Finally, the literature of the most recent few decades has abounded 
in experimental and theoretical studies of very diverse 
phenomena in which complicated systems that contain an 
element of randomness, yet are subject to certain physical 
constraints, can show a wealth of very specific properties 
derivable purely from these facts. 

I call this area, for short, "Riches from Randomness", and it will form 
the final subject in my lectures. 

Well, so much for the plan of the lecture series. 
- - - -. ------~-------~------~-

Now let me get on with the discussion of history, taking up the first 
of the exploratory paths I mentioned, which I have called 
"Positions and Motions of Atoms in Crystals", the use of 
mostly classical laws of physics being understood. 

As I show here, this area can be further subdivided into four or five 
sub-areas, which, although they have interacted quite a bit 
with each other, can profitably be discussed sequentially. 

In line with the "Simplest Cases First" philosophy I mentioned on a 
previous transparency, the simplest sub-area, and the one 
whose history goes back the farthest in time, is that of the 
arrangement, binding energy, and vibrations of perfect 
crystals. 

The next simplest type of problem one can tackle is, as I indicated on 
the first vu-graph, the study of a single isolated defect in an 
otherwise perfect crystal. 
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On the present transparency 1 call this the Study of Point Defects. 

The term includes impurity atoms or small clusters, and also defects 
in the perfect-crystal arrangement of atoms, such as vacant 
sites or extra atoms or molecules of the host materiaL 

One may think of these as zero-dimensional imperfections. 

But there are also one- and two-dimensional imperfections. 

Dislocations, which I'll describe more precisely later, are departures 
from perfect crystalline order which by their topological 
nature have to be localized along straight or curved lines that 
can end only at the boundary of the crystaL 

As for two-dimensional imperfections, any finite crystal must have 
boundaries, at which the crystalline order ceases. 

Moreover, solids often consist of crystal grains with different 
orientations, which meet in two-dimensional grain 
boundaries, and often, too, the different grains are of 
different composition and crystal structure; in other words, 
they are different phases. 

While 1 suppose it would be logical to consider these two
dimensional imperfections separately from the dislocations, 
the study of these two areas involves so many interactions 
between them that I'll discuss them simultaneously when 1 get 
to this part of the lectures. 

But there are still two more clearly identifiable areas of the atomic
unit aspect of solids. 

One is the study of how crystals can be formed or destroyed from 
non-crystalline matter, such as vapor or liquid. 
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Here a nucleation process is usually involved , because one can easily 
have conditions (temperature, pressure, e tc.) for which a 
large amount of material will have a lower free energy in the 
crys talline s tate than in the liquid state, ye t a sm all crystal in 
the presence of a large amount of liquid will h ave a higher 
free energy than if the material were all liquid. 

In such cases the crystal growth process can 't ge t started until som e 
sort of fluctuation has produced a large enough crystal to 
make further growth thermodynamically dow nhill. 

So I m ake a separate area for a phenomena of this typ e. 

Finally, there exist solids, some of them very important, that are not 
crys talline at all. 

These go by the general name of glasses, and by virtue of the 
randomness that characterizes their s tructure, they turn out 
to have especially interesting properties, although they are 
more complicated to s tudy than crystalline m aterials. 

What I'm going to do now is to follow the clu·onological 
development of each of these areas in turn, taking note where 
necessary of their interactions with each other and with the 
areas of electronic physics that I've shown above here. 

So here then is a map of the first few decades of development of 
20th-century atom-physics understanding of perfect crys tals, 
with som e of its 19th-century background. 

This is similar to the panoramic transparencies I showed in the 
previous lecture, except that now I've separated theore tical 
developments on the right from experimental developments 
on the left. 
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As before, I've distinguished several sub-areas by using different 
colors for the boxes summarizing the developments in each. 

Of the various sub-areas, I think the one I'll talk about first is that of 
the specific heats of crystals. 

As shown here, the story goes back to the discovery of an intriguing 
and, at that time, mysterious property by Dulong and Petit in 
1819. 

Making use of the newly discovered concepts of chemical formulas 
and atomic weights, which I discussed in the previous lecture, 
they found empirically that near room temperature the heat 
capacities of solid substances seemed always to be about the 
same for any given total number of atoms, namely, about six 
calories per gram atom. 

It must have taken some faith in their intuition for them to proclaim 
this as a universal law, since in those years atomic weights 
and even molecular formulas were not always reliably 
known. 

But the rule was still good enough to attract a great deal of 
attention. 

Indeed, it sometimes happened that when people were uncertain 
about a chemical formula used in the determination of the 
atomic weight of a metal, people would often choose the 
formula that gave the best agreement with the Dulong-Petit 
prediction. 

But as further measurements continued to be made, particularly 
those of Weber in the 1870's, it became increasingly clear that 
there were real deviations from the Dulong-Petit prediction, 
particularly below room temperature. 
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On the other side of the argument, however, it was pointed out in 
1876 by Boltzmann that the emerging science of statistical 
mechanics would predict exactly the Dulong-Petit Law for a 
solid consisting of atoms undergoing small harmonic 
vibrations about the minimum-energy positions. 

This was indeed a simple consequence of the equipartition principle 
of classical statistical mechanics which had been derived by 
Maxwell and Boltzmann a decade and a half earlier for the 
kinetic part of the energy, and which is easily extended to the 
potential energy if the latter can be written as a quadratic 
form in the displacements from equilibrium. 

It may seem a little surprising to us that the application to specific 
heats took so long to be noticed, but we must remember that 
all these ideas were very novel at the time. 

So now, for three decades, there remained a puzzle: Why did specific 
heats decrease at low temperatures? 

The answer came only with the advent of quantum mechanics. 

As we saw last time, the idea of an energy quantum proportional to 
frequency was first introduced by Planck in 1900 as a way of 
deriving a theoretical frequency distribution for black-body 
radiation that would agree with observations. 

Planck's hypothesis was so radical that in the next few years he and 
other theorists tried all sorts of ways to reformulate the 
hypothesis to make it sound more reasonable. 

Einstein was a more daring thinker than the others, and proposed, in 
his 1905 photoelectric paper, that the quantization principle 
must apply to all kinds of periodic motions, whether motions 
of mechanical systems or of the electromagnetic field. 



He proposed this even though he admitted that he did not 
understand where this puzzling principle was leading. 
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In the next year or so he applied this concept to the vibrational 
energy of atoms in solids, and in a paper published in 1907 he 
showed that even a crude model which assigned a single 
frequency to all the vibrational modes of the solid would lead 
to a specific heat that did approach zero at the absolute zero 
of temperature, and would indeed give a rough fit to the best 
measurements then existing for diamonds, those of Weber, if 
the atomic frequency were chosen to equal kT /h at 1300 
Kelvin. 

Soon Nemst became very interested in the specific heat problem, 
since he believed he had discovered a law that the entropy of 
a crystal should always go to zero at the absolute zero. 

Nemst undertook to perform greatly improved low-temperature 
measurements, and these showed that all specific heats did 
seem to go to zero at the absolute zero, but not nearly as 
rapidly as Einstein's formula predicted. 

He correctly attributed this discrepancy to the existence of 
vibrational modes covering a range of frequencies, and both 
he and Einstein made unsuccessful attempts to construct a 
model with an improved frequency spectrum. 

The key breakthrough came in 1912 when two entirely independent 
investigations, using somewhat different approaches, 
appeared in print only a few weeks apart, a phenomenon that 
has happened in a number of cases in the history I am 
reviewing. 
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The first approach, based on very perceptive physical insights and 
llSing simple approximations tha t turn out to be fairly good 
ones, was by Debye, a yOW1g physical chemis t s till in his 
twenties, w ho had just embarked on a professorship a t 
Zurich . 

Debye realized tha t to obtain an accurate specific hea t a t low 
temperatures, it would be all-important to have an accura te 
representation of the frequencies of the low-frequency m odes, 
while accuracy for the high-frequency m odes would be 
unimportant since these would not be appreciably excited. 

A t high temperatures, on the other hand, the sp ecific hea t would not 
be a t all sensitive to the accuracy of the approxim ation to the 
distribution of m ode frequencies, as long as the to tal nwnber 
of modes was correct, since at high tem pera tures each m od e 
would have the equipartition energy of kT. 

The low-frequency modes would be those of long wave leng th, so 
their frequencies should be quite accura tely approxima ted by 
those of a classical elastic continuum with the elastic 
constants of the host crystal. 

So he simply assumed a m odel with the same m odes as this elastic 
continuum, w ith all m odes above a certain cut-off frequency 
discarded , this frequency being chosen to give the to tal 
number of m odes equal to three times the nwn ber of a tom s. 

Thus for p erfec tly harmonic vibra tions, his approxima tion was 
asymptotically exact a t both high and low temperatures, and 
consequently could be expected to be a reasonable fit to the 
temperature varia tion of specific heat over the entire range. 
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As you doubtless know it is still used today, since it uses only a single 
adjustable parameter, the upper frequency limit or the energy 
equivalent in temperature, for any given substance. 

However, as often happens when a lot of gifted people are aware 
that a certain problem needs to be solved, another approach, 
somewhat different from that of Debye, was being pursued 
simultaneously and independently. 

Max Born had just arrived in Gottingen as a young instructor. 

Through a mutual friend, he met Theodor von Karman, a young 
worker mainly concerned with hydrodynamics, but very 
interested in many other areas of theoretical physics. 

One day they happened to be discussing Einstein's specific-heat 
paper, and found themselves in agreement that what needed 
to be done was to take proper account of the distribution of 
normal mode frequencies. 

They soon found themselves collaborating in an attempt to calculate 
properly the distribution of frequencies for a crystal lattice 
made of atoms interacting with short-range forces. 

They finally found and published an answer for a simple model that 
seemed to have qualitatively the same features as were to be 
expected for any crystal, and their paper appeared in print 
only very shortly after Debye's. 

Work in these areas slowed down somewhat during the years of 
World War I, although the slowdown was not as pronounced 
at this time as that which was experienced in all countries in 
World War II later on. 
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For example, in reminiscences published in 1965, Born recoLULted 
how he, MadelLULg and Lande had been assigned to a group 
working on the location of enemy gLULS by sOlmd ranging. 

But he and Lande kept a drawer full of work on lattice dynamics, 
trusting that the commanding officer would not be able to 
distinguish this mathematics from that of sound ranging. 

Born eventually published two books, a hasty one in 1915 before his 
involvement in war work, and a later one in 1921, 
summarizing a lot of his work on lattice dynamics, binding in 
ionic crystals, etc. 

These were quite influential until the publication of the more up-to
date reviews in 1933 and 1954 that I have lis ted on the 
blackboard here. 

The theory of lattice vibrations had now reached a point where what 
was most needed was detailed substance-by-subs tance 
information on the frequency spectra of normal m odes. 

Such information came only many years later, first from new 
experimental techniques and then eventually from highly 
refined quantLUn-mechanical calculations of elec tronic 
energies from firs t principles . 

So we are now ready to take a look a t the ex tension of this diagram 
of atomic properties of perfect crystals to the nex t few 
decades. 

5tL<.JriQI'?, 'Swltched ft, V,.e£n: l. vt$~ &I --'> Here I've
A

Gfl"nll1uea: t~-lf@ orange boxes for notewor thy 
developments relating to normal-mode spectrq..s i' '''':y<3H

~ A$~'" will see, the most notable development is now on the 
exp erimental side of the sheet. 
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While it had been recognized by some of the early workers, notably 
Debye and Waller, that the increasing amplitude of vibrations 
of crystals at high temperatures would decrease the intensity 
of the Bragg diffraction spots, and cause an increasing 
amount of diffuse scattering, mostly but not entirely close to 
the Bragg spots, an adequate mathematical description of the 
diffuse scattering was not given until decades later. 

This gap was finally filled in 1940 by an experimentalist, 
Zachariasen, but even after this the accurate extraction of 
frequency spectra from x-ray data has rarely proved 
practical. 

Instead, the tremendous step forward came from a different type of 
experiment, though involving for the interpretation a 
theoretical analysis similar to that needed for x-ray 
sca ttering. 

As everybody now knows, the tremendous effort during World War II 
to develop a nuclear fission bomb required the preparation of 
material with a high concentration of heavy atoms that could 
be made to fission with neutrons of thermal energy. 

This required either the enrichment of uranium 235 in natural 
uranium by isotope separation, or the production of 
plutonium 239 from uranium in a reactor. 

Both paths were energetically pursued, and at the end of 1942 the 
self-sustaining nuclear reaction needed for the second path 
was achieved in a reactor constructed under Fermi's 
leadership in Chicago. 

When the war was over and peaceful uses for reactors were pursued, 
the copious supply of thermal neutrons that could be obtained 
from them made the study of neutron diffraction in solids an 
attractive possibility. 
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Now neutrons in a solid can be scattered by either of two types of 
forces: the very strong inter-nucleon forces that act when the 
neutron is in or very close to a nucleus, and the magnetic 
fields that they traverse in or near an atom whose electronic 
shell has a magnetic moment. 

The former are much stronger, but the latter occupy a much larger 
volume, and it turns out that these differences almost 
compensate one another, so that the effective scattering 
powers of the two types of effects are comparable. 

So if neutron diffraction were used like x-ray diffraction to 
determine crystal structures, the two aspects of scattering 
might be comparably useful, though of course magnetic 
scattering would not be useful in nonmagnetic materials, and 
nuclear scattering shows a lot of diffuse background because 
of the usually random order of nuclear spins, although it 
would cause no trouble if the nuclear spin were always zero. 

However, neutron scattering by phonons is much harder to detect 
than Bragg scattering, because it depends on the very small 
change in the scattering from an atom produced by the 
displacement of the atom from its ideal lattice position, which 
is usually small compared with the neutron wavelength. 

So it was not surprising that the first important results from neutron 
scattering had to do with the determination of magnetic 
structures by Bragg scattering, which cannot be done with x
rays, and that it was only some years later that information 
on phonon spectra was obtained, the first such results being 
those of Brockhouse in 1954, at the Chalk River Laboratory in 
Canada. 
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These gave only a crude dispersion curve for phonons in metallic 
aluminum, but improvements came rapidly, and over time 
detailed measurements of frequency against wave vector 
have been made for the various phonon branches of many 
substances, by workers at the various leading slow-neutron 
establishments of the world, such as Brookhaven, Oak Ridge, 
Chalk River, Harwell in England, and the French-German
English Institut Laue-Langevin in Grenoble. 

This is about all I have to say on the experimental determination of 
lattice frequency spectra. 

----.-
However, there is one more insight on the theoretical side that is 

worth mentioning, as it is simple, rather cute, and sometimes 
useful as a tool to make the interpretation of experiments 
more accurate. 

This has to do with the phenomenon of what are called Van Hove 
singularities in the frequency distribution of normal modes. 

I had the good fortune to be a witness at first-hand to the early 
development of this concept. 

This was in the academic year 1952-53 when I was on leave from Bell 
Laboratories to spend a year at the Institute for Advanced 
Study in Princeton. 

Working there at the same time was Leon Van Hove, a Belgian 
theoretical physicist with a strong mathematical background, 
whose interests, though weighted toward particle physics, 
extended over many other areas of physics, including solid
state topics. 
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I was fascinated when he p ointed out to m e tha t the m ere top ology 
of the continuous d ependence of frequency on wave vec tor 
necessitated the occurrence of singularities in the function 
describing the number of m odes per unit frequency. 

Although a number of "ifs" and "buts" had to be explored before his 
s ta tement of his theorem achieved its final s ta te, the basic 
idea was quite simple, as I show it here on the o ther screen. 

The singularities arise from the existence of saddle p oints in the 
flU1ction w (q) that describes the frequency of normal m od es in 
their dep endence on wave vector. 

But before I discuss saddle points, let m e remind you of a situa tion 
with which you m ay already be familiar, n am ely a 
hyp othetical crystal whose vibrational sp ectrum h as its 
maximum frequency a t some particular value of the reduced 
wave vector q, and has cubic sYlmnetry as regard s its 
variation in the neighborhood of this q . 

Then if we are very close to the m aximum, the varia tion of w with q 
will be p arabolic, and the surfaces of constant frequency w ill 
be concentric spheres with radii p rop ortional to the square 
root of w m ax -w. 

The n umber of m od es with frequencies less than w will then have the 
asymptotic form N(w) asymptotically equal to the to tal 
nlll1ber of m odes - three times the nmnber of a tom s - minus a 
constant times (w m ax-w )3/2 

-7 The density of m od es in I?t [e~~frequenc~called g(w), will be 
p roportional to the derivative of N(w) with resp ect to W , or a 
constant times (w m ax-w )1/2 . 
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This of course is not singular, but i t does have a vertical slope a t 
CJ) max. 

For the case where there is a saddle point, one reasons in exactly the 
sam e manner, excep t that the mathematics is soph om ore 
level rather than freshman. 

We consider now a case where there is a saddle point in the 
dependence of the frequency on the wave vector for one of the 
branches of the vibrational spectnun. 

A t the saddle point, the gradient of the frequency in wave number 
space is zero, so near i t the variation of frequency with wave 
vector is parabolic, and for definiteness here I' ve considered 
the case where the frequency increases in two directions and 
decreases in the third. 

Y{u~>vH~ So the departure of the frequency from that at the saddle point, L1CJ), 
~ is asymptotically of the form represented in equationO)l-lere. 

To simplify the mathematics, I'm going to re-scale the axes in 
q - space so as to m ake all these "a" coefficients the same. 

This won't affect the analytic form of the answer. 

When this is done, the locus in q-space on which L1CJ) is zero will be 
simply a double cone of circular cross sec tion, as shown <l-~ 
~in the diagraml~. 

h.y£ /;Pve--
--7 For ,L1ffij! the surface of constant L1CJ) will be a two-branch ~ 
"----7' ':/' hyperboloid, as shown in the ffii~ diagram , and f~~~it 

/ftUIP.J1 will be a single-branch hyperboloid,..a=; 151:':0'.','1',:tt1 e>Iflf'l~1 "'---,,: ~ 
~~ 0 C<:' ''')'?? l~.f f4~:7-e ~t4-fZ.bsYTQ.1 1"-e#/'T:3J7~/ 

whvt--l1. ::;::-rl 9~ Cvr ~ 1-?U-n~E~ t#7 fo£..e 
Yj?X-C CY' ay·p7pqJ'~~, 
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The volume / Vl that we want is the volume between this orange 
hyp'er.jJol:oid of revo"lution, which is a locus of canstant 
A £<.)-:£; , and the lower part of this black cone, which 
is the locus L\ t...) ,:.0. 

The integration is most easily carried out over cylindrical 
shells, like this one here, of cross sectional area pi 
times the differential of radius squared (this and 
this), and height given by the quantity in square ,
brackets, which is just the vertical distance from the 
hyperboloid to the cone. 

The integration is elementary and gives the Vl shown here. 

Differentiating with respect to £l..w gives the density of 
modes in frequency on the bottom line. 

The last term, though finite, has an infinite slope as 
~41-? 0. 

Let ' s see next how g behaves near this same type of saddle 
point when omega is greater than ~~ , or equivalently 
AI<.>'> O. 

Here the hyperboloid of constant tl ~ is the single- sheeted 
one formed by rotating this orange hyperbola around the 
central vertical axis. 

We are now interested in the volume V2 between t h is 
hyperbolo i d and the cone - I ' ve indicated it by green 
dots. 

The integral for 
integrating 
coordinate 

its volume is most easily evaluated by 
the areas of circular rings on the vertical 
,6 t~· 
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The area of the circular ring is pi times . .. ·Ar~ _ _~2, 
which by the equation for the hyperboloid here is just 

bw · 

We can combine the positive and negative ranges Of~~~ by 
integrating over just one of them and inserting a 
factor 2. 

So the integration is trivial and we get 2P~~zc~, which 
on differentiation with respect to frequency just gives 
a constant contribution of g(w). 

So just above the saddle point there is no singularity. 

So much for saddle points near which the frequency goes up 
in two directions and down in one. 

For the other type, for which the frequency goes up in one 
direction and down in two, the behavior will obviously 
be the same as for the cases I've already discussed 
except for interchange of the up and down directions 
of energy. 

What makes these Van Hove singularities universal is that 
the existence of saddle points is ensured by the' 

topological properties of the functionW (t). 

The basic topological theorem required had been derived 
several decades earlier by the pure mathematician 
Marston Morse, who in time became professor of 
mathematics at the Institute for Advanced study. 

In the intimate atmosphere that prevailed at the Institute, 
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it was easy for Van Have, a physicist with strong 

mathematical interests, to talk to Morse about his 
problem. 

And at the same time, he had ample daily contacts with 

theoretical physicists, both faculty and visitors, who 

had worked on problems relat ing to phonon spectra, and 

could help sort out the effects of a number of 

properties of phonon spectra that could make them 

violate Morse' s original assumptions. 

With everything allowed for, Van Hove's final conclusion 

VG-tO was this: 

Knowledge of the existence and approximate location of 

these singularities can obviously greatly i mprove the 

estimation of g (w) from numerical calculations or 

neutron data. 

While this is perhaps not one of the most vital 

achievements of solid-state theory, it is a nice 

illustration of the value of good channels for 

interdisciplinary and international communication, 

and of a taste for the fundamental and universal. 

Now- 1 would like to switch to the longest and most ramified 

path of investigation regarding the behavior of 

perfect crystals. 

This is a path dealing mostl y with thermal conduction in 

non-metals, but also including other things having to 
do with the fact that the thermal vibrations of the 

atoms are not exactly describable in terms of 

independent perfectly harmonic normal modes, but 

only approximately so. 
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If one expands the potential energy of the crystal in powers 
of the displacements of the atoms from their equilibrium 
positions, one will get not only the quadratic terms 
describable in terms of normal modes, but also terms of 
third, fourth and higher orders in the displacements. 

These will alter the frequencies of the vibrations and 
cause different normal modes to interact with each other. 

The simplest effect of anharmonicity, and the one whose 
elucidation occurred at the earliest date, is thermal 
expansion. 

The most effective stimulus for serious theoretical thought 
on thermal expansion came from some experiments 
carried out by Grftneisen in 1911. 

At this comparatively late date he was undoubtedly able to 
make measurements down to temperatures considerably 
below room temperature, and in a number of metals he 
found a large temperature variation of the thermal 
expansion coefficient , which could be nicely 
represented by the simple rule that the temperature 
dependence of this coefficient is proportional to that 
of the specific heat. 

As I described to you a few minutes ago, Debye developed 
his approximate theory of specific heats due to 
harmonic vibrations in the very next year, and soon 
started to think about thermal expansion. 

The assumptions of the harmonic model of course do not yield 
any thermal expansion at all. 
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So, as he pointed out in 1914, thermal expansion must be 
due entirely to the small modifications that are 
introduced into the free energy of thermal excitation 
by the small anharmonic terms in the vibrational 
potential energy. 

tire 
It was very easy, in fact)to show that to the first order in small 

" ratio of anharmonic to harmonic terms, a slight 
generalization od Debye's model does indeed predict 
an approximate proportionality of the thermal 
expansion to the specific heat. 

The proof,which I show here, is based on the fact that 
Debye's model describes the entire shape of the 

:.:·:c~.~.§pec:i.fic heat~~curve in terms of a single parameter, 
the Debye temperature)characteristic of the material. 

We start from the definition of the thermal exp~sion 
u)il1:-

as the fractional increase of volume pe~~ncrease in 
temperature, as shown by this equation here, where 
the derivative is to be taken at constant pressure, 
usually that of the laboratory atmosphere, which on 
the scale of solid-state phenomena can be considered 
essentially zero. 

If we take temperature T and volume V as the independent 
variables, this means that when we change the tempera
ture by d~, the volume will change by an amount 
dv sufficient to make the change in pressure zero 
and so the ratio of dv to d1i, which occurs in the 
definition, is just the ratio of the partial derivative 
of pressure with respect to temperature to the 
partial derivative of pressure with respect to 
volume, with a negative sign. 
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The reciprocal of the denominator is by definition just 
the compressibility)which I denote by K. 

So all we have to do is!gvaluate the numerator, the 
derivative of pressure with respect to temperature 
at constant vo~ume. 

Here we use a standard trick of thermodynamics, which will 
be quite familiar to those of you who have had a 
course in this subject, but perhaps not to those who 
haven't, for which I apologize. 

The pressure is the negative derivative of the Hemholtz free 
energy with respect to volume, so the numerator is 
just the negative second derivative of the free energy 
with respect to volume and temperature. 

Interchanging the order of differentiation, we get 
the derivative with respect to volume of the derivative 

with respect to temperature and the latter is just 
minus the entropy S, so we get this expression. 

Now we're ready to use the handy feature of the Debye model. 

You remember that the Debye model gives for the specific 
heat of, say, a mole of material, a universal function 
of the ratio of the Debye temperature to the 
temperature~easurement. 

Since the entropy is given by an integral of the specific -
heat times dT/T, the entropy is a function of this 
same single variable. 
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So if we allow the value of~ to depend on the volume, we 
can write the entropy, which is entirely vibrational, 
as the sum of the entropy of a Debye model with this 
volume-dependent B , and a small correction due to J 
other anharmonic effects. 

I use the word 'other' because the dependence of9 on 
volume is itself an anharmonic effect. 

Indeed, terms in the potential energy contain third powers 
of the atomic displacements can affect the Debye ~ , 
and hence the Debye term in the entropy, in first 
order, whereas they can affect the corrections to the 
best-f.i tiing Debye model only in second or higher 
orders. 

So for weak anharmonicity we can expect the derivative of 
this SA term with respect··:to volume to be small 
compared with that of the SD term. 

As shown down here, this derivative then involves the 
derivative of the universal SD function with respect 
to its argument @/T,and the derivative of (j) J .f 
with respect to volume. 

Now we can use the handy feature of the Debye model, 
namely, that the same derivative of the SD function 
also comes into the specific heat,as shown in this 
equation here. 

) 
v 

Eliminatip...g this from the two equations we get the final j' 
result for the thermal expansion ~, namel~~ato a good 

f\ 

approximation it should be given by the product of 
the nearly temperature independent compressibility 
over the molar volume times a dimensionless measure 
of the sensitivity of the Debye temperature to volume, 
usually known as the Grllneisen constant. 
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The reason I've taken the time to go through this is that it 
shows Debye's remarkable sense for what was physically 
important, and the utility that sometimes can be found 
in a somewhat but not too much over-simplified model 
as a guide to seeing through the physics. 

< , 

Right now is just the perfect time for me to shift to a 
different but closely related subject. 

Debye's concern with anharmonicity led him at this very 
same time to think a little about the problem of 
thermal conduction. 

Thanks to the Drude-Lorentz theory of free electrons in 
meta~ which had been developed in the first five 
or six years of the century, and to the empirical 
Wiedermann-Franz relation between thermal and 
electrical conductivities of metals, it was by now 
generally accepted that thermal conduction in 
metals was primarily by electrons. 

But in non-metals,which had no free electrons, it 
seemed obvious that the transfer of energy between 
hot and cold regions would have to take place via 
the vibrational motion of the atoms. 

In a paper published in 19l1Einstein speculated on how 
this might take place in a crystal model similar 
to one he had used a few years earlier to explain 
the temperature variation of specific heat. 
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This model assumed that as a first approximation each atom 
vibrated independently of the other atoms, all of them 
having the same natural frequency. 

The logical first correction to this model would be to treat 
the interactions between the atoms as a small perturba
tion, coupling the motions of near-neighbor atoms. 

Since the interatomic coupling in a solid is actually quite 
strong, fhe mean free time required for an atom to lose 
its vibrational excitation to its neighbors is of the 
order of the period of the vibrations themselves, or 
equivalently, one might say that the mean free path 
of a quantum of excitational energy is of the order 
of the spacing between atoms. 

Use of this to calculate a thermal conductivity gave 
conductivities some tens of times smaller than what 
are observed in typical non-metallic crystals. 

Einstein therefore commented that~gSnstruction of a proper 
theory of conductivity seemed to be a real puzzle. 

At that time, of course, neither he nor anyone else had 
tackled the problem of finding the correct normal 
modes of vibration of a crystal. 

By 1914, of course, this had been done in the specific-heat 
work of Born and vonKarman and of Debye. 

So Debye could see immediately that if there were no 
4nharmonicity, the normal modes would be accoustic 
traveling waves that would not interact with each 
other, and WhiCh~i8Hfarehave an infinite mean free 
path in a perfect crystal. 
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So he stated at once in his paper that the occurence of 

finite thermal conductivity must be due to anharmonicity; 
vi~ scattering of vibrational waves, or phonons as 

we now call them, from each other. 

However, other problems distracted hiM during the war and 
post war years, and he does not seem to have 
undertaken to make a serious calculation. 

It took a decade and a half for the big breakthrough to 
come, in a long paper published by ~eierls in the 
Annalen der Physik in 1929. 

Although Peierls' arguments do not require the use of any very 
advanced facets of quantum mechanics, the fact that his 
work came at a time when everybody was working 
furiously to apply the newly discovered formulations 
of quantum theory to everything in sight made it 

natural for him to use quantum notations and 
... : _~ .. ~- _ 90ncepts) including especially the idea of reduced 

wave vector and its conservation for processes in 

crystals. 

Let me remind you first of some definitions. 

The traveling-wave normal modes of vibration of a crystal 
are typically described by specifying the displace
ment of each atom j of the crystal from its 

equillibrium position R(~. 

I'll assume just one atom per unit cell, in order to 
keep the notation simple, although all the points 
I'm going to make can be made for any type of crystal. 
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For the monatomic crystal the displacement of j , ltJ' has 
~ :J 

a sine- wave dep"endence on the posi tion R ~o), 
J ' 

described by a wave vector T. 

However ~ is not uniquely determined , because we could 

choo se one of many different vectors and s til l get 

the same value for this expon'ential. 

Indeed, there is a whole lattice of vectors ~having 
the property that eiK:R(Oj is equal to one for all 

lattice atoms j ; this is called the reciprocal 

lattice. 

So we can add any of these to q and ge t the same result. 

To make c ounting the q ' s meaningful , i t's customary to 

use the smallest appropriate one, in other words , 

the shortest of the vectors eq + K) for all K' s of 

the reciprocal lattice. 

This shortest one is called the r educe d wave ve ctor 

of the disturbance. 

-} 

I 'll denote r educed wave vectors by a bar over the q . 

Now suppose we have a wave of " wave ' 

present in the medium. 

-"> vector ql 

This will induc e variations of density and elasticity 

with the same reduced wave vector. 

~ 
If now there is another wave pre sent with vector q2 , 

it can be dc(fracted from these inhomogeneities, to 

produce a diffracted wave whose reduc ed wave vector 
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<T3 , is the sum of <tl and Q2' or perhaps differs from 
this sum by a reciprocal lattice vector. 

If the reduced wave vectors add up without the need to 
add a non-zero reciprocal lattice vector, we say 
that the collision of I and 2 to give 3 is aHnormal 
collision~ 

If a non-zero reciprocal lattice vector is require4, it 
is called an Umklapp collision, a German word 
adopted by Peierls conveying the sense of flip-flop, 
which has been taken over unchanged in the rest of 
the world. 

The distinction between normal and Umklapp collisions of 

vibrational waves, or as I will say more often from 
now on collisions of phonons, can be generalized to 

collisions involving more than three phonons, but 
I don't need to elaborate on that now. 

The critical importance of the distinction between 
normal arid Umklapp processes can be appreciated if 

one considers the idealized case of a crystal in 
which no Umklapp processes are allowed to happen. 

For such a crystal, the interactions of the phonons with 
each other always exactly conserve the sum of the 
reduced wave vectors of all the phonons. 

Now in Gibbsian statistical mechanics it is shown that 
when any extensive dynamic variable satisfies ~ 

conservation law, in a complicated system, 
different parts of the system can be in thermal 
equilibrium with each other if the probability of 
occupation of any state of any part is an 
exponential function of the amount of the 
conserved quantity. 



Lecture 11- 34 

In the commonest situations, the only conserved quantity 

of this sort is the energy , and the rule I've just 

stated gives rise to the canonical distribution in 

energy with the occupation of each state 

proportional to the exponential~~inus its energy 

over kT , the well-known Boltzmann factor. 

In the present case, the distribution could also depend 

on the exponential of each of the three components 

of the total reduced wave vector. 

When a c count is taken of the Einstein- Bose statistics of 

the plionons, the result is that a dis tribution of 

occupation numbers for the various modes of the 

form that I have written here can persist unchanged 

by all the phonon collisions. 

-+ Here the vector v that enters into the distributi on 

has the dimentions of a velocity, and is 

interpretable as an effective mean dr ift velocity 

of the phonon system. 

-'it -e 'fie ( j !j 
If v is non- zero, the netA flux due to the phonons is 

non- zero, and does not decay. 

This means that for the hypothetical crystal we ' re 

talking about the thermal conductivity would be 

infini teo 

This was the first of the major results of Pe i erls ' 

paper. -- -- - -
-~,--

--~--= 
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To get a finite thermal resistance, something has to 
scatter the phonons other than their mutual 
scattering by N - processes. 

This something could be either phonon-phonon scattering 
by U-processes, or scattering by impurities, 
imperfections, or, as we shall see in a minute, 
collisions with the boundaries of the specimen. 

At low temperatures, U-processes are very rare, because 
this defining equation, or its analogue for more 
complicated collisions, requires that at least 

one of the phonons entering into the collision 
must have a wave vector whose magnitude is at 
least a sizable fraction of the magnitude of a 
reciprocal lattice vector. 

If the thermal energy kT is small compared with the 

quantum energy of this phonon, the probability 
for this phonon state to be excited will be 
exponentially small. 

Consequently, one may expect the thermal conductivity 
to rise exponentially with decreasing temperature 
at :temperatures small compared with the Debye temp

erature, until some type of impurity or 
imperfection scattering becomes more important 
than the U-processes. 

Impurities and other point defects can often playa 
dominant role, although they may not entirely 
reverse the rise of conductivity with decreasing 
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temperature, because scattering by defects of atomic 
size becomes very inefficient when the wavelength 
is much longer than atomic dimensions. 

One type of scatterer that is very hard to eliminate 
is the random fluctuation in density produced by 
the random distribution of isotopes of the 
constituents of the crystal. 

This has been shown, for example, to be particularly 
important in determining~gSnductivity at room 
temperature of diamond, which can be quite 
significantly enhanced in artificial diamonds 
grown with isot .-opically pure ~~.C. 

What I'd like to do now is to go ahead a number of 
years and report on some exciting things that 
happened in experiments on very perfect 
crystals at very low temperatures, where 
boundary scattering was always important, but 
not the whole story. 

As I think I mentioned,feierls already had mentioned 
the possibility that thermal conduction at low 
temperatures could be limited by scattering 
of phonons at boundaries, but it was only 
some years later that a detailed quantitative 
theory of the effects of such scattering was 

--- :':->"worked out. 

Experiments in 1938 by deHaas and Biermasz on samples 
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of quartz, diamond, and I think alkali halides, 
gave an effective thermal conductivity for a 
specimen of a given material proportional to 
its diameter perpendicular to the thermal 
gradient. 

With these experiments as a stimulus, Casimir 
immediately developed a quantitative theory, 
a principal result of which was that for a 
sample with a rough surface, which would 
scatter the phonons into random directions/ 
the mean free path should be just equal to 
the diameter for a circular specimen, or to 
1.12 times the square side for a square 
specimen. 

These predictions, and their modifications for 
other cases, seem to work pretty well, 
as did the predicition that for such cases 
the thermal conductivity should be 
proportional to the specific heat, since 
the mean free path was independent of 
temperature. 

So it became customary for experimentalists to 
plot the logarithm of their measured 
conductivity against the logarithm of the 
temperature. 

The typical behavior would then be for the curve 
to rise rapidly with decreasing temperature 
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in the range where the conductivity was 
determined mainly by the Umklapp scattering, 
to pass through a fairly sharp maximum, ~ 

and then to decrease more and more rapidly 
until it settled down to a straight line of 

slope 3. 

Over several decades many groups analyzed thermal conduction 
in many substances in this way, and theorists and 
experimentalists studied the effects of impurities, 

isotomic make-up, etc., on the behavior of the 
curves near the maximum. 

~ -- - -----. ----
Passing over all these, I would like now to draw attention 

to some spectacular effects that were eventually 
discovered in very perfect crystals at very low 
temperatures, effects that had not previously 
been thought about, although their existence 
follows straightforwardly from the ~eierls 

type of theory. 

These are effects that occur when the phonons behave like 
a gas of molecules, as they will if Umklapp and 
imperfection scattering are negligible, since 
the conservation of crystal momentum that occurs 
under these circumstances is very analogous to 

:::'.·Y::' ~'the~.66nBervatl!on".of·l.physic.aJ:. --.momeiltum:;thatioccurs 

in a gas. 

On a macroscopic scale, it makes sense to speak of the 
density of crystal momentum in space and indeed, 
to consider situations where this density varies 
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non-uniformly with position. 

In such case the motion of the phonons will tend to even 
out the non-uniformity, but this motion is 
restricted by the occurence of N-processes. 

It is easy to see that the situation is very analogous to 

the behavior of molecules in a gas, which interchange 
momentum by moving from place to place but whose 

moti"on is limited by their mean free path so that 
the spread of momentum is actually determined by the 
viscosity of the gas, viscosity.~- being, as we saw 
in the previous lecture, proportional to the mean 
free path. 

Consider)thAn/what one might expect when phonons are trying 
to flow from hot to cold along a specimen of finite 
diameter, and are losing their crystal momentum 
by scattering processes occuring at the boundaries. 

If the diameter of the specimen is large in comparison with 
the mean free path with respect to N-process collis
ions, only the phonons near the boundary will be 
having their crystal momentum destroyed; those 
further toward the interior will merely share some 
of their momentum with phonons a short distance 
away. 

So the flow of phonons is very analogous to the flow of 
molecules of a gas through a pipe, limited by 
viscosity. 

Such flow, of a gas or a liquid, was studied experimentally 
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in the 1840's bY. the Frenchman Poisuille, and 

analyzed theoretically in the suceeding decades 
by the British theorists. 

Nowadays all students study Poiseuille flow in elementary 
hydrodynamics courses. 

The fluid flows rapidly in the middle of the pipe, and the 

flow velocity variesJ;~:t~callY with radius, 
so as to vanish on the walls. 

For the phonons in a crystal, just the same sort of spacial 
dependence is to be expected for the energy flux 

carried by the phonons, which is essentially propor
tional to their density of crystal momentum. 

The important feature of this transport is that/just as in 
the hydrodynamic problem the total flow of fluid 
in response to a given pressure gradient is 
inversely proportional to the velocity, so in the 
phonon problem, the total heat flux in response to 
a given temperature gradient is inversely 
proportional to what might be called the viscosity 
of the phonon fluid, hence inversely proportional 
to the effective mean free path for N-process 
scattering. 

Thus this is a case where a scattering process improves 
transport rather than decreasing it. 

The possibility of such an effect was was noticed by 
Sussman and Thellung in England in 1963 and by 
Gurzhi in Russia in 1964, who developed the theory 

at some length; and early observations were made 
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in Russia by Mezhov-Deglin the same year. 

More accurate experiments were soon made by a group at 

Duke University, whose leader was Henry Fairbank, 

brother of the late Bill Fairbank of Stanford's 

own Physics Department. 

This viewgraph shows an example of their data from a 

\I~/-, crystal of 4He . 

A less perfect crystal, with more imperfection scattering, 

would have shown simply a curve like this, with a 

lower maximum at somewhat higher temperature, 

and a slope in the low- temperature region 

changing smoothly from zero at the maximum to 

a maximum slope of 3 at very low temperatures. 

For this sample) to the contrary, the slope is steeper, 

about T6 , just slightly below the maximum, and 

then gradually changes to the T3. 

The explanation is that the Poiseuille flow allows the 

heat flux to be greater than it would be if the 

phonons did not collide with each other so that 

the conductivity rises above the value 

predicted by the Casimir boundary- scattering 
formula. 

The higher the temperature, the greater this rise. 

A further consequence of the fact that the phonon§A~ehave 
like a gas is the phenomenon of second sound. 
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"Second sound" is a term coined by workers with super fluid 

liquid helium to describe a wave-like propagation 
of heat. 

A similar~'process can o.ccur in the phonon gas of a crystal. 

The phonons can carry a local flux of energy and crystal 
momentumn and can transfer these to phonons in 

neighboring regions by N-process collisions. 

The phenomenon is most conveniently studied by observing 
the propagation of very short heat pulses along 
a crystal specimen. 

At high temperatures, where ordinary thermal conduction domin
ates, introduction of a heat pulse at one end of a 
specimen merely produces a gradual build-up of temper

atuite.-at·-the"::-.far end followed by a gradual' decay. 

In~he temperature range where second-sound behavior is 
possible, a ve~J sharp pulse of heat is obtained 
at the far end with a time delay, after the 
initiating pulse, corresponding to the theoretical 
propagation velocity of second sound, which turns 

out to be dependent on the phonon spectrum but to be 
insensitive to the temperature. 

At very low temperatures, however, the mean free path with 
respect to N~type collisions . becomes longer than the 
diameter of the specimen, and second-sound behavior 
disappears, to b~ replaced by the arrival of pulses 
of phonons ballistically 
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propagating from the one end to the other without 
colliding with anything on the way. 

This viewgraph shows some data taken at Bell Laboratories 

on pulses fed to a single crystal of solid 3He . 

Here the abscissa is the temperature, and the ordinate is 

the velocity of propagation of the front of each of 

the one or more pulses received at the far end. 

At the extreme right, where the pulses are starting to be 

smeared by thermal conductionlimited by U- processes, 

the velocity drops rapidly with increasing 

temperature. 

At slightly lower temperature, it is almost independent of 

temperature, and agrees well with the theoretically 

predicted velocity of second sound. 

At still lower temperature s there is a transition region, 

but eventually the initiating pulse produces at the 

far end three very clearly separated pulses, that 

can be unambiguously identified with ballistic 

propagation of phonons in each 6f the three branches 

of the phonon spectrum. 

In this latter region the velocity is again independent of 

temperature. 
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Lecture II-I 

You will remember that when I started the previous lecture I 
remarked that it was not possible for scientists to have a 
detailed understanding of the diverse properties of solids 
Lmtil the atomistic picture of matter came to be accepted . 

And it was for this reason that I devoted the whole of the first lecture 
to describing how the atomistic picture came to prevail. 

I'd like now to enlarge a little on this point - to show how the 
atomistic picture made modern solid state physics possible
and to use this relationship to explain the plan of the present 
lecture and the ones to follow. 

Here's the large scale picture, as it was aroLmd the beginning of the 
present century. 

I call solid state physics - meaning modern solid state physics - a new 
continent to be explored. 

Why? 

VG 2.!J' Well, let me offer you some random quotations from the literature. 

'),..,j Looking at these, I trust you can see the point. 

Before there was any body of knowledge about atomic-scale 
phenomena in solids, the literature was full of measurements 
of various interesting properties of solids that were merely 
recorded as data without any explanation of them in terms of 
structures and ll1echanisms. 

Now that we have such a body of atomic-scale knowledge, nearly 
every paper, experimental or theoretical, undertakes to give 
an explanation, usually on an atomistic basis, of the new 
results fotmd. 
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The possibility of giving such explanations first became a realistic 
hope around the beginning of this century, when the atomic 
nature of matter came to be accepted, and some of the 
properties of atoms began to be known. 

But of course, as was also obvious at that time, the job wasn't going 
to be easy. 

Here I've listed some of the major types of difficulties in red boxes. 

But with a little reflection on the difficulties, one could see, even in 
those early days, some of the most promising paths to follow 
to cope with them. 

These I've indicated in green boxes. 

For one thing, it was already obvious from developments in atomic 
physics and radioactivity, and especially from the logical 
puzzles that seemed to underly the work of Planck on black
body radiation and the work of Einstein on the photoelectric 
effect and on specific heats, that new laws of physics were 
going to have to be uncovered and understood. 

Much of the needed understanding was undoubtedly going to come 
from further work in atomic physics and proper formulation 
of the laws of quantum physics. 

Another difficulty was just the tremendous variety and complexity of 
the properties of solids. 

To avoid being snowed under by this complexity, one would like to 
follow the philosophy of studying simplest cases first. 
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Finally, if one is going to try to understand the properties of solids in 
terms of the behavior of atoms and electrons, one would like 
to be able, at least sometimes, to observe directly what the 
atoms and electrons of the solid are doing, and this is going to 
require techniques for observing structures and phenomena 
on much finer scales of space and time than had ever been 
possible before. 

How can such capabilities be achieved? 

Finally, one would like to study solids under as wide a range of 
conditions as possible, in the hope of discovering limiting
case behavior, etc. 

Well, now having identified these difficulties, let me say just a few 
very general words about some of the obvious ways of coping 
with them. 

The "new-Iaws-of-physics" problem was, of course, a real toughie at 
the start. 

The first attempts to formulate the laws of quantum mechanics were 
very confusing and unsatisfactory, and everybody just had to 
wait until workers in atomic physics and fundamental theory 
got a workable formulation put together. 

And, as you know, this didn't happen until 1925. 

However, even in the early years, a few things like the quantization 
of energy for a simple harmonic oscillator and the Ritz 
combination principle in atomic and molecular spectra, were 
well enough known to be applied to solid state physics. 
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Moving to the next group of difficulties here, one path for 
implementing a "simplest cases first" approach had been 
obvious for over a century, namely the fact that m an y solids, 
though not all, are crystals, and that crystals had been shown 
to be regular periodic arrays of atoms. 

This simple fact had indeed allowed crys tallographers in the 19th 
century to accOlmt for the types of symmetry shown by 
various kinds of crystals, and for synunetries that seemed to 
be absent in nature. 

As we'll see later, the use of symmetry was capable of greatly 
simplifying both classical and quantLUn calculations for 
phenomena in crystals. 

Of course, real crystals are not always perfect periodic arrays; they 
often have impurities or defects in atomic arrangement, an4it 
was already known that a lot of interes ting properties of 
crystals such as luminescence or mechanical hardness are 
very sensitive to the presence of such imperfec tions. 

W1~;i,sl:V-t~>"i:o~~~ the simplest thing one can do i·n th.e 1'<'1'1) af 
Sflld y ir"8 iInp@rfe! I i' ~ is to study the physics of an isolated 
imperfection, that is, a single impurity or defect in the interior 
of a large crystal. 

In such a case the crystal will look perfect at large distances from the 
imperfection, although close to it the positions and other 
properties of the atoms that are near neighbors to it m ay be 
significantly altered. 

I'll have a lot to say later about this approach. 

s f;lJ, f-h.e..r~ ar-..e SCJH7o€ ,kJytJ,Yt!'I''Cr¥'i- like de.Y1srt'rJ CJr-
'7 p.ecr~ ~-.!'cd;, M~t- ttX'e Y7#'C" v~ 'e.J?~r~-c-<e te 
[YJfp.er~~b.on?~ 5'0 .:t V7ab.tr-~/ fN~~ 5&1";;; 1::0 ~ 
-jt1.-c~ prCJrr-r.·~.s aVJ-ef i"'7kypr....,.t:- P7<>?t w/'f11 «:.. 

pA!-'rf-{U-C - C Y''if si:()I/ vw"c:leJ, 
WY;~'VZ. we do 4d. V<' -t-t:> 'J-Y'&:I.,pJ?6.!:. W t'""M. (Y>7~(e£bbJ.t~ 
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An approach that was less obvious in the early years, but whose 
importance has grown with time, h as been tha t of developing 
global concepts that involve many electrons or many atoms, 
but that are still simple enough to treat reasonably cleanly 
with quantum m echanics. 

We'll see examples of this later on -like superconductivity and spill. 
waves. 

Moving over toward thii ca tegory of Experimental Techniques, you 
will rememb€P'6ne very powerful technique for ge tting 
ill.iormation Ol'{-atomic arrangements ill. solids was discussed 
at the end of my previous lecture, namely the diffraction of x
rays ill. crystals, discovered in 1913 and 14. 

Other techniques of structure determination, unknown at that time, 
were of course discovered many years la ter. 

The riches to be discovered ill. exp eriments below room tempera ture 
were already startill.g to become evident a t about this time, 
with the liquifaction of air ill. 1895, hydrogen in 1898, and 
helilUn in 1908. 

And as you know, the frontier has been pushed farther and farther ill. 
the years that followed . 

High pressure studies were also starting to be made, and received a 
great ilnpetus with the work of Bridgman around 1915. 

Well, so much now for the quick sketch of the ilLitial directions ill. 
wlLich the exploration could go. 

----
Now I'm ready at last to give you a quick picture of how the 

remaill.ing lectures are goill.g to be orgarLized. 
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Continuing the analogy of exploring a new continent, I'm going to 
try to choose a small number of paths that the explorers took, 
following each one along step by step for a considerable time, 
so that it makes a reasonably continuous story, in spite of the 
fact that there has been an increasing amount of interaction 
of the different paths with each other. 

Fortunately, there is one path, or group of paths, that got a very 
early start and was able to remain fairly distinct from the 
other paths for many, many decades. 

The area I'm referring to has to do with correlating the properties of 
solids, mainly crystals, with the behavior of atoms obeying 
the laws of classical mechanics and thermodynamics, with 
only the most rudimentary allowance for the modifications 
introduced by quantum mechanics. 

The main such modification used is simply the quantization of the 
harmonic vibrations of the atoms. 

With this type of approach, of course, the forces that the atoms exert 
on each other, though determined in part by electrostatics, 
are in most cases not available from theory and have to be 
determined, if they are needed, by expressing them in terms of 
adjustable parameters that are fitted empirically to measured 
data. 

But even so, a tremendous amount of understanding can be obtained 
by judicious combination of experiment and theoretical 
reasonIng. 

So the rest of the present lecture and part of the one to follow will be 
devoted to this area. 
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Most of the rest of solid state physics, at least until recently, has 
involved the quantum-mechanical behavior of electrons, and 
can be divided, somewhat crudely, into two or perhaps three 
stages of progress. 

No matter whether a piece of new knowledge is obtained by 
deductive theoretical reasoning from more fundamental 
principles or by inductive experimental reasoning from 
observations, the knowledge itself is nowadays usually 
expressed in terms of some sort of a statement about what 
electrons or atoms are doing. 

If the knowledge is expressed as a statement like "This electron is 
doing this and that electron is doing that" I call it "one
electron knowledge." 

Before the present formulation of quantum mechanics in 1925, and 
for much of the time after this event, most of the knowledge 
about behavior of electrons in solids was of this type. 

For this reason and because the treatment of this area in quantum 
mechanics is simpler than that of some other areas, this will 
be the next exploratory path that I will address in a later 
lecture. 

But of course not all of the electronic properties of solids can be 
accounted for in terms of the behavior of individual electrons 
taken one at a time, even when the interactions of the 
electrons are taken into account by some sort of average 
electrostatic field. 

Some phenomena are better understood in terms of collective 
motions in which a large number of electrons cooperate in 
producing a quasi-macroscopic distribution or motion of 
charge or spin. 
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Such specifically "collective effects" will be addressed in a still later 
lecture. 

Finally, the literatme of the most recent few decades has abounded 
in experimental and theoretical studies of very diverse 
phenomena in which complicated systems that contain an 
element of randomness, yet are subject to certain physical 
constraints, can show a wealth of very specific properties 
derivable pmely from these facts. 

I call this area, for short, "Riches from Randomness", and it will form 
the final subject in my lectmes. 

Well, so much for the plan of th~ lectme series. 

Now let me get on with the discussion of history, taking up the first 
of the exploratory paths I mentioned, which I have called 
"Positions and Motions of Atoms in Crystals", the use of 
mostly classical laws of physics being understood. 

As I show here, this area can be further subdivided into four or five 
sub-areas, which, although they have interacted quite a bit 
with each other, can profitably be discussed sequentially. 

In line with the "Simplest Cases First" philosophy I mentioned on a 
previous transparency, the simplest sub-area, and the one 
whose history goes back the farthest in time, is that of the 
arrangement, binding energy, and vibrations of perfect 
crystals. 

The next simplest type of problem one can tackle is, as I indicated on 
the first vu-graph, the study of a single isolated defect in an 
otherwise perfect crystal. 

> 
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On the present transparency 1 call this the Study of Point Defects. 

The term includes impurity atoms or small clusters, and also defects 
in the perfect-crystal arrangement of atoms, such as vacant 
sites or extra atoms or molecules of the host material. 

One may think of these as zero-dimensional imperfections. 

But there are also one- and two-dimensional imperfections. 

Dislocations, which I'll describe more precisely later, are departures 
from perfect crystalline order which by their topological 
nature have to be localized along straight or curved lines that 
can end only at the boundary of the crystal. 

As for two-dimensional imperfections, any finite crystal must have 
boundaries, at which the crystalline order ceases. 

Moreover, solids often consist of crystal grains with different 
orientations, which meet in two-dimensional grain 
boundaries, and often, too, the different grains are of 
different composition and crystal structure; in other words, 
they are different phases. 

While 1 suppose it would be logical to consider these two
dimensional imperfections separately from the dislocations, 
the study of these two areas involves so many interactions 
between them that I'll discuss them simultaneously when 1 get 
to this part of the lectures. 

But there are still two more clearly identifiable areas of the atomic
unit aspect of solids. 

One is the study of how crystals can be formed or destroyed from 
non-crystalline matter, such as vapor or liquid. 
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Here a nucleation process is usually involved, because one can easily 
have conditions (temperature, pressure, etc.) for which a 
large amount of material will have a lower free energy in the 
crys talline state than in the liquid state, ye t a sm all crys tal in 
the presence of a large amount of liquid will have a higher 
free energy than if the material were all liquid. 

In such cases the crystal grow th process can't ge t started LUl.til som e 
sort of fluctuation has produced a large enough crystal to 
m ake further growth thermodynamically downhill. 

So I make a separate area for a phenomena of this typ e. 

Finally, there exist solids, some of them very important, that are not 
crys talline at all. 

These go by the general name of glasses, and by virtue of the 
randomness that characterizes their structure, they turn out 
to have especially interesting properties, although they are 
more complicated to study than crystalline m aterials. 

"tf /' What I'm going to do now is to follow the clu·onological 
V G- 'f tt development of each of these areas in turn, taking note where 

necessary of their interactions with each other an d with the 
areas of electronic physics that I've shown above here. 

So here then is a m ap of the firs t few decades of development of 
20th-century a tom-physics understanding of perfec t crystals, 
w ith some of its 19th-century backgrOlUl.d. 

This is similar to the p an oramic transp arencies I showed in the 
previous lecture, except that now I've separa ted theoretical 
developments on the right from experim ental developments 
on the left. 
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As before, I've distinguished several sub-areas by using different 
colors for the boxes summarizing the developments in each. 

Of the various sub-areas, I think the one I'll talk about first is that of 
the specific heats of crystals. 

As shown here, the story goes back to the discovery of an intriguing 
and, at that time, mysterious property by Dulong and Petit in 
1819. 

Making use of the newly discovered concepts of chemical formulas 
and atomic weights, which I discussed in the previous lecture, 
they found empirically that near room temperature the heat 
capacities of solid substances seemed always to be about the 
same for any given total number of atoms, namely, about six 
calories per gram atom. 

It must have taken some faith in their intuition for them to proclaim 
this as a universal law, since in those years atomic weights 
and even molecular formulas were not always reliably 
known. 

But the rule was still good enough to attract a great deal of 
attention. 

Indeed, it sometimes happened that when people were uncertain 
about a chemical formula used in the determination of the 
atomic weight of a metal, people would often choose the 
formula that gave the best agreement with the Dulong-Petit 
prediction. 

But as further measurements continued to be made, particularly 
those of Weber in the 1870's, it became increasingly clear that 
there were real deviations from the Dulong-Petit prediction, 
particularly below room temperature. 



11-12 

On the other side of the argument, however, it was pointed out in 
1876 by Boltzmann that the emerging science of statistical 
mechanics would predict exactly the Dulong-Petit Law for a 
solid consisting of atoms undergoing small harmonic 
vibrations about the minimum-energy positions. 

This was indeed a simple consequence of the equipartition principle 
of classical statistical mechanics which had been derived by 
Maxwell and Boltzmann a decade and a half earlier for the 
kinetic part of the energy, and which is easily extended to the 
potential energy if the latter can be written as a quadratic 
form in the displacements from equilibrium. 

It may seem a little surprising to us that the application to specific 
heats took so long to be noticed, but we must remember that 
all these ideas were very novel at the time. 

So now, for three decades, there remained a puzzle: Why did specific 
heats decrease at low temperatures? 

The answer came only with the advent of quantum mechanics. 

As we saw last time, the idea of an energy quantum proportional to 
frequency was first introduced by Planck in 1900 as a way of 
deriving a theoretical frequency distribution for black-body 
radiation that would agree with observations. 

Planck's hypothesis was so radical that in the next few years he and 
other theorists tried all sorts of ways to reformulate the 
hypothesis to make it sound more reasonable. 

Einstein was a more daring thinker than the others, and proposed, in 
his 1905 photoelectric paper, that the quantization principle 
must apply to all kinds of periodic motions, whether motions 
of mechanical systems or of the electromagnetic field. 



He proposed this even though he admitted that he did not 
understand where this puzzling principle was leading. 
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In the next year or so he applied this concept to the vibrational 
energy of atoms in solids, and in a paper published in 1907 he 
showed that even a crude model which assigned a single 
frequency to all the vibrational modes of the solid would lead 
to a specific heat that did approach zero at the absolute zero 
of temperature, and would indeed give a rough fit to the best 
measurements then existing for diamonds, those of Weber, if 
the atomic frequency were chosen to equal kT /h at 1300 
Kelvin. 

Soon Nernst became very interested in the specific heat problem, 
since he believed he had discovered a law that the entropy of 
a crystal should always go to zero at the absolute zero. 

Nemst undertook to perform greatly improved low-temperature 
measurements, and these showed that all specific heats did 
seem to go to zero at the absolute zero, but not nearly as 
rapidly as Einstein's formula predicted. 

He correctly attributed this discrepancy to the existence of 
vibrational modes covering a range of frequencies, and both 
he and Einstein made unsuccessful attempts to construct a 
model with an improved frequency spectrum. 

The key breakthrough came in 1912 when two entirely independent 
investigations, using somewhat different approaches, 
appeared in print only a few weeks apart, a phenomenon that 
has happened in a number of cases in the history I am 
reviewing. 
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The first approach, based on very perceptive physical insights and 
using simple approximations that turn out to be fairly good 
ones, was by Debye, a young physical chemist still in his 
twenties, who had just embarked on a professorship at 
Zurich. 

1J~~II2- 2;~C" 
~ /~o7 ) /Jt7I(; ~/ V$ 'V" 1< 

i,! /II~~f1tIJU4~.t~-c~,,~~ 
i.i ~~-~/?~~ 
rI 'J, ~,# r 

, I 

::1 t?~~ .. ~d ~- - - ~ 
,I a~~~ 

',r ~[:~~;::~;~~-~< 



I 

I 

I 



V&r ) 

! 

rn by" .d. b V'~~ (j f ~~ .:5er re;5 :.. 

11~~I'>14-,...- .r Stlni' a-~ ;:..bt,..-f- "tf p~"'~ 
?~~ fha..c a. Jd~-R ~~ ... r; • .t7·J&o'ot.. 

, , 
~;!t -, I e..F"~ ,r«c,:, /'( /'Z".,c:"t[;;, .. .,C"'"~~ 

~~.~~~_~) z;'<:6Q 

~ 4:a?".-,"~ p","?,"".;-

~.;;-.....--~ ~ " ~: .. ...... ·'r~ 5J ~,,'T"'4i"~ 
~1~:r:-;;~&",, '",~4 ~~~ 

~~~~ ;~) .. y_ce_.'~;"~. 

r:t~J4tht) ·h.~;#~~~~ ~~~ 
~ - 7;' ".~.e) ~~ . ..z. I "4; 

re·;?M-r:c ~ ~~ -e*1 ~~,w;:;t:s~ 
-~~~rlH~~ 

~~;~;' ~.J"'~~~I""r:.'o J-7-ItEfflt:c 

~~ ~'£'-fr~t:,.)""::;: 

/-Je.,~ '7 #u ),q"'l~-5ccl!r' p/c.~r-e . 
r C4.) I '55 f' - vY1"c/erl7 55/,_ q V7e"V 

corzt:j' Y2.~~T ~ -be e.;-.~~ W~ '( 

.J-. ~ ~ ~-~. "" :<= 

- . 

- , -

::r: t:rw:rr~04 #t~, 
fj+Y'~ ~~~~~~"",{"-7 

1.iJi~-~~~ ... ~~ 
~~'*4~~~ 

f'k ~ ~~Jc:i'14«( 
~~if~J~ 



-'I'p, l,P - G"J 'j I~) VGs IA? '2~1 ilL 

~9 - '$, 'i V& ~P- ~J7 
---- ...", -

~'Jj - //J,b Vb-?~ bt?/:-b~ 



Lecture II-8 

Such specifically "collective effects" will be addressed in a still later 
lecture. 

Finally, the literature of the most recent few decades has abounded 
in experimental and theoretical studies of very diverse 
phenomena in which complicated systems that contain an 
element of randomness, yet are subject to certain physical 
constraints, can show a wealth of very specific properties 
derivable purely from these facts. 

I call this area, for short, "Riches from Randomness", and it will form 
the final subject in my lectures. 

Well, so much for the plan of the lecture series. 

Now let me get on with the discussion of history, taking up the first 
of the exploratory paths I mentioned, which I have called 
"Positions and Motions of Atoms in Crystals", the use of 
mostly classical laws of physics being understood. 

As I show here, this area can be further subdivided into four or five 
sub-areas, which, although they have interacted quite a bit 
with each other, can profitably be discussed sequentially. 

In line with the "Simplest Cases First" philosophy I mentioned on a 
previous transparency, the simplest sub-area, and the one 
whose history goes back the farthest in time, is that of the 
arrangement, binding energy, and vibrations of perfect 
crystals. 
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This has energy flux sfc 0f so M -^
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SOLID STATE PHYSICS: A NEW CONTINENT
HAS NOW (-1900) BECOME EXPLORABLE

Key: Solids are made of atoms
(and electrons and molecules)
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H laws of
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Comment on "Surface silicon-deuterium bond energy from

gas-phase equilibration"^

C. Herring* and Chris G. Van de Walle

Xerox Palo Alto Research Center, 3333 Coyote Hill Road, Palo Alto, California 94304

(June 21, 1994)

Abstract

Wampler, Myers, and Follstaedt [Phys. Rev. B48,4492 (1993)] haverecently

measured hydrogen and deuterium desorption from cavity walls in crystalline

silicon. Their experimental data in principle provide a novel and reliable

means of determining the Si-H bond energy, Eb- However, the thermody

namic analysis used by Wampler et al. was flawed, causing Eb to be severely

underestimated^ Here we present a corrected formalism, which produces a

value for Eb much closer to the result obtained from first-principles theory.

66.30.Jt, 68.35.Dv, 73.20.Hb

Typeset using REVTgX
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cuuumuii ui me wue just larger mail itseii. Apparently tne crystal

structure has been so altered by the drawing that heating will not restore
it. Probably long-continued rest under load, as described in section 4
of this paper, would restore all the wires to the same condition.

The effect of the drawing and the annealing is strikingly shown in
another manner in Table II. In the third column is given the number of
vibrations executed by the pendulum in dying down frorn an amplitude
of I2°.5 per cm. to an amplitude of40 per cm. The two effects mentioned
in the above paragraph are here again clearly evident. In each case
the annealed wire executes more vibrations over a given range of ampli
tude than the corresponding unannealed wire, and secondly the finer the
wire in each set, the fewer vibrations there are in dying down over
the amplitude range. It is certainly striking to have a wire whose cross-
section is only two thirds of that of another wire of the same composition,
die down in 66 vibrations, while the coarser wire continues to vibrate
170 times over the same range.

7. Summary.—Further study has been made of the elastic nature of
platinum wires alloyed with iridium. The following points have been
made:

(a) In spite of the peculiar variation of period with amplitude, and
of the enormous change in the decrement of these wires as they die down
in their vibrations, Hooke's Law has been found to hold, not only stat
ically, but also kinetically.



Using variables Aqz and Aqp =(Aqx2 +Aqy2)i/2

integrate volumes of cylindrical shells

dVi =2IIAqp [(Aqp2 +jAco| )i/2 -Aqp] dAqp (2)

Aq2p

hyperboloid

Aq2z = Aco + Aq2p

!Aq:

cutoff

Aqp

Vi = 71 [(Aq2p + |Aco|)i/2 - (Aq2p)i/2] d (Aq2p)

0

= (2ti / 3) [(Aq2pc + |Aco|)3/2 - |Aco|3/2 - Aq3pc]

g(u)) oc (terms smooth as Aco-^O) - 7t|Aco|i/2



(Ill) Same as (II) but Aco > 0.

We now expect:

N(co) = (smooth function of co)+ V2 (co),
where V2 is the volume, in rescaled q-space,

between the double cone Aco=0 and the middle

branch of the hyperboloid (1).

jv^f^s^iS central part of
AV*-x X:S\ hyperboloid

^ Aq2p = Aco +Aq2z

Aqzc

zc

V2 = 2tx (Aq2p - Aq2z) dAqz = 2tt. Aco AqZc

0

just contributes a constant to g(co).

(IV) Cases with two down-curves and one up-
curve from a saddle point: (II) or (III) upside

down.



TOPOLOGICAT THFORFM

Every crystal has at least one f and one
singularity in its g(co), perhaps more, e.g.,

The wave vectors qs of the saddle points can
often be located by combining known symmetry

with approximate calculations of co(q),
and the cos values at the singularities can be

approximately located.



THERMAL EXPANSION (Debyp 1914)

Expansion coeff. is a = 1/V QV/3T)p=o

In latter 0=dp=Op/aT)v dT+0p/3V)TdV
\so a = -1 Op/3T)v =K/a^

V V3V/Tv oP/av)T V3T
/

Here the entropy S can be written

S(V,T) =Sd/gWh- Sa (V,T)
T

Debye approx. Anharm.

and if Sa is « Sd and not much more sensitive
to V, we can neglect 3Sa/3V and get 3Sd/3V,

for say a mole of material, from

Cv= T0S/3T)V - T [dSD/d (0/T)] (-©/I*)

0Sd/3V)t = taSo/d (0/T)] [d0/dV]/T

= -Cv (d0/dV)/0

So finally a - K(- dln©)Cv
dlnV/Vm



J2.

If atom j has displacement

up = a exp (ig •ij (0)),

%is equivalent to g + any K
if IC is a "reciprocal lattice vector"

for which exp (i|C •Rj (°)) = 1 for all j.

One unique IC mmimmes g -fJC

q + this IC s "reduced wave vector" J of g

If phonons gi +ga F^o#H€€ phononJI3
one must have

ll + 12 = 1,3 + &

Collision is "normal" (ft\j) if JC = 0

"Umklapp" (U) iflC^o

If no Umldipp, sum of J's is conserved,
drifting equilibrium can persist with

nq= 1
exp [(Mmq - v •Bg)/kT] - 1

# 0, so K = po
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fll-Mn alloy

From: Schechtman, Blech,
Gratias, and Cahn

Phys. Reu. Lett. 53, 1951 (1984)

fll-Cu-Fe alloy

From: Tsai, Inoue, and
Masumoto,
Jap. J. flppl Phys
26, LI 505 (1987)
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siderably lower than ST and we are now approach
ing the limiting second-sound velocity region. By
0. 37 K, Fig. 6(f), we begin to lose this second-
sound pulse as it begins to ride on the diffusive
pulse. .

In Fig. 7 we have plotted the temperature depen
dence of the heat-pulse velocities for the 23. 72-
cm3/mole crystal. The scatter in the L- and FT-
mode velocities is about five and two times larger
than for the ST mode because of the large differ
ence in velocities and all the data were taken with

the same resolution on the Biomation (0. 1 jusec
per channel) so as to record the pulse shape of all
three pulses in one trace. It is clear from Fig. 7,
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VAN HOVE SINGULARITIES

(I) Hypothetical material with co(q) varying
symmetrically near a maximum comax at qmax:

CO(q) ~ COmax - c |q-qmax| 2

No. modes below co =
N(CO) ~ 3N atom- C(C0max-CO)3/2

g(co) = dN/dco ~ (3/2) C (comax-co)i/2

(II) Case where some branch of the mode
spectrum has a saddle point at qs near which

Aco(Aq) = 0) (qs + Aq) - co (qs)

~ ax Aqx2 + ay Aqy2 - az Aqz2 (i)

For this branch we expect, for Aco <0,

N(co) oc (smooth function of co) - Vl (co),

where Vi (co) is the volume
in a rescaled Aq-space,

between the lower half-cone Aco = 0 and

the lower branch of the hyperboloid (1)
for |Aqz| < some fixed cutoff Aqc.
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1 (III) Same as (II) but Aco > 0.

We now expect:

N(co) = (smooth function of co)+ V2 (co),
where V2 is the volume, in rescaled q-space,

between the double cone Aco=0 and the middle
branch of the hyperboloid (1).

Aqzc

central part of
hyperboloid

Aq2p = Aco + Aq2z

cone -Aq2zc
Aqp = |Aqz|

Aqzc

V2 = 2tt (Aq2p - Aq2z) dAqz = 2% Aco Aqzc

0

just contributes a constant to g(co).

(IV) Cases with two down-curves and one up-
curve from a saddle point: (II) or (III) upside

down.
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TOPOLOGICAL THEOREM

Every crystal has at least one and one
singularity in its g(co), perhaps more, e.g.,

g(co)

CO

The wave vectors qs of the saddle points can
often be located by combining known symmetry

with approximate calculations of co(q),
and the cos values at the singularities can be

approximately located.
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