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Lecture IV - 1

\

We've now reached the fourth of this series of lectures on the
evolution of solid state physics.

As we've seen in the previous tfyo lectures, a huge amount of
important knowledge has been and is still being derived by
interpreting experiments in terms of interacting quasi-classical
atoms.

But interatomic forces and electronic properties could not be
understood properly until the laws of quantum mechanics
were correctly formulated, and this formulation didn't come
until around 1925.

Then it did come suddenly, however, and within a few years the
quantum mechanicsneeded for solid-state physics was
available in essentially final form.

So there was a great rush to apply the new laws to solids and for the
next decade or so most of the exciting historical advances
were theoretical ones.

Following the philosophy ofsimplest things first, most of the earliest
of these advances had to do either with the modifications that
the new theories of atoms and molecules would have to
undergo in a crystalline environment, or with the quantum
description of delocalized electrons capable of moving for
many atom spacings in a crystal.

In the present lecture I'll start with a discussion of the quantum
mechanics of single delocalized electrons, and although there
were a lot of simultaneous advances in the understanding of
localized states of one or a few electrons, I'll postpone the
discussion of these until a later lecture.

Later in this lecture I'll try to show how the new understandino- of
delocalized electrons combined with advances in materials
preparation to produce tremendous progress in
semiconductor science.
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But right now, beforeI start on electron quantum mechanics, I should
say a few words about earlier theories regarding the role of
so-called free electrons in metals.

J.J. Thomson's discovery of the electron in gas discharges in 1897led
almost immediately to speculations that the high electrical
conductivity of metals might be due to the motion of electrons
that had detached themselves from atoms.

The most successful of these, which I've noted in the purple boxes,
was one put forward by Drude in 1900 in which he considered
the drift of electrons in an electric field, and the energy they
could transport in a thermal gradient.

He showed that despite our ignorance of the mean free path of the
electrons or even a possible ignorance of their mass, the ratio
of the electrical and thermal conductivities could be expressed
as a universal quantity dependent only on the electronic
charge and Boltzmann's constant k.

The value he thus derived for what has been known as the
Wiedemann-Franz ratio was in remarkably good agreement
with observations on many metals.

Afew years later Lorentz went critically over the reasoning in
Drude's theory, extending it to optical properties ofmetals
and formulating the mathematical equations more precisely.

This work he published in 1905.

His reformulation changed the predicted value of the Wiedemann-
Franz constant by a modest factor, as shown by the arrow
here, making the agreement with observation a little less
perfect, but still remarkably good.

This andother successes of the theory made most physicists
favorably disposed toward it, but there was great puzzlement
over its apparent disagreement with a number of well-known
facts.
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I've listed some of these over here in the red boxes.

Very fundamental was the fact that if one assumed classical statistics
for the free electrons and took their density n to be of the
order of one per atom, one would expect a huge contribution
to the specific heat, additional to the vibrational specific heat
of the atoms, and one which would apparently not go to zero
at the absolute zero of temperature, as seemed to be required
by the measurements of Nernst that I discussed last time.

And if one tried to avoid this by assuming n to be extremely small,
then one would have to assume a very large mean free path 1
to be consistent with observed conductivities, but this seemed
hard to explain, and the small n seemed inconsistent with the
observed Hall coefficients.

These latter were in many metals consistent with an electron density
comparable with that of the atoms, but the theory predicted
that the sign of the Hall coefficient should always be that of
the charge onthe electron, inother words, negative, andmany
measured Hall coefficients were positive.

Moreover, there was no clue to the origin ofthe temperature
dependence of conductivity.

Even the origin of the difference between metals and insulators was
unclear.

Finally, though the Drude-Lorentz theory did not attempt to say
anything about magnetism, the classical statistical mechanics
that it used for the electrons came eventually tobe mistrusted
because it made difficulties for the theory ofmagnetism.

For years many investigators tried to explain paramagnetism or
diamagnetism as due to the circulating currents produced by
moving electrons.
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But it was shown, first by Bohr in his doctoral thesis, and later, in a
very general and ridiculously simple manner, by Hendrika
Johanna van Leeuwen, that no systems of charged particles in
thermodynamic equilibrium under classical statistics can have
a non-zero mean magnetic moment, whatever the magnetic
field.

So with all these problems it was not surprising that a couple of
decades were wasted by theorists trying to patch up the
electron theory of metals, and that right paths began to be
found only with the quantum discoveries of the middle 20's.

The impact on the electron theory of solids actually came in two
rather distinct ways, the first using only the concept of spin
and the exclusion principle, and the secondfinally replacing
Newtonian mechanics with wave mechanics.

As you can see from the dates I've listedover here in the green boxes,
the key initialsteps in the formulation of modern quantum
mechanics all took place in about a year or two.

These were the statement of the Pauli exclusion principle, the
introduction of a half-integral spin and a g factor of two for
the electron, and the formulation of matrix mechanics, all in
1925, and the wave equation and the Fermi-Dirac statistics in
1926.

But the application of wave mechanics to the electron theory of solids
tooka couple of years longer to develop than the
incorporation ofspin and theexclusion principle, which
Sommerfeld carried out very quickly to produce an
intermediate theory.

I've indicated the steps in this stage with greenboxes.
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The first step was taken by Pauli, who in 1926 combined the idea of
Uhlenbeck and Goudsmit that an electron has an intrinsic spin
magnetic moment whose component along a magnetic field is
either plus or minus one Bohr magneton, with his own idea
that a given set of orbital and spin quantum numbers could
not be possessed by more than one electron at a time.

Applying this to electrons in a metal, Pauli noted that if one tried to
increase the number of electrons of a given spin, one would
have to occupy more states with different momenta, so that
the lowest energy state would have to have a higher
maximum momentum for the given spin.

What Pauli assumed is shown in this diagram here, which will be
familiar to many of you.

I've plotted energy of an electron vertically, and number of
momentum states per unit energy horizontally to the right, for
up-spinelectrons, and horizontally to the leftfor down-spin
electrons, using dashed lines for both curves.

In thermal equilibrium, the number ofoccupied one-electron states
per unit energy is as shown by the green curves for the up-
spins and by the blue curve for the down-spins, the transition
from full to empty states being described by the Fermi-Dirac
distribution function, with a transition width of the order of
kT.

If we apply a magnetic field ina direction favoring up-spins, the
energies of all the up-spin states will be lowered, and those of
the down-spin states raised, as shownby the dashed curves
over here.

In equilibrium both families ofstates will have the same Fermi level,
so the fillings will look as shown here, and there will be an
excess of up-spins over down-spins of the order of the ratio of
this Zeeman splitting De here divided by the Fermi energy.
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Since the Fermi energy for electrons at metallic densities is usually of
the order of 100 or more times the thermal energy kT, the spin
polarization is vastly lower than it would be if the electrons
obeyed classical statistics with no exclusion principle.

So with this theory one gets rid of the troubles the old classical theory
had with regard to the occurrence of paramagnetism, its
magnitude, and its insensitivity to temperature.

The other great contributions to this intermediate stage of the electron
theory of metals were due to Sommerfeld, a theorist of the
older generation who had suddenly become interested in this
field after hearing Pauli's paper on paramagnetism.

In a brief paper in 1927 and two longer papers in 1928 he reworked
the old Drude-Lorentz theory in full mathematically, using
the new statistical distribution that had just been derived by
Fermi and Dirac independently for an ideal gas of particles
with spin obeying an exclusionprinciple.

One achievement, worthy of comment, was the derivation of a new
numerical value for the coefficient in the expression for the
Wiedemann-Franz ratio which I have written up here already
on the old theory.

His new value, p2/3, restored much of the discrepancy that had
existed betweenvalues observed for simplemetals and
Lorentz's classical value.

However, such things as the temperature variation of this quantity
and some significant variations from metal to metal were still
unaccounted for.

Well now we can turn to our third stage, the effort to reconstruct the
electron theory of solids ina way based entirely onthe fully
quantum-mechanical physical law system that had emerged
suddenly in the mid-20's.
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To do this really properly would of course be very difficult, as it
would require constructing solutions of a multi-dimensional
Schrodinger equation for many electrons interacting
simultaneously with each other and with many nuclei.

So the leading physicists, shying away from excessive complexity,
were happy to start out by just solving the wave equation for
one electron at a time, and using averaged electron-electron
interactions.

Most importantly, for a beginning, a number of general properties of
the quantum states of an electron in the periodic potential
field of a crystal were derived by a number of people over a
period of years, and I'll now try to sketch some of these in
purple boxes, before going on to the attempts to make
calculations for specific materials.

The starting point of all the general theorems I want to mention is the
simple fact that the energy eigenstates of an electron in a
crystal can always be taken in the form of what we call Bloch
waves, whose most important properties I'm going to
summarize on this other transparency over here.

These are simply modulated plane waves of this form here, which is a
plane wave times a modulating factor uk that has the same
form in every unit cell of the crystal.

The wavevector k ofa Bloch wave is an important label for it, but we
have to remember that there are an infinite number of
different wave vectors that could legitimately be assigned to
any given Bloch wave.

The reasonfor this arbitrariness is explained here.

Namely, there exists a set ofwave vectors K, forming the so-called
reciprocal lattice, with the property that the plane wave eiK*r
has the periodicity of the crystal.
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So if we change the plane-wave first factor here by the factor eiK*r,
and change the uk by the inverse factor, we haven't changed
the wave function, and it's still in Bloch form, but the wave
vector is now kl=k+K.

To avoid redundancy in counting the wave functions, we can employ
the convention of always using the shortest allowable wave
vector - called the "reduced wave vector", and then adding an
extra index n to distinguish different Bloch functions with the
same k.

The Bloch-wave concept seems to have been first noted in the crystal
literature by Strutt in 1927, although he discussed only the
special case of a sine-wave potential in one dimension, which
was already quite familiar to mathematicians in the literature
of Mathieu functions.

The generalityof this type of solutionwas first pointed out in the
physics literature in the doctoral thesis of Felix Bloch, in 1928,
a thesis that covered an enormous amount of ground.

Heshowed that a Bloch wave would carry a current proportional to
the gradient of the energy in k-space —item (iii) here — and
equivalently that a wave packet ofstates in a narrow range of
k's near ko wouldhave the group velocity required for this
current — item (iv).

He also sketched a method for the approximate evaluation of
electron-phonon interactions and went on to calculate the
temperature dependence of the resistivity, finding it to be
proportional to the absolute temperature at temperatures well
above the Debye temperature of the lattice vibrations, and
proportional (after a 1930 correction of an error in the 1928
paper) to the 5th power ofthe temperature at very low
temperatures.

Other details were soon filled in.
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In 1929 Peierls, who after studying with Sommerfeld at Munich had
joined Heisenberg's group in Leipzig, was asked by
Heisenberg to look into the puzzle of the occurrence negative
Hall coefficients in some metals.

He quickly realized that if the Fermi surface of a metal were located
in a region of k-space where the curvature of the energy ek as
a function of k was negative, the electrons would behave as if
they had negative mass.

This solved the problem.

He at the same time looked into the question of the behavior of Bloch
wave packets in a magnetic field, and derived the result I have
written on this list as number (vi).

A different but quite useful aspect of Bloch-wave states in crystals is
their symmetry.

It was well known from the earliest years of quantum mechanics, that
the states of an electronin the spherically symmetrical field of
an atom could be classified by their orbital angular
momentum, that they formed families of degenerate levels
called the s shell, the p shell, the d shell, etc., and that
absorption or emission ofdipole radiation by transitions
between these shells were subject to certain selection rules
arising from the symmetry.

This classification and the selection rules and other properties was
greatly facilitated bythe use ofgroup theory, and Eugene
Wigner, who had been imported from Europe to join the
Princeton faculty, had been one of the main contributors.

In the academicyear 1935-36, two postdoctorals, Louis Bouckaert and
Roman Smoluchowski, had come from Europe to Princeton
and the Institute for Advanced Study, to do theoretical work.
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You will of course recognize the name Smoluchowski as that of the
great Polish physicist who shared with Einstein the credit for
relating the theory of Brownian motion to the atomistic
picture of heat.

Roman, who eventually returned to the United States and became
one of our leading solid-state scientists, was the son of that
earlier Smoluchowski.

To return to Wigner, he had become interested in the properties and
calculation of Bloch-wave states in work a few years earlier
with his student Seitz, which I'll discuss in a moment.

Sohe suggested to Bouckaert and Smoluchowski that they undertake
to classify the possible symmetry properties of Bloch-wave
states in the simpler types of cubic crystals.

The result was a paper published in 1936, in which the authors
discussed the symmetry problem in general, and gave tables
of symmetry types for the simple cubic, body-centered cubic,
and face-centered cubic crystal types.

Asymmetry analysis ofthis sort plays the same role for energy
eigenfunctions in a crystal as is played for electrons in an
atom by the concepts of s-electrons, p-electrons, d-electrons,
etc.

Because the wave equations for an electron in the spherically
symmetrical averaged potential ofan atomis separable into
an angular part and a radial part, one can always get
solutions, each with the symmetry ofa particular spherical
harmonic, and s wave function being spherically symmetrical,
a p function having that ofa first-order spherical harmonic,
etc.

Ina similar way, the eigenfunctions ina crystal can always be chosen
not only tohave a particular wave vector describing their
translational symmetry, but also specific types of symmetry
under certain specific rotations that take thecrystal into itself.
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These symmetry operations sometimes require that there be several
orthogonal wave functions, related to each other by
symmetry, and possessing the same wave vector and the same
energy.

The symmetry classification can be useful for a number of reasons.

For example, just as with atomic states, the symmetry properties give
selection rules for having non-vanishing matrix elements of
operators that have symmetrical properties, such as the
operator of dipole moment for an optical transition.

Again, they can often simplify the numerical calculations of wave
functions and energies for the symmetrical states, and can
determine the topology of the energy versus wave number
curves that go from one symmetry point of k-space to another.

Now I want to say a little about the practical application of these
concepts to various particular materials.

One would like to obtain a complete picture of the Bloch one-electron
states, that is, to know quantitatively the dependence of
energy on wave vector for all states involved in the commonly
measured properties ofa material, and to know the explicit
shapes of the wave functions of these states.

I'lldiscuss in a few minutes the use ofexperiments to obtainsome of
this information, but first I'd like to say a little about the
problem ofcalculating wave functions and energies from first
principles.

This problem has two parts, first to find the proper potential energy
function to put into theSchroedinger equation for an electron
wave function, and second, to solve this equation.

I will discuss these two tasks in order, using red and green boxes
respectively.
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The problem of choosing a potential is of course essentially the same
as it is for determining valence electron wave functions for
atoms or molecules, a problem that of course attracted
attention as soon as wave mechanics was discovered.

An obvious scheme was to assume that in the wave equation for a
particular valence or core electron one should use the
Coulomb field generated by the nuclei and all the other
electrons, the latter being averaged over the statistical
distribution of these other electrons as determined from their
wave functions.

This so-called "self-consistent field method" was applied numerically
by Hartree in a long series of papers begirining in 1928, and
made very reasonable predictions for the sizes of atoms, their
diamagnetic susceptibilities, and x-ray term values, but were
not accurate enough to give a good picture of the differences
of different valence-electron terms.

A somewhat more logical scheme was proposed independently by
Fock in Russia and by Slater in the United States, based on
approximating the wave function of a system of N-electrons
by a determinant of one-electron wave functions, one for each
electron.

Inother words, they proposed describing the N-electron system as
having a particular N one-electron states occupied, and
obeying the exclusion principle.

Requiring that the expectation value of theenergy be a minimum for
a wave function ofthis form gave them a family ofone-
electron wave equations to be satisfied, each of which
contained a Coulomb potential due to the average charge
distribution of all the electrons and a negative definite term
that was not a simple function of position, but was calculable
from the wave functions of all the electrons.
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This last term, called the "exchange operator" took account of the fact
that the exclusion principle reduces the probability of finding
two electrons of the same spin close to each other.

Actually, there are good physical reasons for believing that one can
describe the behavior of valence electrons even better, though
still using one-electron wave functions, by calculating these
using an effective potential somewhat different from that of
Slater and Fock.

While one can try to infer such a potential from first principles, it
occurred to several people that one might try to determine it
empirically, by fitting the valence-electron energies of isolated
atoms, and then simply adding these effective potentials for
all the atoms in the crystal.

An early potential of this sort was one constructed for the sodium
atom by Prokofjew in Russia in 1929.

This was used a few years later by Wigner and Seitz in their historic
calculation of Bloch functions for metallic sodium, which I'll
discuss in a few minutes.

While a few other such empirical potentials were constructed and
used by other people for other metals, a more convenient type
ofempirical potential, called a "pseudopotential" eventually
became more popular.

The difference has to do with the occurrence or the absence of radial
nodes in the core region of the wave function.

For example, with the Prokofjew potential, one would fit the
eigenvalue of the 3 s state calculated from the potential to the
observed 3 s levelof the atom, the 4 s eigenvalue to the
observed 4 s level, etc.

For a pseudopotential, one would try to fit the 1 s eigenvalue in the
pseudopotential to the observed 3s level, the 2s eigenvalue to
the observed 4 s level, etc.
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A potential fitted in this way can be much smaller in the core regions
than with the old method, the valence wave functions will be
smoother there, and the integration of the wave equation will
be much easier.

In fact, it turned out that one could often get useful approximations
by starting with a plane-wave basis, and calculating the effect
of the potential only to first or second order in perturbation
theory.

The development and utilization of the pseudopotential idea in
crystal wave mechanics provides an interesting example of
how useful ideas can sometimes fail to propagate and at other
times propagate very effectively by serendipity, and as I
happened to be a close observer of this development, and in
one place even able to give it a nudge, I'd like to tell you about
it.

Over a period of years, several people seem to have arrived
independently at concepts similar to what I have defined as a
pseudopotential.

While theearliest such work was probably in a paper byFermi in
1934 ona dense-gas problem, the story I want to tell began in
1935, when a highly respected theoretical chemist in Moscow
named Hellmann constructed empirical pseudopotentials for
several atoms, and used them in calculations of molecular
binding.

A year later he and his collaborator Kassatotschkin calculated a
number of energetic properties of monovalent and divalent
metals by taking the unperturbed valence electron wave
functions to be plane waves and calculating the first-order
energy contribution from empirical pseudopotentials fitted to
free-atom levels.

While the results were only roughly correct - errors of the order of
several tenths of avolt per electron - they were surprisingly
good for such a simple and straightforward calculation.
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One of the metallic properties they calculated was the thermionic
work function, and so it happened that a few years later,
when I was preparing a review article on thermionic emission
with my friend Myron Nichols, my search of the literature
uncovered these papers, and I read them.

As the years went by and interest in the theoretical band structures
continued to grow, I began to wonder more and more if it
might not be possible to use the pseudopotential idea more
profitably in band structure calculations.

Yet even by the middle 1950's, most American band theorists seemed
not to have heard either of the Hellman-Kassatotschkin work
or of other work in eastern Europe using pseudopotential
ideas, such as that ofGombas and his school in Hungary, or
that of Antoncik in Czechoslovakia.

A few years later, when our theoretical physics department at Bell
Laboratories was setup, wesucceeded in hiringJim Phillips, a
verybrightnew Ph.D. from the University ofChicago.

During his stay with us I called his attention to the Hellmann-
Kassatotschkin papers, and suggested that it mightbe
profitable to try to improve onHellmann's pseudopotential
technique.

After clearing up some other work, Phillips did exactly that.

Ina paper published in 1958, and another one the following year with
his student Kleinman after he had gone to Berkeley, Phillips
showed how a pseudopotential could be constructed so as to
take account of the necessity for valence-electron wave
functions to be orthogonal to the states of the core, and
showed that it could beapplied successfully to bands in the
group four semiconductors.

They found it desirable to have the radial dependence of the
pseudopotential different for different values of the angular
momentum about the nucleus.



Lecture IV 16

This work attracted considerable attention, helped particularly by the
contact between Phillips and his original teacher at Chicago,
Morrel Cohen.

Cohen aroused the interest of Volker Heine in Cambridge England,
and our own Walt Harrison, then working at General Electric
before he came to Stanford, took up pseudopotentials as a tool
for mapping the Fermi surfaces of many metals.

These last-named authors produced some comprehensive reviews
after a few years, as many others had gotten into the field.

Another major improvement came some years later.

It had of course been recognized for some time that a pseudopotential
is not unique, because it makes no pretense of being an
accurate substitute for the full potential, but only tries to
mimic the effect of this potential in a quite limited energy
range, namely that of valence electron energies.

Manyof the pseudopotentials that were used in the early years were
not what is called "norm-preserving".

By this is meant that if one were to compare a wave function
constructed from the pseudopotential with one constructed
form the true potential, one would find that if the two wave
functions were normalized to the same square integral over a
unit cell, they would differ by a significant though constant
factor in the region outside the core, even though they were
nicely proportional to one another.

Thus though such pseudopotentials could be valuable for calculating
energies, theymight give misleading values for properties
depending on the charge distribution.
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It turns out that "norm-preserving" pseudopotentials have an
additional advantage as a consequence of a theorem that had
been used for some decades by atomic structure physicists,
but was independently discovered and applied to the
pseudopotential problem in solids by Shaw and Harrison in
1967.

This theorem states that if a given pseudopotential is "norm-
preserving" for a certain energy and angular momentum, then
the energy derivativeof the energyerror introduced by use of
this pseudopotential vanishes at the given energy.

This property optimizes the range of energies over which the
pseudopotential is useful.

The first practical use of a "norm-preserving" pseudopotential for
calculation of wave functions in a crystal was carried out by
Topp and Hopfield in 1973 for sodium, with encouraging •
results for binding energy and lattice constant.

Finally, in 1982 Bachelet, Hamann and Schluter published a
tabulation of "norm-preserving" psuedopotentials, tailored to
have other desirable properties, for all atoms in the periodic
table.

Well now, having spent enough time on potentials, let me turn to the
next logical topic, the solution of the Schrodinger equation in
a crystal, for a given potential.

For this subject, I've put the various steps in green boxes.

The first two approaches, though useful as limiting cases,were too
crude to give quantitatively significant results in most cases.

Bloch's historic 1928 paper showed how one could approximate Bloch
eigenfunctions as linear combinations of free-atom valence
electron functions centered on each of the crystal atoms.
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But this approximation would only be good if the overlap of valence-
electron wave functions on near-neighbor atoms was small, a
condition satisfied only in a minority of non-metals.

At the opposite extreme, Brillouin in 1930 treated the periodic
variations of potential in the crystal as a small perturbation on
a basis of plane waves, which would cause the dependence of
energy on wave vector to develop discontinuities across the
Bragg-reflection planes in k-space.

But of course the perturbation is never small in real crystals.

Thebreakthrough was initiated in 1933 by Wigner and his graduate
student Seitz, who found a very practicalway of calculating
energies and wave functions for simple monovalent metals,
starting with sodium.

They divided the crystal into cells centered on each atom, and
assumed the potential in each cell to have the form of
Prokofjew's empirical valence-electron potential that I
discussed a moment ago.

Their physical intuition told them that the lowest-energy valence-
electron state, in other words, the bottom of the conduction
band, would be a Bloch wave with wave vector k = 0 and with
cubic symmetry about each atom.

Since cubic symmetry is very close to spherical symmetry, they
approximated this wave function within each cellby a
spherically symmetrical function, and required that the
function be very flat in the outer part of the cell, so that it
would joinon smoothly to those in the neighboring cells.

This they achieved by numerically integrating the radial wave
equation for an s function in their Prokofjew potential, and
finding the energy at which its radial derivative would be
zero at the radius of a sphere with the same volume as that of
the atomic cell.



Lecture IV 19

To calculate wave functions and energies for other occupied states in
the conduction band, it was necessary to solve the
Schrodinger equation inside the unit cell using boundary
conditions appropriate for wave vectors k ^ 0.

If k is not too large this can be done perturbationally, as I show here.

This is the Schrodinger equation for a Bloch state yk, which I write in
the standard form of a plane wave times a periodic function
uk-

If I multiply both sides of this by each of e-ikr, I get this line here,
where Hk is this operator in parenthesis, which is easily
evaluated, and has a k dependence with terms in k and k2.

The boundary conditions on uk, namely, lattice periodicity, do not
involve k, so one can use ordinary perturbation theory to
calculate the effects of these k-dependent terms.

The leading term in the energy perturbation is proportional to k2,
hence to the unperturbed kinetic energy of the plane wave.

Hence the effect of the perturbation, whose calculation involves the
matrix element of the k-dependent operator between the
Wigner-Seitz band-edge state and other states of higher or
lower energy at k=0, can be described by saying that the
conduction-band electrons have an effective mass different
from the normal electron mass.

A few years later, Bardeen suggested an alternative way of
calculating the effective mass at the bottom of a conduction
band of this type, a method that does not require knowledge
of other bands, but only the integration of a radial wave
equation for angular momentum one.
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Although these techniques yielded credible band structures for the
single-electron levels of monovalent metals, the main objective
of Wigner and Seitz was to calculate the binding energy, that
is, the total energy difference between an assembly of isolated
sodium atoms and the same atoms in metallic form.

This required, in addition to the calculations I have just described, an
estimation of the energy associated with electron-electron
interactions.

For uncorrelated electrons, the approximation of Hartree's self-
consistent field theory, this could be calculated classically
from the mean electron density, which they took to be
uniform.

But as Slater and Fock had shown, this neglected the exchange
energy, due to the effect of the exclusion principle in keeping
parallel-spin electrons apart.

This again could easily be calculated for a wave function equal to a
product of a determinant of up-spin wave functions and a
determinant of down-spin wave functions, and if, as for
sodium, these wave functions had nearly plane-wave form.

But they realized that even electrons with anti-parallel spin would
avoid each other simplybecause of their Coulomb repulsion,
and the energy lowering of this so-called "correlation energy"
was not easy to calculate.

Wigner made a reasonable attemptin 1934, which he subsequently
improved in a later paper, and I'll discuss the problem in more
detail in a later lecture.

Using these results, Wigner and Seitz calculated the total energy of
sodium for several values of the assumed lattice constant, and
from these got theoretical predictions of the lattice constant
for minimum energy, which should be that observed in nature
at zero pressure, and for the binding energy at this lattice
constant, relative to separated sodium atoms.
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These numbers were in reasonable accord with experiments, a great
triumph for a theory that used no input data from the
crystalline form of sodium, but only data from the isolated
atom.

Similar results were soon obtained by Seitz for lithium, and by
Bardeen.

Compressibility and behavior at high pressures could also be
predicted.

But the Wigner-Seitz approach by itself was not sufficient for crystals
with more valence electrons than one per unit cell, since it had
to start with a calculation for a state with a nearly spherically
symmetrical charge distribution in each cell, and then could
make reliable calculations only for states with wave vectors
close to the wave vector of this starting state.

Led by Slater, who back in 1930 had left Harvard to become chairman
of the Physics department at MIT, several people in the
middle 30's tried to make calculations for a variety of crystals
by constructing Blochfunctions for any desired wave vector k
out of central-field eigenfunctions in each cell, joined together
by boundary conditions imposed only at a small number of
points, usually high symmetry points on the cell boundaries.

But the functions so constructed were often far from continuous
across other portions of the cell boundaries.

In 1937,Shockley, who had just obtained a Ph.D. under Slater,
demonstrated his knack for reaching important conclusions
very simply by applying this scheme of fitting boundary
conditions at isolated points to the special case of electrons in
a constant potential, assuming imaginary unit cells so
arranged as to mimic those of a face-centered or body-
centered cubic crystal.
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Here the exact solution of the problem was known - simple plane
waves - and the predictions of the scheme being tested could
be easily worked out, since the central-field eigenfunctions in
each cell would be products of spherical harmonics by
spherical Bessel functions.

Shockley's calculations showed that with the number of fitting points
people had been using, the errors in the calculated band
energies became unacceptably large in all the bands except the
lowest one.

So it appeared that calculations by this so-called "cellular method"
would be untrustworthy for crystals with more than one
electron per unit cell, and so workers sought for better
techniques.

Slaterhimself proposed a greatly improved method in 1937, known
as the "augmented plane wave method".

In this procedure, a crystal isdivided into two types ofregions by
imagining each cell to contain an inscribed sphere, or a
slightly smaller sphere, so that the spheres of different cells do
not overlap.

In the regions between the spheres, one assumes the potential to be
exactly constant, thereby neglecting the relatively small
fluctuations that occur here.

Within each sphere, the potential is assumed to be the spherically
symmetrical potential appropriate to the free atom, plus that
due to therelatively uniform valence charge density.

For any given value of the reduced wave vector k one can find a
sequence of wave vectors with the same reduced wave vector
and successively increasing magnitudes.
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For any one of these, with energy Enk, one can find a solution of the
wave equation inside each atomic sphere, with this same
energy, whose value will equal the value of the plane wave at
every point of the sphere, although the normal derivative will
not be the same.

That this can be done is obvious if we resolve the plane wave into
spherical harmonics on the surface of the sphere, and then
consider, for each order of spherical harmonics, the solution of
the interior wave equation for the radial dependence of an
interior wave function with the given energy and the same
angular dependence.

Since the angular dependence is the same for the interior and exterior
functions, we need only to multiply the interior solutionby a
suitable constant to get it to equal the exterior function at all
points of the sphere.

While getting a complete fit to the exterior plane wave would of
course require spherical harmonics ofevery order, a very
good fit can be obtained in practice with only a few orders, or,
in otherwords, a few values ofthe orbital angular momentum
quantum number.

Having done this fit, we can now construct the matrix of the
Hamiltonian with respect to all the basic states we have thus
constructed, and diagonalize this matrix to get a good
approximation to the desired eigenvalue.

The first application of this scheme to band calculations for a specific
crystal was performed in the late 30's in the Ph.D. thesis of
Marvin Chodorow, who has now spent many decades here at
Stanford as Professor ofApplied Physics and also of Electrical
Engineering.

However, extensive use of the augmented planewavemethod came
only a decade or more later, when computing facilities more
powerful than the old mechanical calculators became
available.
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Then its use spread rapidly all over the world.

A rather different type of approach arose unexpectedly out of a
project I was attempting unsuccessfully to pursue as a
postdoctoral at MIT.

This was the attempt to calculate phonon frequencies in metals by
calculating the effectof a small distortion of the crystal lattice
on the electronic wave functions and ultimately on the energy
determined by them.

My equations were always running into trouble because of the
singularity of the potential at each nucleus, so that even a very
small shift of the nuclear positions could cause a huge local
shiftin the potential, and at least some ways of trying to treat
this as a small quantity would blow up.

One day it occurred to me that one could avoid such problems if,
whatever the state ofdeformation of the lattice, one always
worked with a basis set ofwavefunctions orthogonal to the
core states of all the atoms.

About the simplest sort ofbasis of this sort would be ordinary plane
waves, linearly combinedwith enough of each of the atomic
core states to be orthogonal to it.

It turned out that if one started with y=constant —a k=0 plane wave,
in other words — and orthogonalized it to the core wave
functions of the Prokofjew potential, one got a function whose
shape was remarkably close to that of the k=0 Bloch
eigenfunction Wigner and Seitz had computed for sodium.

This encouraged the hope that one might quite generally obtain good
approximations to the energies of Bloch functions by
diagonalizing the matrix of the Hamiltonian with respect to a
small number of the lowest-energy orthogonalized plane
waves with the same reduced wave vector.
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An excellent opportunity to try out the new approach for a non-cubic
divalent metal presented itself at that moment, when Albert
Gordon Hill, an experimentalist who had just come to MIT as
an instructor, told me that in his graduate work at Rochester
Seitz had enticed him into attempting a band structure
calculationfor beryllium,and that this had run into difficulty
because neither the Wigner-Seitz procedure nor the old
"cellular method" was accurate for electronic states near the
Fermi energy.

So Hill and I finished the calculation using the orthogonalized plane
wave method, and obtained an interesting and plausible band
structure, with a complicated Fermi surface.

But the orthogonalized plane wave method was destined to be no
more than one of many usable calculational techniques.

In particular, it was not suited, in its original formulation, to
calculations for transition metals, because the valence-electron
d shells of these metals could notbe treated as core states, yet
had wavefunctions that could not be represented by a small
number of orthogonalized plane waves.

After a hiatus during the war years, interest inband-theory
calculations expanded, andsome new ideas on techniques for
calculation were introduced.

But these were mostly gradual and straightforward developments,
and it's more appropriate now to shift to a broader discussion
ofhow manyproperties ofsolids were, by combination of
experiment and theory, discovered and elucidated.

Theearliestand most rapid progress came out of researchon
tetrahedrally bonded semiconductors, a field that started to
receive particular attention during and just after the war
because ofits military and potential commercial importance.
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I'll start out with a few very sketchy words on what might be called
the prehistory of semiconductor rectifiers, and then go into
more detail on the era of real progress.

Crystal rectifiers were studied for many years on a trial-and-error
basis for use in radio receivers, although they soon were
outclassed by vacuum tubes.

I've listed here, in blue boxes, just a few key papers among the large
literature of the subject.

As early as 1901 the Indian physicist Bose called attention to the
utility of galena.

Selenium and copper oxide rectifiers got considerable attention
. starting in the mid-twenties.

A paper by Rottgardt in Germany in 1938 made a strong case for
certain advantages of silicon point-contact rectifiers, which
had been known but neglected for many years.

At about this time military-sponsored radar research encountered the
need for rectification ofextremely high-frequency signals.

British and American work pointed to silicon as the most promising
material, and German work, after an initialemphasis on
germanium, came eventually to the same conclusion.

But at first only polycrystalline material of98% purity and with
unpredictable surface properties was available.

So letmefocus now on the course ofthe research program in the
United States, where quite a number of institutions worked on
different parts of the problem, in close collaboration with each
other.

Perhaps the most pressing problem, initially, was getting silicon of
improved purity and reproducibility.
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And as we're going to see in a few minutes, crystal purity and
perfection became even more important after the birth of the
transistor age, and turned out also to be extremely important
for fundamental research.

So I'd like to give a little perspective on progress in the preparation of
materials, and emphasize the tremendous debt that both
research and technology owe to the chemists and
metallurgists who worked over the years on these problems.

I've used brown boxes for this part of the story.

An initial great advance was made around 1941 by workers at
DuPont, and supported by work at the University of
Pennsylvania.

This resulted in the preparation of silicon of so-called "four nines"
and ultimately "five nines" purity, that is, 99.99% pure or
99.999% pure.

Within a few years, the research group at Purdue University ledby
Lark-Horovitz, was able to produce germanium of similar
purity.

In the early 1950s, Bill Pfann at Bell Laboratories showed how one
could greatly improve the purity ofan initially given crystal
by a suitable re-melting procedure.

Since melting in a crucible always had the intrinsic limitation that the
melt could be contaminated by contact with the walls of the
crucible, heundertook to minimize this contact by re-melting
only a thin portion of the crystal at any one time, as I show
here.

When the molten zone is locally inequilibrium with the adjoining
parts of the crystal, the concentration ofmost impurities in the
melt will be many times larger than the concentration in the
crystal.
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Consequently, as the molten zone is swept from near one end to near
the other, it will accumulate more and more of the impurities,
thus removing them from the crystal.

The process can then be repeated with a new molten zone if
necessary, to further reduce the impurity concentration.

As originally set up, this arrangement still required use of a crucible,
whose contact with the molten zone, though less than that of
the crystal,was still sufficient to introduce new impurities
while the old ones were being swept out.

But a few years later Henry Theurer showed that the crucible could
be entirely eliminated by orienting the long axis of the crystal
in a vertical direction, and holding its top and bottom fixed
while a molten zone, thin enough to be held in place by
surface tension, was moved vertically from one end to the
other.

This technique is still used today to prepare ultra-pure crystals.

These developments that I have just described were essential to the
progress that was tobe made in the understanding of
rectification, the development of better rectifiers, the invention
ofthe transistor, and the deepening of ourunderstanding of
many old and new properties of semiconductors.

I'll follow first the progressofwork on rectifiers and transistors,
using green boxes, and I hope you will keep in mind as I do so
the time schedule I've just shown you over here of
improvements in available materials.

The progress ofthe40s was helped considerably bysome theoretical
developments at the end of the 30s, which finally put an end
to some years of confusion about the mechanism of
rectification at a metal-semiconductor junction.

These papers, byMott and Schottky, respectively, proposed the
mechanism indicated here.
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Suppose that we have a metal and a semiconductor, whose surfaces
may well be contaminated, and we bring these surfaces into
contact with each other as shown here with the metal on the

left and the semiconductor on the right.

And suppose further for the present that the semiconductor is n-
type, that is, that it conducts because it has a small excess of
negative electrons.

Since it is unlikely that the metal and the semiconductor when
separated had the same work functions, that is, that they had
the same affinity for electrons, there will be a redistribution of
charge in the region of contact that will modify the potential
in this region until, in thermodynamic equilibrium, the
relative electrostatic potentials of the deeper regions of both
conductors have been adjusted to the value that makes the
Fermi level ofelectrons thesame on both sides, as I show by
the dotted line here.

The space charge on the semiconductor side here will cause the
energy ofthebottom ofthe conduction band to curve upward
or downward near the junction, and I have shown the case
where the curvature is upward, since only in this case will the
junction act as a rectifier.

The fact that it does so can be understood if we consider how the
potential distribution that I've drawn for equilbrium would be
modified if a voltage were applied to raise the Fermi level of
the semiconductor above that of the metal, oralternatively, to
depress it below.

In the former case, which we call forward bias, the black curve of the
equilibrium configuration is modified into the red curve as I
show here, with most of the modification coming on the
semiconductor side of the maximum of the curve.
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Thus the activation energy for electrons from the semiconductor to
surmount the barrier and enter the metal is decreased by
almost the full amount of the applied voltage, while the
activation energy for electrons from the metal to surmount the
barrier and go into the semiconductor is changed only
slightly.

Thus with the bias applied, there will be a net current of electrons
from the semiconductor to the metal, that increases
exponentially as the bias is increased.

On the other hand, if we apply a bias in the so-called reverse
direction, we get the green potential curve, which has an
increased activation energy for electrons to escape from the
semiconductor, and with increasing reverse bias this
contribution to the current will go rapidly to zero, and the net
current will be that due to the electrons surmounting the
barrier from the metal side, a quantity that becomes almost
independent of the applied bias.

An exactly similar situation applies for rectifying junctions made
with a p-type semiconductor, for cases where the space charge
is of the proper sign to impose an activation barrier for holes
rather than electrons.

Well now let me focus on the post-war work at Bell Laboratories,
where the most spectacular progress wasbeing made.

A major share of credit for this progressbelongs to a man who isn't
on my transparency, as in these years Mervin Kelly was an
executive rather than a working scientist, although he had
begun as one.

When he became Director ofResearch in 1936, he began to work
toward his hope thatsemiconductor devices might eventually
replace vacuum tubes in many or all of their functions, with
great savings in energy, space, and perhaps cost.



Lecture IV 31

Convinced that the necessary research ought to have available all the
resources of the new quantum-based advances in solid-state
theory, Kelly hired Shockley, who had just received his
doctorate from MIT, as soon as the higher management
relaxed its Depression-era freeze on hiring.

The war years scrambled everyone's activities, and sent many staff on
leave to distant locations, but after the war Kelly, now
executive vice president, reassembled his staff, hired Bardeen
and other experts in the new solid-state field, and formed
several new departments in this area.

Efforts toward a better understanding of semiconductors resumed,
and many other areas of solid-state and electronphysics
flowered also.

Several ideas for making a semiconductor amplifier were tried and
failed.

But an important advance in understanding was soonmade by
Bardeen.

Groups in various places had undertaken to measure the activation
energy for rectifying metal-semiconductor junctions,
especially with silicon.

Efforts to correlate the activation energies with the work functions of
the metals or the semiconductors gave confusing results, and
in someseries of experiments the activation energy for
rectification seemed not to depend on the work function of the
metal.

Bardeen suggested that in these cases there mightbe, at the
semiconductor surface, or more likely the interface between
semiconductor and a thin oxide layer, a large density of
localized electronic states with energies somewhere in the gap
between the valence and conduction bands.
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In such case a semiconductor with flat bands as I show on the left

here would, in equilibrium, have a large negative charge on its
surface, as I indicate by these little red minus signs.

To achieve overall electrical neutrality the bands would have to bend
upward near the surface, as I've shown on the right, till there
was enough positive space charge, as indicated by these green
plus symbols at the sites of donor levels, to compensate for the
negative charge in the surface states.

If the density of surface states is quite large, only a small change in
the band bending is required to change the total charge by
enough to compensate for the contact potential difference
between the semiconductor and a metal electrode placed close
to it.

So we can say that the Fermi level is essentially pinned, at a certain
height relative to the surface band structure, and if the metal
and semiconductor are very close together, so that there is no
further barrier outside the semiconductor surface, the
rectification barrier will be simply the distance from the level
at which the Fermi level is pinned to the bottom of the
conduction band at the surface, a quantity determined entirely
by the semiconductor and its surface, and independent of the
metal.

The possible existence ofsuch surface states, due perhaps to the
presence of impurities at the surface or interface, had been
pointed outway back in 1932 by the Russian physicist Igor
Tamm, who was destined to win a Nobel Prize for some of his
other work.

Then in 1939, Shockley showed that under certain circumstances even
an insulating crystalwithout any impurities in either surface
orbulk could have surface-bound localized levels in the gap,
only part of which would be occupied under the condition of
surface neutrality.

So Bardeen's suggestion was readily accepted as reasonable.
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It also gave important guidance to the efforts that Brattain and
Bardeen were making to construct a semiconductor amplifier.

Some years ago Shockley had suggested that one could make what is
now called a "field effect transistor" by depositing a thin film
of a low conductivity semiconductor on an insulating
substrate, and placing a metal electrode just above it but not
touching it.

Applying a voltage between the metal and the semiconductor could
draw charges — electrons or holes— into the semiconductor
and thereby change its conductivity.

Butwhen Brattain tried this, under conditions that ought to have
given a sizable modulation, he found none.

This could be explained if the induced charge on the semiconductor
was practically all in immobile surface states, rather than in
mobile holes or electrons.

But even more important, at that moment at least, was the fact that
this picture ofsurface-state pinning ofthe Fermi level might
cause a new type of phenomenon to be occurring in some of
the experiments thatBardeen and Brattain were doing at that
time.

As you can see in this energy band diagram here, made for a
hypothetical n-type semiconductor, the Fermi level in the
deep interior is much closer to the conduction band edge than
it is to the valence band edge, so that the concentration of
electrons in the conduction band will be very much higher
than that of holes in the valence band.

But for the case I have drawn, the surface state distribution is such as
to pin the Fermi level at the surface at a position that is much
closer to the valence band there than it is to the conduction
band.
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So in a thin layer just beneath the surface, holes will be much more
plentiful than electrons, and the conduction will be p-type.

If now a modest forward bias is applied, pushing the bands and
Fermi level up on the semiconductor side, the concentration of
holes in this layer will be increased.

If the metal contacting the semiconductor is a sharp point, rather than
a uniform layer, the effect of the bias on the distribution of
holes will be as I show in this other diagram over here,
namely, an increase in concentration just below the point,
with an outward flow of holes in the subsurface layer in all
directions.

Some of the holes will overcome this activation barrier here and
escape into the bulk, where they will eventually recombine
with majority electrons, and also, some of the electrons of the
bulk will overcome their activation barrier — this one here —
for getting to the surface, and may annhiliate some of the
holes.

Thenet effect of all theseprocesses willbe that right at the metal-
semiconductor junction, mostof the current produced by the
application oftheforward bias will consist ofholes moving
from themetal into the semiconductor, but that if one goes
deep enough into the semiconductor so that nearly all the
holes will have recombined with electrons, the total current
flow will be almost entirelymade up of electrons.

Bardeen and Brattain verified this distribution of the forward current
in some of the diodes they were working on,by placing a
potential probeat various distances from the injecting point
on the surface, and recording the potential - that is, the Fermi
level of the holes, as a function of distance Rfrom the injecting
point.



Lecture IV 35

If the current were spreading out into a uniform medium in three
dimensions, the potential would die off as 1/R, and indeed
this behavior was observed at distances beyond 30 or 40
microns.

But at closer distances the potential did not rise nearly as rapidly
with decreasing R as this 1/R law would predict, and seemed
instead to fit the picture of a current spreading out in a thin
two-dimensional layer.

The natural interpretation was that at short distances most of the
current was carried by holes spreading out in the thin
inversion layer just beneath the surface.

This picturemade possible a rational understanding of the operation
of the point contacts transistor which Bardeen and Brattain
had discovered at about the same time.

For if two contacts were placed very close together on the surface, the
current through one of the contacts, if held at reverse bias,
could be significantly altered by the action of the holes that
could be injected from the other contact at forward bias.

Thebreakthrough had beenmade, and the key phenomenon was that
of minority carrier injection.

But this discovery was only the beginning ofthe transistor story, and
indeed before it was even made public a somewhat different
transistor, stillbased on the phenomenon of carrier injection,
was conceived and constructed.

A serious problem besetting the widespread use of point-contact
transistors was the fact that theirperformance was very
sensitive to the state of the surfaces of the metal and the
semiconductor, hence to cleanliness and control of the
atmospheres at all stages of manufacture.
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Now it had been known for some years that even within the same
single crystal of semiconductor the concentrations of various
kinds of impurities could very well vary with position, and
make some regions have n-type conductivity and adjacent
regions have p-type.

And it has also been known that the junctionbetween n- and p-type
regions had rectifying properties.

Once the point-contact transistorhad been discovered, Shockley
realized that if one could control the impurity distribution
accurately enough, one might fabricate a specimen with two
p-n junctions close together, and that such a specimen would
act as a transistor.

Sohe set himself furiously to work on the theory of such a device,
which could be carried through analytically if the impurity
concentrations depended only on the x coordinate.

Ina few months, Shockley completed an elegant paper, analyzing
first the process of rectification by a single p-n junction, and
then going on to analyze the transistor action of a pair ofsuch
junctions.

However, publication wasdelayed for some months to allow patent
applications to be made.

There's some interesting history, which I won't have time to enlarge
upon, associated with some older work by the Russian
theorist Davydov, who in 1938 published a formula for the
current-voltage characteristic of a p-n junction identical to the
one Shockley published in 1949.

At the latter time, Davydov's work was quite unknown to Shockley,
Bardeen, and other U.S. workers, although his paper had been
written in English.
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Indeed, Davydov's work had not even been followed up in Russia,
and neither he nor his successors had thought of transistors
before the 1948 Bell Labs announcement.

Possible contributing factors might have included: the focus on
copper oxide rectifiers; poor control of materials; severe
disruption by World War II; poor East-West communication;
and Davydov's death during the war.

But now let me get back to the story of the junction transistor.

The actualconstruction of this device had to depend on the rapid
advance of experimental techniques for crystal growth,
control of doping, and control of recombination centers.

Fortunately, the problems were soon solved and a working example
was reported by Shockley, Sparks, and Teal in 1951.

Commercialization of junction transistors ofcourse took many more
years but though that's a fascinating story, it would take us
too far into materials science and electrical engineering.

The one further thing I'd just like to mention about transistor
development is thatShockley's early suggestion ofmodifying
the conductivity ofa thin semiconductor layer by using the
layer as one electrode of a parallel plate condenser ultimately
worked beautifully.

As I told you a few minutes ago, the attempt by Brattainand Bardeen
to construct an amplifier in this way was a complete failure
because the induced charge on the semiconductor resided in
immobile surface states rather thanin an altered density of
mobile carriers.

Whenmaterials preparation improved to the point where surfaces
free ofsurface states could beprepared, everything worked as
it should have, and the so-called "field-effect" transistor was
born, and now is widely used.
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Now let's leave transistors and look at how advances in theory and
the availability of purer and more perfect crystals made
possible new insights into the bulk physics of semiconductors.

Some time ago we were talking about the theoretical calculation of
electronic band structures for particular materials and I may
have mentioned that up through most of the 1940s
calculational methods were still somewhat crude and there
were few experiments that could be unambiguously
associated with specific features of band structure.

But now calculations were improving, and the advent of good
semiconductor crystalswith highly controllable impurity
content were making it easier to do clearly interpretable
experiments.

So now let's see, in the orangeboxes, how theory and experiment
could start to get together.

Since the experiments I'm going to talk about were done on
germanium and silicon, which have the same crystal structure
as diamond, a good place to begin is with efforts to calculate
the electronic band structure of diamond.

There had been several early calculations for this material, using
someof the cruder techniques, but they were not very
convincing and sometimes yielded unreasonable results, such
as zero-widthbands or an excessively large forbidden gap.

But thena breakthrough came, and I had a fortunate opportunity to
look over the shoulder of theman who was making it.

At one of theNew York meetings of the American Physical Society,
which were held at Columbia University in those days - this
was about 1950 - I was approached in the corridor by a young
man who gave his name as Frank Herman, and said he was
undertaking at Columbia University a Ph.D. thesis project on
the band structure of diamond.
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He said that after studying the literature on various techniques for
computing band structures, he had decided that the most
promising one for his project would be the orthogonalized
plane wave method that I had introduced in 1940.

I was very interested in his project as a major test of the technique,
and as we were based within easy commuting distance of
each other, we agreed to consult from time to time on the
progress of the work.

Thecalculations went reasonably smoothly, and were greatly
facilitated by the availability at Columbia of early IBM
vacuum-tube computers.

The final band structure, published in 1952, seemed to have
converged fairly well as a function of the number of
orthogonalized plane waves used for the calculations, and
showed strikingdifferences from the results of all previous
calculations, especially in regard to the states near the bottom
of the conduction band.

The k=0 conduction band state was found to be three-fold
degenerate, with a symmetry of the type expected for bands
derived from atomic 2p states,whereas previous calculations
had found a k=0 conduction band state that was
nondegenerate and of the symmetry that would be derived for
a band formed from atomic 2s states.

The conduction-band minimum was found to be a little lower in
energy, and located on a [100] axis in k-space.

The calculated band gap was very close to that which could be
inferred from the onset of opticalabsorption, and the width of
the filled valence band, 22 eV, was close to that inferred from
the spectral spread of the x-ray Ka emission edge.
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This favorable outcome encouraged Herman to forge ahead with
what had been his ultimate goal from the start, namely, to
elucidate in full detail the band structure of germanium,
which at that time was the semiconductor that had been most
studied experimentally.

The calculation was carried out by Herman and Joe Callaway, a
graduate student at Princeton, working at the RCA Research
Laboratory in Princeton.

They found a band structure very similar to that of diamond, except
that the forbidden gap was very much smaller, being indeed
quite close to the experimental value, less than 1 eV.

But at the very same time that these first-principles calculations were
being made, a lot of theoretical work was being done on the
quantitative relations of band-structure parameters to various
quantities that could be experimentally measured, and the
experiments were being performed.

Particularly informative were two types of transport measurements,
magnetoresistance and piezoresistance, whose anisotropy in
single crystals could be quite striking.

The former, the change of resistance in one direction when a
magnetic field is applied in some other direction, can be
treated by solving a transport equation in k-space, and is
obviouslyvery dependent on the anisotropy of the effective
masses of the charge carriers.

The large piezoresistance of many semiconductors was a new effect
discovered at about this time by C.S. Smith, a professor from
Case Institute who was spending a sabbatical year at Bell
Laboratories.

Theway in which a modest shearingstress can produce a marked
anisotropy in resistance is illustrated by the example of
electrons in n-type silicon.
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As one might already have suspected from the analogy to Herman's
initial band calculation for diamond, and as was soon to
become clear from other experiments on silicon, the lowest-
energy states in the conduction band of silicon are states with
wave vectors pointing in the six 100-type crystal directions,
and near each of these the energy increases rapidly in
directions normal to the cube-axis direction, but much more
slowly in the direction parallel to it, so that the surfaces of
constant energy are prolate spheroids like those I have shown
in this drawing.

In the unstrained crystal, all these regions of k-space — I call them
valleys — are energetically equivalent.

But if the crystal is compressed along one axis and expanded along a
perpendicular axis, the energies in the one axis will be raised
and those in the other lowered, so that at one and the same
energy the constant-energy surface in the one valley will be
larger than that in the other, as I have shown here.

Consequently the electrons will distribute themselves so that more of
them are in this valley than that.

And since eachvalley by itself contributes an anisotropic
conductivity, the overall crystal will develop an anisotropy
similar to that of the most favored valleys.

Since the mass ratio in the two directions of a valley is about five-to-
one, a very sizable conductivity anisotropy can develop from
a strainthat shifts the relative energies of two valleys only by
a fraction of kT, a strain that is well within the elastic limit of
the crystal.

And the relative change of resistance at high temperatures varies
inversely as the absolute temperature.
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As the chart shows, here, and here, and here, the conduction band
edge structures for silicon and germanium were established
by 1954 by theoretical interpretations of measurements of
magnetoresistance and piezoresistance.

A more powerful type of measurement came along simultaneously,
namely, cyclotron resonance, an effect whose measurement
became possible thanks to the availability of extremely pure
semiconductors, in which the mean free path of electrons or
holes could be made very long at low temperatures.

In between scattering events, an/ electron or hole in a magnetic field
will describe a corkscrew path, and its velocity component
along any direction perpendicular to the field will vary
sinusoidally with time, at the so-called cyclotron frequency
eB/m*c, where Bis the magnetic field and m* the effective
mass, or a suitable average of a directionally dependent mass.

If a microwave electric field is applied to the semiconductor, the
absorption will peak at this frequency, or, if there are several
species of carriers with different effective masses, at each of
these frequencies.

The first successful detection of these resonances was obtained by
Dresselhaus, Kip, and Kittel at Berkeley, and similar
measurements by Lax and his collaborators at MIT followed
soon.

They nicely confirmed the ratios of transverse and longitudinal
masses found for the energy valleys of n-type germanium and
silicon by the methods I have just been describing.

The masses were also in fair agreement with those yielded by the
first-principles calculations, after an error in the band
positionings of the original Herman-Callaway calculations for
germanium had been corrected.
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Unlike the static measurements, the cyclotron resonance experiment
yielded not only the mass anisotropics, but the absolute
values of the masses.

From about this time on, theory and experiment could work
harmoniously together.

But in the early 50's, just before things got cleared up, so many things
were going on in such rapid succession that there was a lot of
confusion.

If I had time I could illustrate this confusion with a little story about
an invited paper I deliverd at a Physical Society meeting at
Stanford in December of 1953, in which I tried to give a
number of conclusions about the band-edge states of silicon
and germanium.

Since adequate first-principles band calculations for these materials
had not yet been made, I tried to infer the symmetry types of
the conduction and valence band edges by analyzing a
number of recent experimental results.

Unfortunately, half of my conclusions were very soon shown to be
wrong.

I've reported the details of how this happened, and the moral to be
drawn from them, in the Appendix to the recent book
Fundamentals of Semiconductors, by Peter Yu and Manuel
Cardona.

What this experience taughtmewas that when one is trying to
explain a cluster ofphenomena that depend on the interplay
ofa number ofmaterial parameters, it is very risky to try to
make inferences from a partial knowledge of the parameters.

If the number ofparameters for which one has to rely on "plausible
guesses" is too large, the chance is too great that some of the
guesses will be wrong.
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Well, now I've taken the story up to the middle 50s, when theoretical
and experimental techniques had finally both matured to such
an extent that they could work smoothly together to elucidate
many bulk properties of many semiconductors.

There is just one more novelty that I want to mention from the
semiconductor world before I turn, as I will next Fall in lecture
six, to the parallel problem of getting band theory and novel
experiments together for metals.

Thishas to do with the behavior of the thermoelectric power of high
resistivity semiconductors at low temperatures.

In 1952, Bell Laboratories hired a young experimentalist named Ted
Geballe, who in later decades became and remains a member
of our Applied Physics department here.

One of the first things he did at Bell was to take some of the very pure
single-crystal germanium freshly available and measure the
thermoelectric power over a wide range of temperatures from
room temperature on down.

His results, which he told me about at lunch one day, were most
startling.

According to the standard theory of thermoelectric power, the faster
thermal motion of electrons at the warm end of an

inhomogeneously heated conductor should cause a flow of
electrons from warm to cold until enough of a charge gradient
had built up to balance this flow with a counterflow due to the
electric field.

The field, yielding zero net current, could be computed from the
electron density and effective mass and the law of scattering,
all of which seemed to be well known.

The comparison of theory and experiment is shown here for an n-
type sample that Geballe had measured.



Lecture IV 46

However, as I guess I've made clear by now, things werehappening
very fast in the world of semiconductors at that time, and we
soon learned that Hans Frederikse, a member of the Purdue
group, had been simultaneously making measurements on
germanium, observingsimilareffects, and making the same
interpretation.

His paper, published in 1953, referred to a theoretical study that had
been made by the Russian theorist L.E. Gurevich in 1946 on
transport in metals, which had predicted a phonon-drag
contribution to the thermoelectric power of metals.

However, having no experimental stimulus at the time, Gurevich did
not specialize to the semiconductor case, where the
importance of phonon-drag is enormously augmented by the
fact that only long wave length phonons are involved.

Almost simultaneous with the work of Geballe and Frederikse was
another independent paper on the thermoelectric power of
very good single-crystals of molybdenite, by Mansfield and
Salam in England, which also showed a phonon-drag effect,
though not as spectacular as that in germanium.

In the ensuing years a great deal of further work was done on
phonon-drag in various semiconductors and also in metals,
and a number of interesting effects were discovered.

These, which I can't take the time to describe in any detail, included
effects of magnetic fields, the limitation of the mean free paths
of low-frequency phonons by size of the specimen, and the
saturation of the effect at large electron or hole concentrations.
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<>k-&t We've now reached thefourth of this series of lectures on the
evolution of solid state physics.

"U

As you may remember, we have devoted the previous two lectures to
surveying the many ideas and discoveries that were made as
a consequence of the realization that solids are usually
crystalline arrangements of atoms, which behave in many
ways according to classical mechanics.

As we've seen in the previous two lectures, a huge amount of
important knowledge has been and is still being derived by
interpreting experiments in terms of interacting quasi-
classical atoms.

But interatomic forces and electronic properties could not be
understood properly until the laws of quantum mechanics
were correctly formulated, and this formulation didn't come
until around 1925.

Ba* then itdid come suddenly^nd within a few years the quantum
mechanics needed for solid-state physics was available in
essentially final form.

So there was a great rush to apply the new laws to solids and for the
next decade or so most of the exciting historical advances
were theoretical ones.

Following the philosophy of simplest things first, most of the earliest
of these advances had to do either with the modifications that
the new theories of atoms and molecules would have to
undergo in acrystalline environment, or with the quantum
description of delocalized electrons capable of moving for
many atom spacings in a crystal.

In the present lecture I'll start with a discussion of the qw \ i11
igchanics of single delocalized electrons, and iv-e wete d

£e-

ocalized states of one or a few electrons, attending T;]1L fo*+M

tAlf (J£l& £gj cVl &**cruder
[^fctzr ivi &&* Ue±Kt* T'U try be <=,hew -Aw ft< *\*W

W4>d4r*ta*xdu*j *f e!*}*c*tt5*d a)*ctfi>n* ctn*tttHe<£ *rtt%
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next lecture I'll go forward in time and also put more emphasis
on collective phenomena involving many electrons, although
a division between these and those involving single or
localized electrons is sometimes rather arbitrary.

~TW^ —^ But right now, before I start on electron quantum mechanics, T% *hc>u \J
.. ^ tes*e-te say a few words about earlier theories regarding the

role of so-called free electrons in metals.

2)J.J. Thomson's discovery of the electron in gas discharges in 1897
led almost immediately to speculations that the high electrical
conductivity of metals might be due to the motion of electrons
that had detached themselves from atoms.

—> The most successful of these, was one put forward by Drude in 1900 in
which he considered the drift of electrons in an electric field,
and the energy they could transport in a thermal gradient.

He showed that despite our ignorance of the mean free path of the
electrons or even a possible ignorance of their mass, the ratio
of the electrical and thermal conductivities could be expressed
as a universal quantity dependent only on the electronic
charge and Boltzmann's constant k.

The value he thus derived for what has been known as the

Wiedemann-Franz ratio was in remarkably good agreement
with observations on many metals.

A few years later Lorentz went critically over the reasoning in
Drude's theory, extending it to optical properties of metals
and formulating the mathematical equations more precisely.

This work he published in 1905.

His reformulation changed the predicted value of the Wiedemann-
Franz constant by a modest factor, as shown by the arrow
here, making the agreement with observation a little less
perfect, but still remarkably good.
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This and other successes of the theory made most physicists
favorably disposed toward it, but there was great puzzlement
over its apparent disagreement with a number of well-known
facts.

I've listed some of these over here in the red boxes.

Very fundamental was the fact that if one assumed classical statistics
for the free electrons and took their density n to be of the
order of one per atom, one would expect a huge contribution
to the specific heat, additional to the vibrational specific heat
of the atoms, and one which would apparently not go to zero
at the absolute zero of temperature, as seemed to be required
by the measurements of Nernst that I discussed last time.

And if one tried to avoid this by assuming n to be extremely small,
^ then one would have to assume a very large mearSeS* path1

to be consistent with observed conductivities, but this seemed
hard to explain, and the small n seemed inconsistent with the
observed Hall coefficients.

These latter were in many metals consistent with an electron density
comparable with that of the atoms, but the theory predicted
that the sign of the Hall coefficient should always be that of
the charge on the electron, in other words, negative, and
many measured Hall coefficients were positive.

-> A]#te6V*e£3^£here was no clue to the origin of the temperature dependence of
conductivity.

Even the origin of the difference between metals and insulators was
unclear.

Finally, though the Drude-Lorentz theory did not attempt to say
anything about magnetism, the classical statistical mechanics
that it used for the electrons came eventually to be mistrusted
because it made difficulties for the theory of magnetism.
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For years many investigators tried to explain paramagnetism or
diamagnetism as due to the circulating currents produced by
moving electrons.

But it was shown, first by Bohr in his doctoral thesis, and later, in a
very general and ridiculously simple manner, by Hendrika
Johanna van Leeuwen, that no systems of charged particles in
thermodynamic equilibrium under classical statistics can have
a non-zero mean magnetic moment, whatever the magnetic
field.

So with all these problems it was not surprising that a couple of
• decades were wasted by theorists trying to patch ujrelectron

theory of metals, and that right paths began to be found only
with the quantum discoveries of the middle 20's.

4)The impact on the electron theory of solids actually came in two
rather distinct ways, the first using only the concept of spin
and the exclusion principle, and the second finally replacing
Newtonian mechanics with wave mechanics.

As you can see from the dates I've listed over here in the green boxes,
the key initial steps in the formulation of modern quantum
mechanics all took place in about a year or two.

These were the statement of the Pauli exclusion principle, the
introduction of a half-integral spin and a g factor of two for
the electron, and the formulation of matrix mechanics, all in
1925, and the wave equation and the Fermi-Dirac statistics in
1926.

But the application of wave mechanics to the electron theory of
solids took a couple of years longer to develop than the
incorporation of spin and the exclusion principle, which we^e Zwncr-febl

1very quickly to produce an intermediate theory^
ass©€iated^pa4&cniarfy=mtl^

I've indicated the steps in this stage with green boxes.
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The first step was taken by Pauli, who in 1926combined the idea of
Uhlenbeck and Goudsmit that an electron has an intrinsic spin
magnetic moment whose component along a magnetic field is
either plus or minus one Bohrmagneton, with his own idea
that a given set of orbital and spin quantum numbers could
not be possessed by more than one electron at a time.

Applying this to electrons in a metal, Pauli noted that if one tried to
increase the number of electrons of a given spin, one would
have to occupy more states with different momenta, so that
the lowest energy state would have to have a higher
maximum momentum for the given spin.

What Pauli assumed is shown in this diagram here, which will be
familiar to many of you.

I've plotted energy of an electron vertically, and number of
momentum states per unit energy horizontally to the right,
for up-spin electrons, and horizontally to the left for down-
spin electrons, using dashed lines for both curves.

In thermal equilibrium, the number of occupied one-electron states
per unit energy is as shown by the green curves for the up-
spins and by the blue curve for the down-spins, the transition
from full to empty states being described by the Fermi-Dirac
distribution function, with a transition width of the order of
kT.

If we apply a magnetic field in a direction favoring up-spins, the
energies of all the up-spin states will be lowered, and those of
the down-spin states raised, as shown by the dashed curves
over here.

In equilibrium both families of states will have the same Fermi level,
so the fillings will look as shown here, and there will be an
excess of up-spins over down-spins of the order of the ratio
of this ZeemansplittingAe here divided by the Fermienergy.
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Since the Fermi energy for electrons at metallic densities is usually of
the order of 100 or more times the thermal energy kT, the spin
polarization is vastly lower than it would be if the electrons
obeyed classical statistics with no exclusion principle.

So with this theory one gets rid of the troubles the old classical
theory had with regard to the occurrence of-^^rnagnetism,
its magnitude, and its insensitivity to temperature.

5)The other great contributions to this intermediate stage of the
electron theory of metals were due to Sornmerfeld,a. tfieoWtr *f f^c^
ckdtte&iMJraAfpH wki> <&*$[ &u4JCnk b-tt&wit enttr*ii*<& t* Mil f**l4

son irrteneid, who beloitgea t6 airolder generation, had been for ^
years professor at Munich, but had not been especially)many years professor at Munich, but had not been especially

involved with the electron theory of solids, though he was
familiar with it.

•^-^ ^%ecan?^wr-y-^ Pauli's paper
—•> on paramagnetism, ^mdr^.Qiwharkftd.ion^thei^ek^f-

^^^^^^o^VYu&e-LoYeniz^eovy in full *
mathematically, using the new statistical distribution that

-2+

m&.

had just been derived by Fermi and Dirac independently for ayi idea.)
gas of p^rticj^pg^ylng an exclusion principle. ^ -^

In abrief paper in 1927 and two longer papers in 1928 heworfcoa otrt
in considerable detail the mathematical theory of
temperature dependent effects such as electronic specific
heat, electronic and thermal conductivity, etc.

However, he still treated the free electrons as a perfect gas without
attempting to look into substance-dependent wave-
mechanical dispersion relations.

One achievement, worthy of comment, was the derivation of a new
numerical value for the coefficient in the expression for the
Wiedemann-Franz ratio which I have written up here already
on the old theory.
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His new value, 7C2/3, restored much of the discrepancy that had
existed between values observed for simple metals and
Lorentz's classical value.

However, such things as the temperature variation of this quantity
and some significant variations from metal to metal were still
unaccounted for.

Well now we can turn to our third stage, the effort to reconstruct the
electron theory of solids in a way based entirely on the fully
quantum-mechanical physical law system that had emerged
suddenly in the mid-20's.

To do this really properly would ofcourse be very difficult, as it
would require constructing solutions of a multi-dimensional
Schrodinger equation for many electrons interacting
simultaneously with each other and with many nuclei.

So the leading physicists, shying away from excessive complexity,
were happy to start out by just solving the wave equation^ for
one electron at a time, and using averaged electron-electron
interactions.

6)Most importantly, for a beginning, a number of general properties
of the quantum states of an electron in the periodic potential
field of a crystal were derived by a number of people over a
period of years, and I'll now try to sketch some of these in
purple boxes, before going on to the attempts to make
calculations for specific materials.

The starting point of all the general theorems I want to mention is
the simple fact that the energy eigenstates of an electron in a
crystal can always be taken in the form of what we call Bloch
waves, whose most important properties I'm going to
summarize on this other transparency over here.

These are simply modulated plane waves of this form here, which is
a plane wave times a modulating factor ui< that has the same
form in every unit cell of the crystal.
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The wave vector k of a Bloch wave is an important label for it, but
we have to remember that there are an infinite number of
different wave vectors that could legitimately be assigned to
any given Bloch wave.

The reason for this arbitrariness is explained here.

Namely, there exists a set of wave vectors K, forming the so-called
reciprocal lattice, with the property that the plane wave eiK*r
has the periodicity of the crystal.

So if we change the plane-wave first factor here by the factor eiK-r,
and change the uk by the inverse factor, we haven't changed
the wave function, and it's still in Bloch form, but the wave
vector is now k!=k+K.

Tte avoid redundancy in counting the wave functions, we can
employ the convention of always using the shortest allowable
wave vector - called the "reduced wave vector", and then
adding an extra index n to distinguish different Bloch
functions with the same k.

The Bloch-wave concept seems to have been first noted in the crystal
literature by Strutt in 1927, although he discussed only the
special case of a sine-wave potential in one dimension, which
was already quite familiar to mathematicians in the literature
of Mathieu functions.

The generality of this type of solution was first pointed out in the
physics literature in the doctoral thesis of Felix Bloch, in 1928,
a thesis that covered an enormous amount of ground.

He showed that a Bloch wave would carry a current proportional to
the gradient of the energy in k-space — item (iii) here — and
equivalently that a wave packet of states in a narrow range
of k's near ko would have the group velocity required for this
current — item (iv).
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He also sketched amethod for the approximate evaluation of
electron-phonon interactions and went on to calculate the
temperature dependence of the resistivity, finding it to be
proportional to the absolute temperature at temperatures
well above the Debye temperature of the lattice vibrations,
and proportional (after a 1930 correction of an error in the
1928 paper) to the 5th power of the temperature at very low
temperatures.

Other details were soon filled in.

In 1929 Peierls, who after studying with Sommerfeld at Munich had
joined Heisenberg's group in Leipzig, was asked by
Heisenberg to look into the puzzle of the occurrence negative
Hall coefficients in some metals.

He quickly realized that if the Fermi surface of a metal were located
in a region of k-space where the curvature of the energy ek as
a function of k was negative, the electrons would behave as if
they had negative mass.

This solved the problem.

He at the same time looked into the question ofthe behavior ofBloch
wave packets in a magnetic field, and derived the result I
have written on this list as number (vi).

Adifferent but quite useful aspect of Bloch-wave states in crystals is
their symmetry.

It was well known from the earliest years of quantum mechanics,
that the states of an electron in the spherically symmetrical
field of an atom could be classified by their orbital angular
momentum, that they formed families of degenerate levels
called the s shell, the p shell, the d shell, etc., and that
absorption oremission of dipole radiation by transitions
between these shells were subject to certain selection rules
arising from the symmetry.
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This classification and the selection rules and other properties was
greatly facilitated by the use of group theory, and Eugene
Wigner, who had been imported from Europe to join the
Princeton faculty, had been one of the main contributors.

In the academic year 1935-36, two postdoctorals, Louis Bouckaert
and Roman Smoluchowski, had come from Europe to
Princeton and the Institute for Advanced Study, to do
theoretical work.

You will of course recognize the name Smoluchowski as that of the
great Polish physicist who shared with Einstein the credit for
relating the theory of Brownian motion to the atomistic
picture of heat.

Roman, who eventually returned to the United States and became
one of our leading solid-state scientists, was the son of that
earlier Smoluchowski.

To return to Wigner, he had become interested in the properties and
calculation of Bloch-wave states in work a few years earlier
with his student Seitz, which I'll discuss in a moment.

So he suggested to Bouckaert and Smoluchowski that they undertake
to classify the possible symmetry properties of Bloch-wave
states in the simpler types of cubic crystals.

The result was a paper published in 1936, in which the authors
discussed the symmetry problem in general, and gave tables
of symmetry types for the simple cubic, body-centered cubic,
and face-centered cubic crystal types.

A symmetry analysis of this sort plays the same role for energy
eigenfunctions in a crystal as is played for electrons in an
atom by the concepts of s-electrons, p-electrons, d-electrons,
etc.
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Because the wave equations for an electron in the spherically
symmetrical averaged potential of an atom is separable into
an angular part and a radial part, one can always get
solutions, each with the symmetry of a particular spherical
harmonic, and s wave function being spherically symmetrical,
a p function having that of a first-order spherical harmonic,
etc.

In a similar way, the eigenfunctions in a crystal can always be chosen
not only to have a particular wave vector describing their
translational symmetry, but also specific types of symmetry
under certain specific rotations that take the crystal into itself.

These symmetry operations sometimes require that there be several
orthogonal wave functions, related to each other by
symmetry, and possessing the same wave vector and the
same energy.

The symmetry classification can be useful for a number of reasons.

For example, just as with atomic states, the symmetry properties
give selection rules for having non-vanishing matrix
elements of operators that have symmetrical properties, such
as the operator ofWmoment for an optical transition.

Again, they can often simplify the numerical calculations of wave
functions and energies for the symmetrical states, and can
determine the topology of the energy versus wave number
curves that go from one symmetry point of k-space to
another.

7)Now I want to say a little about the practical application of these
concepts to various particular materials.

One would like to obtain a complete picture of the Bloch one-electron
states, that is, to know quantitatively the dependence of
energy on wave vector for all states involved in the
commonly measured properties of a material, and to know
the explicit shapes of the wave functions of these states.
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I'lldiscuss in a few minutes the use ofexperiments to obtain some of
this information, but first I'd like to say a little about the
problem of calculating wave functions and energies from first
principles.

This problem has two parts, first to find the proper potential energy
function to put into the Schroedinger equation for an electron
wave function, and second, to solve this equation.

I will discuss these two tasks in order. u$in{ s^^f=^ #•*<* f**t*p* b^-cs y^spe^^r

The problem of choosing a potential is of course essentially the same
as it is for determining valence electron wave functions for
atoms or molecules, a problem that of course attracted
attention as soon as wave mechanics was discovered.

An obvious scheme was to assume that in the wave equation for a
particular valence or core electron one should use the
Coulomb field generated by the nuclei and all the other
electrons, the latter being averaged over the statistical
distribution of these other electrons as determined from their
wave functions.

This so-called "self-consistent field method" was applied numerically
by Hartree in a long series ofpapers beginning in 1928, and
made very reasonable predictions for the sizes of atoms, their
diamagnetic susceptibilities, and x-ray term values, but were
not accurate enough to give a good picture of the differences
of different valence-electron terms.

Asomewhat more logical scheme was proposed independently by
Fock in Russia and by Slater in the United States, based on
approximating the wave function of a system of N-electrons
by a determinant of one-electron wave functions, one for
each electron.

In other words, they proposed describing the N-electron system as
having a particular N one-electron states occupied, and
obeying the exclusion principle.

Y>
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Requiring that the expectation value of the energy be a lriinimum for
a wave function of this form gave them a family of one-
electron wave equations to be satisfied, each of which
contained a Coulomb potential due to the average charge
distribution of all the electrons and a negative definite term
that was not a simple function of position, but was calculable
from the wave functions of all the electrons.

This last term, called the "exchange operator" took account of the
fact that the exclusion principle reduces the probability of
finding two electrons of the same spin close to each other.

Actually, there are good physical reasons for believing that one can
describe the behavior ofvalence electrons even better, though
still using one-electron wave functions, by calculating these
using an effective potential somewhat different from that of
Slater and Fock.

While one can try to infer such a potential from first principles, it
occurred to several people that one might try to determine it
empirically,by fitting the valence-electron energies of
isolated atoms, and then simply adding these effective
potentials for all the atoms in the crystal.

An early potential of this sort was one constructed for the sodium
atom by Prokofjew in Russia in 1929.

This was used a few years later by Wigner and Seitz in their historic
calculation of Bloch functions for metallic sodium, which I'll
discuss in a few minutes.

While a few other such empirical potentials were constructed and
used by other people for other metals, a more convenient type
of empirical potential, called a "pseudopotential" eventually
became more popular.

8)The difference has to do with the occurrence or the absence of
radial nodes in the core region of the wave function.
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For example, with the Prokofjew potential, one would fit the
eigenvalue of the 3 s state calculated from the potential to the
observed 3 s level of the atom, the 4 s eigenvalue to the
observed 4 s level, etc.

For a pseudopotential, one would try to fit the 1 s eigenvalue in the
pseudopotential to the observed 3 s level, the 2 s eigenvalue to
the observed 4 s level, etc.

A potential fitted in this way can be much smaller in the core regions
than with the old method, the valence wave functions will be
smoother there, and the integration of the wave equation will
be much easier.

In fact, it turned out that one could often get useful approximations
by starting with a plane-wave basis, and calculating the effect
of the potential only to first or second order in perturbation
theory.

The development and utilization of the pseudopotential idea in
crystal wave mechanics provides an interesting example of
how useful ideas can sometimes fail to propagate and at
other times propagate very effectively by serendipity, and as I
happened to be a close observer of this development, and in
one place even able to give it a nudge, I'd like to tell you about
it.

Over a period of years, several people seem to have arrived
independently at concepts similar to what I have defined as a
pseudopotential.

While the earliest such work was probably in a paper by Fermi in
1934 on a dense-gas problem, the story I want to tell began in
1935, when a highly respected theoretical chemist in Moscow mmed

^Heflt~?»u>t constructed empirical pseudopotentials for several atoms,
and used them in calculations of molecular binding:.
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9)A year later he and his collaborator Kassatotschkin calculated a
number of energetic properties of monovalent and divalent
metals by taking the unperturbed valence electron wave
functions to be plane waves and calculating the first-order
energy contribution from empirical pseudopotentials fitted to
free-atom levels.

While the results were only roughly correct - errors of the order of
several tenths of a volt per electron - they were surprisingly
good for such a simple and straightforward calculation.

START I: One of the metallic properties they calculated was the
thermionic work function, and so it happened that a few
years later, when I was preparing a review article on
thermionic emission/with my friend Myron Nichols, my
search of the literature uncovered these papers, and I read
them.

As the years went by and interest in the theoretical band structures
continued to grow, I began to wonder more and more if it
might not be possible to use the pseudopotential idea more
profitably in band structure calculations.

Yet even by the middle 1950's, most American band theorists seemed
not to have heard either of the Hellman-Kassatotschkin work
or of other work in eastern Europe using pseudopotential
ideas, such as that of Gombas and his school in Hungary, or
that of Antoncik in Czechoslovakia.

10)A few years later, when our theoretical physics department at Bell
Laboratories was set up, we succeeded in hiring Jim Phillips, a
very bright new Ph.D. from the University of Chicago.

During his stay with us I called his attention to the Hellmann-
Kassatotschkin papers, and suggested that it might be
profitable to try to improve on Hellmann's pseudopotential
technique.

After clearing up some other work, Phillips did exactlv that.



Lecture IV- 16

In a paper published in 1958, and another one the following year
with his student Kleinman after he had gone to Berkeley,
Phillips showed how a pseudopotential could be constructed
so as to take account of the necessity for valence-electron
wave functions to be orthogonal to the states of the core, and
showed that it could be applied successfully to bands in the
group^^semiconductors.

They found it desirable to have the radial dependence of the
pseudopotential different for different values of the angular
momentum about the nucleus.

This work attracted considerable attention, helped particularly by
the contact between Phillips and his original teacher at
Chicago, Morrel Cohen.

Cohen aroused the interest of Volker Heine in Cambridge England,
and our own Walt Harrison, then working at General Electric
before he came to Stanford, took up pseudopotentials as a
tool for mapping the Fermi surfaces of many metals.

These last-named authors produced some comprehensive reviews
after a few years, as many others had gotten into the field.

Another major improvement came some years later.

It had of course been recognized for some time that a
pseudopotential is not unique, because it makes no pretense of
being an accurate substitute for the full potential, but only
tries to mimic the effect of this potential in a quite limited
energy range, namely that of valence electron energies.

Many of the pseudopotentials that were used in the early years were
not what is called "norm-preserving".

By this is meant that if one were to compare a wave function
constructed from the pseudopotential with one constructed
form the true potential, one would find that if the two wave
functions were normalized to the same square integral over a
unit cell, they would differ by a significant though constant
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factor in the region outside the core, even though they were
nicely proportional to one another.

Thus though suchpseudopotentials could be valuable for calculating
energies, they might give misleading values for properties
depending on the charge distribution.

It turns out that "norm-preserving" pseudopotentials have an
additional advantage as a consequence of a theorem that had
been used for some decades by atomic structure physicists, but
was independently discovered and applied to the
pseudopotential problem in solids by Shaw and Harrison in
1967.

This theorem states that if a given pseudopotential is "norm-
preserving" for a certain energy and angular momentum,
then the energy derivative of the energy error introduced by
use of this pseudopotential vanishes at the given energy.

This property optimizes the range of energies over which the
pseudopotential is useful.

The first practical use of a "norm-preserving" pseudopotential for
calculation of wave functions in a crystal was carried out by
Topp and Hopfield in 1973 for sodium, with encouraging
results for binding energy and lattice constant^.

Finally, in 1982 Bachelet, Hamann and Schluter published a
tabulation of "norm-preserving" psuedopotentials, tailored
to have other desirable properties, for all atoms in the
periodic table.

Well now, having spent enough time on potentials, let me turn to the
next logical topic, the solution of the Schrodinger equation in
a crystal, for a given potential.

For this subject, I've put the various steps in green boxes.
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START J:The first two approaches, though useful as limiting cases,
were too crude to give quantitatively significant results in
most cases.

Bloch's historic 1928 paper showed how one could approximate
Bloch eigenfunctions as linear combinations of free-atom
valence electron functions centered on each of the crystal
atoms.

But this approximation would only be good if the overlap of valence-
electron wave functions on near-neighbor atoms was small, a
condition satisfied only in a minority of non-metals.

At the opposite extreme, Brillouin in 1930 treated the periodic
variations of potential in the crystal as a small perturbation
on a basis of plane waves, which would cause the dependence
of energy on wave vector to develop discontinuities across
the Bragg-reflection planes in k-space.

But of course the perturbation is never small in real crystals.

END J

ll)The breakthrough was initiated in 1933 by Wigner and his
graduate student Seitz, who found a very practical way of
calculating energies and wave functions for simple
monovalent metals, starting with sodium.

They divided the crystal into cells centered on each atom, and
assumed the potential in each cell to have the form of
Prokofjew's empirical valence-electron potential that I
discussed a moment ago.

Their physical intuition told them that the lowest-energy valence-
electron state, in other words, the bottom of the conduction
band, would be a Bloch wave with wave vector k = 0 and with
cubic symmetry about each atom.

Since cubic symmetry is very close to spherical symmetry, they
approximated this wave function within each cell by a
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spherically symmetrical function, and required that the
function be very flat in the outer part of the cell, so that it
would join on smoothly to those in the neighboring cells.

START K:This they achieved by numerically integrating the radial
wave equation for an s function in their Prokofjew potential,
and finding the energy at which its radial derivative would be

/£g\ zero at the radius of a sphere with the same volume as that of
*£/l5^/ \ the atomic cell.
(<&$& ^
<£f*j2y^ k 1S not t0° ^arSe tn^s can ^e done perturbationally, as Ishow here.

This is the Schrodinger equation for a Bloch state \|/k, which I write in
the standard form of a plane wave times a periodic function
uk- .

IfI multiply both sides ofthis by aach.of^fc '̂, I get this line here,
where Hk is this operator in parenthesis, which is easily
evaluated, and has a k dependence with terms in k and k2.

The boundary conditions on uk, namely, lattice periodicity, do not
involve k, so one can use ordinary perturbation theory to
calculate the effects of these k-dependent terms.

The leading term in the energy perturbation is proportional to k2,
hence to the unperturbed kinetic energy of the plane wave.

Hence the effect of the perturbation, whose calculation involves the
matrix element of the k-dependent operator between the
Wigner-Seitz band-edge state and other states of higher or
lower energy at k=0, can be described by saying that the
conduction-band electrons have an effective mass different
from the normal electron mass.

A few years later, Bardeen suggested an alternative way of
calculating the effective mass at the bottom of a conduction
band of this type, a method that does not require knowledge
of other bands, but only the integration of a radial wave
equation for angular momentum one.
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Although these techniques yielded credible band structures for the
single-electron levels of monovalent metals, the main
objective of Wigner and Seitz was to calculate the binding
energy, that is, the total energy difference between an
assembly of isolated sodium atoms and the same atoms in
metallic form.

This required, in addition to the calculations I have just described, an
estimation of the energy associated with electron-electron
interactions.

For uncorrected electrons, the approximation of Hartree's self-
consistent field theory, this could be calculated classically
from the mean electron density, which they took to be
uniform.

But as Slater and Fock had shown, this neglected the exchange
energy, due to the effect of the exclusion principle in keeping
parallel-spin electrons apart.

This again could easily be calculated for a wave function equal to a
product of a determinant of up-spin wave functions and a

-^•> determinant of down-spin wave,functions. OLVtd cf/ A4? for SodfHWjifes*.

But they realized that even electrons withparallel spin would avoid
each other simply because of their Coulomb repulsion, and
the energy lowering of this so-called "correlation energy"
was not easy to calculate.

Wigner made a reasonable attempt in 1934, which he subsequently
improved in a later paper, and I'll discuss the problem in more
detail in the next lecture* <X later 1ee.buw.*

Dr. Herring, the tape says: "End L, Start M" after the last sentence
above. But there had been no direction to "Begin L" at any
point after saying "Begin K"
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12)To calculate wave functions and energies for other occupied
states in the conduction band, it was necessary to solve the
Schrodinger equation inside the unit cell using boundary
conditions appropriate for wave vectors k ^ 0.

INSERT L (according to written page instructions)

13)Using these results, Wigner and Seitz calculated the total energy
of sodium for several values of the assumed lattice constant,
and from these got theoretical predictions of the lattice
constant for minimum energy, which should be that observed
in nature at zero pressure, and for the binding energy at this
lattice constant, relative to separated sodium atoms.

These numbers were in reasonable accord with experiments, a great
triumph for a theory that used no input data from the
crystalline form of sodium, but only data from the isolated
atom.

Similar results were soon obtained by Seitz for lithium, and by
Bardeen.

Compressibility and behavior at high pressures could also be
predicted.

But the Wigner-Seitz approach by itself was not sufficient for
crystals with more valence electrons than one per unit cell,
since it had to start with a calculation for a state with a nearly
spherically symmetrical charge distribution in each cell, and
then could make reliable calculations only for states with
wave vectors close to the wave vector of this starting state.

Led by Slater, who back in 1930 had left Harvard to become
chairman of the Physics department at MIT, several people in
the middle 30's tried to make calculations for a variety of
crystals by constructing Bloch functions for any desired wave
vector k out of central-field eigenfunctions in each cell, joined
together by boundary conditions imposed only at a small
number of points, usually high symmetry points on the cell
boundaries.
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While getting a complete fit to the exterior plane wave would of
course require spherical harmonics of every order, a very
good fit can be obtained in practice with only a few orders, or,
in other words, a few values of the orbital angular
momentum quantum number.

Having done this fit, we can now construct the matrix of the
Hamiltonian with respect to all the basic states we have thus
constructed, and diagonalize this matrix to get a good
approximation to the desired eigenvalue.

The first application of this scheme toband calculations for a specific
crystal was performed in the late 30's in the Ph.D. thesis of
Marvin Chodorow, who has now spent many decades here at
Stanford as Professor of Applied Physics and also of Electrical
Engineering.

15)However, extensive use of the augmented plane wave method
came only a decade or more later, when computing facilities
more powerful than the old mechanical calculators became
available.

Then its use spread rapidly all over the world.

A rather different type of approacharose unexpectedly out of a
project I was attempting unsuccessfully to pursue as a
postdoctoral at MIT.

This was the attempt to calculate phonon frequencies in metals by
calculating the effect of a small distortion of the crystal lattice
on theelectronic wave functions and ultimately on theenergy
determined by them.

My equations were always running into trouble because of the
singularity of the potential at each nucleus, so that even a
very small shiftof the nuclear positions couldcause a huge
local shift in the potential, and at least some ways of trying to
treat this as a smallquantitywould blow up.
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One day it occurred to me that one could avoid such problems if,
whatever the state of deformation of the lattice, one always
worked with a basis set of wave functions orthogonal to the
core states of all the atoms.

About the simplest sort of basis of this sort would be ordinary plane
waves, linearly combined with enough of each of the atomic
core states to be orthogonal to it.

It turned out that if one started with \}/=constant — a k=0 plane
wave, in other words — and orthogonalized it to the core
wave functions of the Prokofjew potential, one got a function
whose shape was remarkably close to that of the k=0 Bloch
eigenfunction Wigner and Seitz had computed for sodium.

This encouraged the hope that onemight quite generally obtain good
approximations to the energies of Bloch functions by
diagonalizing the matrix of the Hamiltonian with respect to a
small number of the lowest-energy orthogonalized plane
waves with the same reduced wave vector.

An excellent opportunity to try out the new approach for a non-cubic
divalent metal presented itself at that moment, when Albert
Gordon Hill, an experimentalist who had just come to MIT as
an instructor, told me that in his graduate work at Rochester
Seitz had enticed him into attempting a band structure
calculation for beryllium, and that this had run into difficulty
because neither the Wigner-Seitz procedure nor the old
"cellular method" was accurate for electronic states near the
Fermi energy.

So Hill and I finished the calculation using the orthogonalized plane
wave method, and obtained an interesting and plausible band
structure, with a complicated Fermi surface.

But the orthogonalized plane wave method was destined to be no
more than one of many usable calculational techniques.
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In particular, it was not suited, in its original formulation, to
calculations for transition metals, because the valence-
electron d shells of these metals could not be treated as core
states, yet had wave functions that could not be represented
by a small number of orthogonalized plane waves.

After a hiatus during the war years, interest in band-theory
calculations expanded, and some new ideas on techniques for
calculation were introduced.

But these were mostly gradual and straightforward developments,
and it's more appropriate now to shift to a broader discussion
of how many properties of solids were, by combination of
experiment and theory, discovered and elucidated.

The earliest and most rapid progress came out of research on
tetrahedrally bonded semiconductors, a field that started to
receive particular attention during and just after the war
because of its military and potential commercial importance.

I'll start out with a few very sketchy words on what might be called
the prehistory of semiconductor rectifiers, and then go into
more detail on the era of real progress.

Crystal rectifiers were studied for many years on a trial-and-error
basis for use in radio receivers, although they soon were
outclassed by vacuum tubes.

I've listed hem/rust a few key papers among the large literature of
the subject.

As early as 1901 the Indian physicist Bose called attention to the
utility of galena.

Selenium and copper oxide rectifiers got considerable attention
starting in the mid-twenties.
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A paper by Rottgardt in Germany in 1938 made a strong case for
certain advantages of silicon'wfSc-contact rectifiers, whoo&^<<^'
g&istonee had been knowr^roA^m^years,. fcfrtmg&Aey-had

A^great_pr;essure-ier-mere-attention-to tl^envdevelapie^^ottKtt
military-sponsored radar research^which encountered the
need for rectification of extremely high-frequency signals.

British and American work pointed to silicon as the most promising
material, and German work, after an initial emphasis on
germanium, came eventually to the same conclusion.

But at first only polycrystalline material of 98% purity and with
unpredictable surface properties was available.

Rectifiers that could operate at higher frequencies and be produced)
__more dependably were badly needed. *

So let me focus now on the course of the research program in the
United States, where quite a number of institutions worked
on different parts of the problem, in close collaboration with
each other.

Perhaps the most pressing problem, initially, was getting silicon of
improved purity and reproducibility.

And as we're going to see in a few minutes, crystal purity and
perfection became even more important after the birth of the
transistor age, and turned out also to be extremely important
for fundamental research.

So ]hrm^ •
preparation of materials, and emphasize the tremendous debt
that both research and technology owe to the chemists and
metallurgists who worked over the years on these problems.

I've used brown boxes for this part of the story.
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An initial great advance was made around 1941 by workers at
DuPont, and supported by work at the University of
Pennsylvania.

This resulted in the preparation of silicon of so-called "four nines"
and ultimately "five nines" purity, that is, 99.99% pure or
99.999% pure.

Within a few years, the research group at Purdue University led by
ifz.—t-| Lark-Horovitz, was able to produce germanium of similar

• J * <?-f*y,n
-—^ In the early 1950s, Bill Earm at Bell Laboratories showed how one

could greatly improve the purity of an initially given crystal
by a suitable re-melting procedure.

Since melting in a crucible always had the intrinsic limitation that the
melt could be contaminated by contact with the walls of the
crucible, he undertook to minimize this contact by re-melting
only a thin portion of the crystal at any one time, as I show
here.

When the molten zone is locally in equilibrium with the adjoining
^_^ parts of the crystal, the concentration of most impurities in

the aaaS&l will be many times larger than the concentration in
the crystal.

Consequently, as the molten zone is swept from near one end to near
the other, it will accumulate more and more of the impurities,
thus removing them from the crystal.

The process can then be repeated with a new molten zone if
necessary, to further reduce the impurity concentration.

As originally set up, this arrangement still required use of a crucible,
^2^^"^ whose contwl with the molten zone, though less than that of

the crystal, was still sufficient to introduce new impurities
while the old ones were beingswept out.
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But a few years later Henry Theurer showed that the crucible could
be entirely eliminated by orienting the long axis of the crystal
in a vertical direction, and holding its top and bottom fixed
while a molten zone, thin enough to be held in place by
surface tension, was moved vertically from one end to the
other.

This technique is still used today to prepare ultra-pure crystals.

These developments that I have just described were essential to the
progress that was to be made in the understanding of
rectification, the development of better rectifiers, the
invention of the transistor, and the deepening of our
understanding of many old and new properties of
semiconductors.

I'll follow first the progress of work on rectifiers and transistors,
using green boxes, and I hope you will keep in mind as I do so
the time schedule I've just shown you over here of
improvements in available materials.

The progress of the 40s was helped considerably by some theoretical
developments at the end of the 30s, which finally put an end
to some years of confusion about the mechanism of
rectification at a metal-semiconductor junction.

These papers, by Mott and Schoilw^, respectively,proposed the
mechanism indicated here.

Suppose that we have a metal and a semiconductor, whose surfaces
may well be contaminated, and we bring these surfaces into
contact with each other as shown here with the metal on the
left and the semiconductor on the right.

And suppose further for the present that the semiconductor is n-
type, that is, that it conducts because it has a small excess of
negative electrons.
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Since it is unlikely that the metal and the semiconductor when
separated had the same work functions, that is, that they had
the same affinity for electrons, there will be a redistribution of

^ charge in the region of contact that will modify the^oix oc this
region until, in thermodynamic equilibrium, the relative
electrostatic potentials of the deeper regions of both
conductors have been adjusted to the value that makes the
Fermi level of electrons the same on both sides, as I show by
the dotted line here.

The space charge on the semiconductor side here will cause the
energy of the bottom of the conduction band to curve upward
or downward near the junction, and I have shown the case
where the curvature is upward, since only in this case will the
junction act as a rectifier.

The fact that it does so can be understood if we consider how the
potential distribution that I've drawn for equilbrium would be
modified if a voltage were applied to raise the Fermi level of
the semiconductor above that of the metal, or alternatively,
to depress it below.

In the former case, which we call forward bias, the black curve of the
equilibrium configuration is modified into the red curve as I
show here, with most of the modification coming on the
semiconductor side of the maximum of the curve.

Thus the activation energy for electrons from the semiconductor to
surmount the barrier and enter the metal is decreased by
almost the full amount of the applied voltage, while the
activation energy for electrons from the metal to surmount
the barrier and go into the semiconductor is changed only
slightly.

Thus with the bias applied, there will be a net current of electrons
from the semiconductor to the metal, that increases
exponentially as the bias is increased.
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On the other hand, if we apply a bias in the so-called reverse
direction, we get the green potential curve, which has an
increased activation energy for electrons to escape from the
semiconductor, and with increasing reverse bias this
contribution to the current will go rapidly to zero, and the net
current will be that due to the electrons surmounting the
barrier from the metal side, a quantity that becomes almost
independent of the applied bias.

An exactly similar situation applies for rectifying junctions made
with a p-type semiconductor, for cases where the space
charge is of the proper sign to impose an activation barrier
for holes rather than electrons.

Well now let me focus on the post-war work at Bell Laboratories,
where the most spectacular progress was being made.

A major share of credit for this progress belongs to a man who isn't
on my transparency, as in these years Mervin Kelly was an
executive rather than a working scientist, although he had
begun as one.

When he became Director of Research in 1936, he began to work
toward his hope that semiconductor devices might eventually
replace vacuum tubes in many or all of their functions, with
great savings in energy, space, and perhaps cost.

Convinced that the necessary research ought to have available all
the resources of the new quantum-based advances in solid-
state theory, Kelly hired Shockley, who had just received his
doctorate from MIT, as soon as the higher management
relaxed its Depression-era freeze on hiring.

The war years scrambled everyone's activities, and sent many staff
on leave to distant locations, but after the war Kelly, now
executive vice president, reassembled his staff, hired Bardeen
and other experts in the new solid-state field, and formed
several new departments in this area.
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Efforts toward a better understanding of semiconductors resumed,
and many other areas of solid-state and electron physics
flowered also.

Several ideas for making a semiconductor amplifier were tried and
failed.

<$u*£ An important advance in understanding was soon made by Bardeen.

Groups in various places had undertaken to measure the activation
energy for rectifying metal-semiconductor junctions,
especially with silicon.

Efforts to correlate the activation energies with the work functions
of the metals or the semiconductors gave confusing results,
and in some series of experiments the activation energy for
rectification seemed not to depend on the work function of the
metal.

Bardeen suggested that in these cases there might be, at the
semiconductor surface, or more likely the interface between
semiconductor and a thin oxide layer, a large density of
localized electronic states with energies somewhere in the
gap between the valence and conduction bands.

In such case a semiconductor with flat bands as I show on the left
here would, in equilibrium, have a large negative charge on
its surface, as I indicate by these little red minus signs.

To achieve overall electrical neutrality the bands would have to bend
_^> upward near the surface, as I've shown on the right, tiltthere

was enough positive space charge, as indicated by these green
plus symbols at the sites of donor levels, to compensate for
the negative charge in the surface states.

If the density of surface states is quite large, only a small change in
the band bending is required to change the total charge by
enough to compensate for the contact potential difference
between the semiconductor and a metal electrode placed close
to it.
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So we can say that the Fermi level is essentially pinned, at a certain
height relative to the surface band structure, and if the metal
and semiconductor are very close together, so that there is no
further barrier outside the semiconductor surface, the
rectification barrier will be simply the distance from the level
at which the Fermi level is pinned to the bottom of the
conduction band at the surface, a quantity determined entirely
by the semiconductor and its surface, and independent of the
metal.

The possible existence of such surface states, due perhaps to the
presence of impurities at the surface or interface, had been
pointed out way back in 1932 by the Russian physicist Igor
Tamm, who was destined to win a Nobel Prize for some of his
other work.

Then in 1939, Shockley showed that under certain circumstances
even an insulating crystal without any impurities in either
surface or bulk could have surface-bound localized levels in
the gap, only part of which would be occupied under the
condition of surface neutrality.

So Bardeen's suggestion was readily accepted as reasonable.

It also gave important guidance to the efforts that Brattain and
Bardeen were making to construct a semiconductor amplifier.

Some years ago Shockley had suggested that one could make what is
now called a "field effect transistor" by depositing a thin film
ofa low conductivity semiconductor onaninsulating
substrate, and placing a metal electrode just above it but not
touching it.

Applying a voltage between the metal and the semiconductor could
draw charges — electrons or holes— into the semiconductor
and thereby change its conductivity.

But when Brattain tried this, under conditions that ought to have
given a sizable modulation, he found none.
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This could be explained if the induced charge on the semiconductor
was practically all in immobile surface states, rather than in
mobile holes or electrons.

But even more important, at that moment at least, was the fact that
this picture of surface-state pinning of the Fermi level might
cause a new type of phenomenon to be occurring in some of
the experiments that Bardeen and Brattain were doing at
that time.

As you can see in this energy band diagram here, made for a
hypothetical n-type semiconductor, the Fermi level in the
deep interior is much closer to the conduction band edge than
it is to the valence band edge, so that the concentration of
electrons in the conduction band will be very much higher
than that of holes in the valence band.

But for the case I have drawn, the surface state distribution is such as
to pin the Fermi level at the surface at a position that is much
closer to the valence band there than it is to the conduction

band.

So in a thin layer just beneath the surface, holes will be much more
plentiful than electrons, and the conduction will be p-type.

If now a modest forward bias is applied, pushing the bands and
Fermi level up on the semiconductor side, the concentration
of holes in this layer will be increased.

If the metal contacting the semiconductor is a sharp point, rather
than a uniform layer, the effect of the bias on the distribution
of holes will be as I show in this other diagram over here,
namely, an increase in concentration just below the point,
with an outward flow of holes in the subsurface layer in all
directions.
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In a few months, Shockley completed an elegant paper, analyzing
first the process of rectification by a single p-n junction, and
then going on to analyze the transistor action of a pair of such
junctions.

However, publication was delayed for some months to allow patent
applications to be made.

An interesting thing about this development is that in the first part of
his paper, Shockley unknowingly duplicated the rectification
equation that had been published in 1938 by the Russian
physicist Davydov of the Physico-Technical Institute in
Leningrad.

Though published in a Russian journal, his article was written in
English.

There are probably several reasons why this work was essentially
forgotten, and never followed up, even in Russia.

Probably the most important of these is that Davydov was trying to
help experimentalists who at that time and place had very
poor control of the physical and chemical states of the
semiconductors with which they worked, so that in proposing
theoretical models he had to think about a wide variety of
possible conditions, and avoid highlighting a particular
simple case.

Consequently his mathematics was rather opaque, and perhaps even
wrong in some places.

However, forJie particular set of assumptions used by Shockley he us
emm&m equivalent correct equations, and his final equation
for the current-voltage characteristic was identical to
Shockley's.

Unfortunately, Davydov died during the war years, and Russian
semiconductor work afterward did not concern itself greatly
with p-n junctions until the startling news was received of the
transistor discovery in the U.S.
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Another unfortunate factor was the general tendency of scientific
workers in the west to ignore the work of all but the most
distinguished Russian scientists.

A nice example of this is provided by two effects of minority carriers
in semiconductors that were discovered quite early by Russian
experimentalists and then rediscovered decades later in the
west.

These effects, which I can't take the time to describe, are the Dember
effect and the photoelectromagnetic effect.

But now let me get back to the story of the junction transistor.

The actual construction of this device had to depend on the rapid
advance of experimental techniques for crystal growth,
control of doping, and control of recombination centers.

Fortunately, the problems were soon solved and a working example
_> was reported by Shockley, Sparks, and Peale in 1951.

Commercialization of junction transistors of course took many more
years but though that's a fascinating story, it would take us
too far into materials science and electrical engineering.

The one further thing I'd just like to mention about transistor
development is that Shockley's early suggestion of modifying
the conductivity of a thin semiconductor layer by using the
layer as one electrode of a parallel plate condenser ultimately
worked beautifully.

As I told you a few minutes ago, the attempt by Brattain and Bardeen
to construct an amplifier in this way was a complete failure
because the induced charge on the semiconductor resided in
immobile surface states rather than in an altered density of
mobile carriers.

When materials preparation improved to the point where surfaces
free of surface states could be prepared, everything worked
as it should have, and the so-called "field-effect" transistor
was born, and now is widely used.

—^ Now ut'j Uwt kYwrj+Hiew a,yil hoh #i <6*w fid^t-hc**r*i'%**YL
<%y)J ife 0LVAi1*J>fld+y *f f"y*r#wJ. •&?,& &>e*£te£ org&a'U
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Some time ago we were talking about the theoretical calculation of
electronic band structures for particular materials and I may
have mentioned that up through most of the 1940s
calculational methods were still somewhat crude and there

were few experiments that could be unambiguously
associated with specific features of band structure.

But now calculations were improving, and the advent of good
semiconductor crystals with highly controllable impurity
content were making it easier to do clearly interpretable
experiments.

So now let's see, in the orange boxes, how theory and experiment
could start to get together.

Since the experiments I'm going to talk about were done on
germanium and silicon, which have the same crystal structure
as diamond, a good place to begin is with efforts to calculate
the electronic band structure of diamond.

There had been several early calculations for this material, using
some of the cruder techniques, but theywere not very
convincing and sometimes yielded unreasonable results, such
as zero-width bands or an excessively large forbidden gap.

But then a breakthrough came, and I had a fortunate opportunity to
look over the shoulder of the man who was making it.

At one of the New York meetings of the American Physical Society,
which were held at Columbia University in those days - this
was about 1950 -1 was approached in the corridor by a young
man who gave his name as Frank Herman, and said he was
undertaking at Columbia University a Ph.D. thesis project on
the band structure of diamond.

He said that after studying the literature on various techniques for
computing band structures, he had decided that the most
promising onefor his project would be the orthogonalized
plane wave method that I had introduced in 1940.
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I was very interested in his project as a major test of the technique,
and as we were based within easy commuting distance of
each other, we agreed to consult from time to time on the
progress of the work.

The calculations went reasonably smoothly, and were greatly
facilitated by the availability at Columbia of early IBM
vacuum-tube computers.

The final band structure, published in 1952, seemed to have
converged fairly well as a function of the number of
orthogonalized plane waves used for the calculations, and
showed striking differences from the results of all previous
calculations, especially in regard to the states near the bottom
of the conduction band.

The k=0 conduction band state was found to be three-fold
degenerate, with a symmetry of the type expected for bands
derived from atomic 2p states, whereas previous calculations
had found a k=0 conduction band state that was
nondegenerate and of the symmetry that would be derived
for a band formed from atomic 2s states.

The conduction-band minimum was found to be a little lower in
energy, and located on a [100] axis in k-space.

The calculated band gap was very close to that which could be
inferred hym the onset of optical absorption, and the width
of the'feia valence band, 22 eV, was close to that inferred
from the spectral spread of the x-ray Ka emission edge.

This favorable outcome encouraged Herman to forge ahead with
what had been his ultimate goal from the start, namely, to
elucidate in full detail the band structure of germanium,
which at that time was the semiconductor that had been most
studied experimentally.

The calculation was carried out by Herman and Joe Callaway, a
graduate student at Princeton, working at the RCA Research
Laboratory in Princeton.
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They found a band structure very similar to that of diamond, except
that the forbidden gap was very much smaller, being indeed
quite close to the experimental value, less than 1 eV.

But at the very same time that these first-principles calculations
were being made, a lot of theoretical work was being done on
the quantitative relations of band-structure parameters to
various quantities that could be experimentally measured,
and the experiments were being performed.

Particularly informative were two types of transport measurements,
magnetoresistance and piezoresistance, whose anisotropy in
single crystals could be quite striking.

The former, the change of resistance in one direction when a
magnetic field is applied in some other direction, can be
treated by solving a transport equation in k-space, and is
obviously very dependent on the anisotropy of the effective
masses of the charge carriers.

The large piezoresistance of many semiconductors was a new effect
discovered at about this time by C.S. Smith, a professor from
Case Institute who was spending a sabbatical year at Bell
Laboratories.

The way in which a modest shearing stress can produce a marked
anisotropy in resistance is illustrated by the example of
electrons in n-type silicon.

As one might already have suspected from the analogy to Herman's
initial band calculation for diamond, and as was soon to
become clear from other experiments on silicon, the lowest-
energy states in the conduction band of silicon are states with
wave vectors pointing in tfie^lOO-type crystal directions, and
near each of these the energy increases rapidly in directions
normal to the cube-axis direction, but much more slowly in
the direction parallel to it, so that the surfaces of constant

-y energy are >»*jspne4oids like those Ihave shown in this
drawing.
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Convinced that Herman's calculations had yielded an approximately
correct band-structure for diamond, and believing that the
band-structures of silicon and germanium should be quite
similar to this qualitatively, I thought it should be possible,
using similarity to diamond as a constraint, to decide among
the several possible band-structures that would then be
allowed which ones would be most consistent with known

experimental facts about silicon and germanium.

I tried to take into account not only the new magnetoresistance and
piezoresistance data that I have just described, but also the
shapes of the optical absorption edges of the two materials,
both of which showed a more gradual rise of absorption with
increasing frequency than would be expected if the valence
band maximum and the conduction band minimum occurred
at the same value of wave vector.

I did not have the courage to try to calculate the transport properties
for a band structure with two bands coming together at the
same energy and the same wave vector at band-edge point, $qm <k~o^

For such a case the variation of energy with wave vector near the
band-edge would, in general, give pairs of concentric closed
surfaces with cubic but nonspherical symmetry, possibly *** v* e- n/tv$ ^
in shape.

I therefore assumed that except for very special values of some of the
band-structure parameters, the magnetoresistance would not
be nearly zero in any direction.

Although the first cyclotron resonance experiments on germanium
were published while I was working on this, they were done
for only one direction of the magnetic field, [100], and gave no
information on mass anisotropy.

But I felt fairly confident that my reasoning gave almost complete
information about the qualitative band-edge features, and so
I accepted an invitation to deliver an invited paper on the
band structures at a Physical Society meeting at Stanford at
the end of L973.
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For silicon I predicted, mainly from Pearson's detailed
magnetoresistance measurements, that the conduction band-
edges would be at six points on the [100] axis in k-space, with
a longitudinal mass about 4.5 times the transverse mass.

When Pearson returned from the International Conference on

Semiconductors in Amsterdam in 1954, he reported with glee
to me that the Berkeley group had just reported cyclotron
measurements on silicon, with a mass anisotropy ratio of 4.7.

For the valence band of silicon, I could not decide whether the band-
edge was degenerate, at k=0, or whether it occurred at a
number of points on the [110] axes. (The former turned out to
be correct.)

But for both the conduction and valence bands of germanium, my
predictions were completely wrong.

This was due to several defects in my assumptions.

To begin with, I assumed that the lowest valence band state at k=0
would be three-fold degenerate, with a symmetry like that of
atomic p electrons, and that the s-state would lie considerably
higher.

4
While this assumption worked ^fright for silicon, it proved wrong for

germanium.

Again, being too lazy to calculate the shapes of the presumably
warped energy surfaces near the degenerate k=0 state of the
valence band, I assumed that the surfaces would be
complicated enough to give a sizable longitudinal
magnetoresistance in any orientation.

I was also too lazy to calculate in detail the magnetoresistance for
ellipsoidal energy surfaces other than those elongated in the
[100] type directions.
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A few months later, Abeles and Meiboom, working in Israel, made
the necessary calculations and found that the
magnetoresistance of n-type germanium could be beautifully
fitted by assuming band-edge points only for [111] type axes in
k-space.

On the experimental side, although the Berkeley group had
published some cyclotron resonance results for germanium
prior to my talks, these were only for one orientation of the
magnetic field, so I did not learn until later that they
eventually confirmed the conduction band edge structure
inferred by Abeles and Meiboom, or that they found energy
surfaces in the valence band near k=0 having almost the form
of concentric spheres.

9>

What this experience taught me was that when one is trying to
explain a cluster of phenomena that depend on the interplay
of a number of material parameters, it is very risky to try to
make inferences from a partial knowledge of the parameters.

If the number of parameters for which one has to rely on "plausible
guesses" is too large, the chance is too great that some of the
guesses will be wrong.

Well, now I've taken the story up to the middle 50s, when theoretical
and experimental techniques had finally both matured to such
an extent that they could work smoothly together to elucidate
many bulk properties of many semiconductors.

There is just one more novelty that I want to mention from the
semiconductor world before I turritojh^ of
getting band theory and novel experiments together for
metals.

;••:

will la^-ir

This has to do with the behavior of the thermoelectric power of high
resistivity semiconductors at low temperatures.

In 1952, Bell Laboratories hired a young experimentalistnamed Ted
Geballe, who in later decades became and remains a member
of our Applied Physics department here.
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One of the first things he did at Bell was to take some of the very
pure single-crystal germanium freshly available and measure
the thermoelectric power over a wide range of temperatures
from room temperature on down.

His results, which he told me about at lunch one day, were most
startling.

Hie standard theory of thermoelectricpower^s^^^' ihzfaU* Hi-crm/fr melted,
'Tsl^ugh^far^^

equilibrium with the lattice xdbrationsxso
velocities Nof the elections wouki b^highc
jhan a\theWdWi,.

,xr

*f- s$<L£tr&>^,6 a£=f4-{ *tofl*i <*?</*f 6vl iyiht>mfif-eY)**tf$}ij Jr*%4»d $&&£*,
nc^i«=ve4e*^3ftould cause a flow of electrons from

warm to cold until enough of a charge gradient had built up
to balance this flow with a counterflow due to the electric
field.

The field, yieldingJ^net current, could be computed from the electron
density and effective mass and the law ofscattering, all of
which seemed to be well known.

The comparison of theory and experiment is shown here for an n-
type sample that Geballe had measured.

The agreement is beautiful near room temperature, but at Low
V temperatures the measured thermoelectric power rises

t^JS/ ^>*f) enormously while the theoretical prediction changes very
.siitir .jit***1 I little.$y

Ipuzzled over this result for some time, and finally realized that by
using a thermodynamic relation derived by Lord Kelvin in the
19th century, one could identify unambiguously what the
theory had been overlooking.

relation in question is shown here.
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Any electronic conductor subjected to a temperature gradient and
maintained in a 0-current state develops an electronic
potential gradient, measurable by metal electrodes,
proportional to the temperature gradient, the factor of
proportionality being the thermoelectric power Q.

Alternatively, one can maintain the sample at a constant uniform
temperature and pass a current J through it and observe an
energy flux accompanying the current and proportional to it,
the factor of proportionality being the Peltier coefficient n if
energies are measured relative to the Fermi level of the
electrons.

Kelvin tried to show from a general thermodynamic argument that
whatever mechanisms might be involved in these two effects,
the coefficients would always obey the relation Q=n divided
by the absolute temperature.

While one might have quibbled about Kelvin's logic at the time, the
correctness of this relation was confirmed by Onsager's
formulation, in the 1930s, of a thermodynamicifor rates of
responses.

So all one had to do was to understand the energy flow
accompanying an isothermal current.

As long as the charge carriers were only electrons, the energy carried
by each electron would have to be a simple average of the
energies of the occupied conduction-band states, each
weighted according to its contribution to the current.

For very dilute electrons, obeying Maxwellian statistics, this
average would be above the conduction-band edge by an
amount of order kT, and any effects of electron interaction
would surely be negligible.

Therefore the electronic contribution Qe to n would be just the
height of this average level, shown in red, above the Fermi
level down here.
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Putting this in the Kelvin relation gives an electronic contribution Qe
exactly equal to that resulting from the conventional theory,
as it must.

To account for the sharp rise of Q at low temperatures, we must find
an energy flux additional to the energy carried by the
electrons.

Well the only other thing that can carry energy is the set of lattice
vibrations, the phonons.

At uniform temperature and no current, the phonon motion is of
course random and gives no net energy flux.

But when the electrons have a directed drift motion, the electrons are
scattered by phonons, and in the process lose crystal
momentum to the phonons, so that the statistical distribution

-=p of phonon motions becomeSno longer isotropic.

The phonon distribution will therefore carry an energy flux
proportional to the electron current, and the magnitude of
this flux, or equivalently of the associated n phonon
contribution will be proportional to the relaxation time Tph of
the low-frequency phonons capable of interacting with the
electrons with respect to loss ofcrystal momentum to
scattering by impurities or by higher frequency phonons and
ultimately Unklapp processes.

This relaxation time can be orders of magnitude longer than that of
an average thermal phonon, which can be inferred from the
theory of thermal conductivity, as you may remember from
the second lecture.

It also gets longer with lowering of temperature or with lowering of
wave vector, so the Qph contribution tends to gain in
importance with lowering of temperature or decrease of the
electronic effective mass.

All that I've just described is how Ted Geballe and I first became
acquainted with the phenomenon that has come to be known
as phonon-drag.
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We were not at that time aware of any other experimental or
theoretical work on this subject, vtfkceh *>&*.$ &s>/*** £o 'O-Z
called ^pbttfen d&f?

However, as I guess I've made clear by now, things were happening
very fast in the world of semiconductors at that time, and we
soon learned that Hans Frederikse, a member of the Purdue
group, had been simultaneously making measurements on
germanium, observing similar effects, and making the same
interpretation.

His paper, published in 1953, referred to a theoretical study that had
been made by the Russian theorist L.E. Gurevich in 1946 on
transport in metals, which had predicted a phonon-drag
contribution to the thermoelectric power of metals.

However, having no experimental stimulus at the time, Gurevich did
not specialize to the semiconductor case, where the
importance ofphonon-dragis enormously augmented by the
fact that only long wave length phonons are involved.

Almost simultaneous with the work of Geballe and Frederikse was
another independent paper on the thermoelectric power of
very good single-crystals ofmolybdenite, by Mansfield and
Salam in England, which also snowed a phonon-drag effect,
though not as spectacular as that in germanium.

In the ensuing years a great deal of further work was done on
phonon-drag in various semiconductors and also in metals,
and a number of interesting effects were discovered.

These, which I can*t take the time to describe in any detail, included
effects of magnetic fields, the limitation of the mean free
pathsoflow-frequency phonons bysize ofthe specimen, and
the saturation of the effect at large electron or hole
concentrations.
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We've now reached the fourth of thiscseries of lectures on the

evolution of solid state physics.

As you may remember, we have devoted the previous two lectures to
surveying the many ideas and discoveries that were made as
a consequence of the realization that solids are usually

—^ crystalline arrangements of atoms, which±>ehave in many
ways according to classical mechanics. \^K.n<i ^Rat 7te2\

Although it was recognized early in the century that the structure of
atoms and the explanation of the forces between them would
not be properly understood until the quantum-mechanical
laws governing the behavior of electrons were properly
formulated, it turned out that many insights could be gained
by considering the positioning and the motions of atoms as
wholes, using empirical forces and classical mechanics, with
scarcely any modification by quantum effects, except for the
quantization of their harmonic vibrations.

Indeed, to this day, many phenomena are interpreted in this way.

But suddenly, in 1925, the correct laws of quantum mechanics were
discovered, and there was a tremendous rush to apply them
to electrons in solids, so as to make sense out of the vast
number of facts that had been known for many years but
whose atomic mechanisms had remained mysterious.

This is the stage of history to which we must now turn.

The number and variety of topics to be discussed are so huge and
often so interrelated that there is no completely satisfactory
way to divide them into separate classes or separate lectures.

I have rather arbitrarily chosen to devote the present lecture to the
insights obtainable by applying quantum mechanics to the
states of individual electrons in crystals, as this was the area
that received the most immediate attention after 1925.

The next lecture will be devoted to cooperative effects involving
many electrons.
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However, the dividing line between these two areas is by no means
sharp, and I have made some rather arbitrary decisions on a
number offields that could possibly be discussed in either
category.

For today's lecture there are two different aspects of electron
behavior in crystals that are reasonably distinct from each
other, both conceptually and experimentally, although they
sometimes merge into one another.

These are, respectively, things interpretable in terms of electronic
quantum states localized on or near a particular atom, or in
some other region of atomic dimensions, and, on the other
hand, things whose interpretation requires an understanding
of quantum states of an electron/i**©¥*«g through sizable
distances in acrystal. ^!ff^^_iLlJ22^ **t*n<tcit£\

I'll discuss the second of these first, because it was the area that got
the most attention immediately after the discovery of the
proper formulation of quantum mechanics.

In this area especially, there was a period of the order of a decade in
which there was tremendous progress on the side of theory,
without the need for much of any new experimental work.

So if I talk about theory for the first half or so of the lecture, it's not
merely my prejudice as a theoretician that is showing
through, it's the actual nature of the historical period I'm
discussing.

So let's get started.

To properly understand the flurry of activity that set in after 1925,
we'll have to take at least a brief look at the earlier theories

regarding the role of so-called "free electrons in metals."

J.J. Thompson's discovery of the electron in gas discharges in 1897 led
almost immediately to speculations that the high electrical
conductivity of metals might be due to the motion of electrons
that had detached themselves from atoms.
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The most successful of these was oneput forward by Drude in 1900 in
which he considered the drift of electrons in an electric field,
and the energy they could transport in a thermal gradient.

He showed that despite our ignorance of the mean free path of the
electrons or even a possible ignorance of their mass, the ratio
of the electrical and thermal conductivities could be expressed
as a universal quantity dependent only on the electronic
charge and Boltzmann's constant k.

The value he thus derived for what has been known as the
Wiedemann-Franz ratio was in remarkably o-ood agreement

JO o

with observations on many metals.

A iew years later Lorentz went critically over the reasoning in
Drude's theory, extending it to optical properties of metals
and formulating the mathematical equations more precisely.

This work he published in 1905.

His reformulation changed the predicted value of the Wiedemann-
Franz constant by a modest factor, as shown by the arrow
here, making the agreement with observation a little less
perfect, but still remarkably good.

This and other successes of the theory made most physicists
favorably disposed toward it, but there was great puzzlement
over its apparent disagreement with a number of well-known
facts.

I've listed some of these over here in the red boxes.

Very fundamental was the fact that if one assumefticlassical statistics
for the free electrons and took their E*un?pcr to be of the order
of one per atom, one would expect a huge contribution to the
specific heat, additional to the vibrational specific heat of the
atoms, and one which would apparently not go to zero at the
absolute zero of temperature, as seemed to be required by the
measurements of Nernst that I discussed last time.



I

Lecture IV- 4

Again, the signof the Hall coefficient should be determined by the
sign of the charge on the electrons, which apparently was
always negative.

But many metals were known to have positive Hall coefficients.

Again, if the number of electrons were small enough to avoid a
specific heat difficulty, it seemed that one would need
enormously long mean free paths to account for the observed
conductivities of metals and it was hard to see how this could
occur for electrons moving in the field of closely packed
positive ions.

There was no clue to the origin of the temperature dependence of
conductivity.

Even the origin of the difference between metals and insulators was
unclear.

Finally, though the Drude-Lorentz theory did not attempt to say
anything about magnetism, the classical statistical mechanics
that it used for the electrons came eventually to be mistrusted
because it made difficulties for the theory of magnetism.

For years many investigators tried to explain paramagnetism or
diamagnetism as due to the circulating currents produced by
moving electrons.

But Niels Bohr, in his 1911 doctoral thesis, showed that a classical
gas in thermal equilibrium could never have a magnetic
moment, and in a doctoral thesis in 1919 Hendrika Johanna
van Leeuwen gave a very simple and very general proof that
no system of particles obeying mechanical laws of
Hamiltonian form could have a magnetic moment in
thermodynamic equilibrium.

The proof was ridiculously simple; I show it here.

Consider any system of particles i with rectangular coordinates ri
„ :> and conjugate^ momenta pi.
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According to classical statistical mechanics such a system in thermal
equilibrium at temperature T will have a probability
distribution in phase space proportional to the exponential of
minus the Hamiltonian over kT.

1 > This will depend on the magnetic field y, of course.

Now consider the contribution ofany one of the particles, say the i-th
one, to the magnetic moment.

This will be the statistical average of the current due to this particle,
which is the product of its charge ei by its velocity vi, as
shown here.

But each component of vi is the partial derivative of the Hamiltonian
with respect to the eetrffe^te-^ VHonietd'w jjTT^ £jq s

So using this and the above expression for the probability
distribution we get, apart from a trivial normalization factor,
this line here.

Now we can take the momentum differentiation out in front of

everything else as shown here and can carry out the
integration on pi immediately.

And if the integrand vanishes at the limits of integration, that is, at
infinity in momentum space, as it will for all real physical
systems, because the energy will be infinite, we just get zero.

So we have the theorem that I've stated on the bottom line.

The magnetic moment must vanish for any magnetic field.

So to come back to the historical story, it was quite natural that for a
couple of decades there was a lot of wild theoretical
speculation as to how one could patch up the electron theory
of metals.

<!-£
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But nothing much useful came out of all this until the discoveries of
the mid-twenties regarding the true laws of quantum physics
and of quantum statistics.

The impact on the electron theory of solids actually came in two
rather distinct ways, the first using only the concept of spin
and the exclusion principle, and the second finally replacing
Newtonian mechanics with wave mechanics.

As you can see from the dates I've listed over here in the green boxes,
the key initial steps in the formulation of modern quantum
mechanics all took place in about a year or two.

These were the statement of the Pauli exclusion principle, the
introduction of a half-integral spin and a g factor of two for
the electron, and the formulation of matrix mechanics, all in
1925, and the wave equation and the Fermi-Dirac statistics in
1926.

But the application of wave mechanics to the electron theory of
solids took a couple of years longer to develop than the
incorporation of spin and the exclusion principle, which were
incorporated very quickly to produce an intermediate theory
associated particularly with the name of Sommerfeld.

I've indicated the steps in this stage with green boxes.

The first step was taken by Pauli, .who in 1926 combined the idea of
Uhlenbeck and Goudsmgft that an electron has an intriinsic

spin magnetic moment whose component along a magnetic
field is either plus or minus one Bohr magneton, with his own
idea that a given set of orbital and spin quantum numbers
could not be possessed by more than one electron at a time.

Applying this to electrons in a metal, Pauli noted that if one tried to
increase the number of electrons of a given spin, one would
have to occupy more states with different momenta, so that
the lowest energy state would have to have a higher
maximum momentum for the given spin.
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One can make a simple hydrostatic analogy: if one thinks of
electrons of a given spin as water in a glass, energy as
vertical height in the water, and the exclusion principle
represented as the ^compressibility of water, then adding
more water to the glass increases the height of the water
level in it.

If one has two glasses, one for up spin and one for down spin as I
show here, and connects their bottoms with a flexible hose so
that electrons are free to change their spin from the one to the
other, then the lowest energy state for a given number of
electrons will correspond to having the same height of the
water level in the two glasses.

Application of a magnetic field is analogous to moving one of the
glasses up and the other one down, as I have shown here by
attaching the glasses to a lever which can be tilted.

For any amount of tilt, the lowest energy state will correspond to
having the absolute water level at the same height in both
glasses, as shown here.

The right hand glass, which corresponds to up-spin electrons, now
has more water in it than the left hand one, and the
magnitude of this difference is proportional to the slope of the
lever.

In other words, the magnetic moment is proportional to the applied
field, at least initially.

But now notice.

The difference in the relative amounts of water in the two glasses is
of the order of the ratio of the vertical shift of the glasses to
the depth of the water in them or, to say the same thing in
terms of the magnetic problem, the ratio of the magnetic
moment produced to the maximum moment if all the
electrons had the same spin, is of the order of the ratio of the
Zeeman energy of a single spin in the field to the total Fermi
energy of the electrons.
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This ratio is very different from the relative moment that would be
produced for classical electrons obeying Maxwellian
statistics, which would be of the order of the ratio of the
Zeeman energy to thermal energy, that is, to kT.

This solves the mystery about paramagnetism that I mentioned a few
minutes ago over here.

The paramagnetic susceptibility of a simple metal is smaller than one
would calculate for the same number of electrons on the old
model by the ratio of kT to the Fermi energy, which is
typically hundreds at room temperature.

Moreover, the susceptibility is now independent of temperature,
whereas on the old theory it obeyed the Curie law, and went
inversely as the temperature.

The other great contributions to this intermediate stage of the
electron theory of metals were due to Sommerfeld.

Sommerfeld, who belonged to an older generation, had been for
many years professor at Munich, but had not been especially
involved with the electron theory of solids, though he was
familiar with it.

He became very interested, however, when he heard Pauli's paper
on paramagnetism, and he embarked on the task of
reworking the old Drude-Lorentz theory in full
mathematically, using the new statistical distribution that
had just been derived by Fermi and Dirac independently for a
gas of particles obeying an exclusion principle.

In a brief paper in 1927 and two longer papers in 1928 he worked out
in considerable detail the mathematical theory of
temperature dependent effects such as electronic specific
heat, electronic and thermal conductivity, etc.

However, he still treated the free electrons as a perfect gas without
attempting to look into substance-dependent wave-
mechanical dispersion relations.
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One achievement, worthy of comment, was the derivation of a new
numerical value for the coefficient in the expression for the
Wiedemann-Franz ratio which I have written up here already
on the old theory.

His new value, tc2/3, restored much ofthe discrepancy that had
existed between values observed for simple metals and
Lorentz's classical value.

However, such things as the temperature variation of this quantity
and some significant variations from metal to metal were still
unaccounted for.

Well now we can turn to our third stage, the' effort to reconstruct the
electron theory of solids in a way based entirely on the fully
quantum-mechanical physical law system that had emerged
suddenly in the mid-20's.

i With the advent of wave mechanics, it was quickly realized that the
quantum states of electrons in crystals would be different
from those of electrons in free space, and could only be
determined by solving the Schrodinger equation for an
electron moving in the highly position-dependent potential
field created by the atoms of the crystal, and indeed, taking
into account at least approximately the interaction potential
of the electrons with each other.

In view of the complexity of the problem, physicists were happy to stwt out i^^t
pwsw tbeidea-ef solving the wave equation for one electron
at a time, and soon got encouragement for their choice from
the fact, which I'll discuss further in a minute, that in a series
of papers starting in 1928 Hartree and others found that one
could achieve some quantitative success in understanding the
structure of atoms using this approach.

Most importantly, for a beginning, a number of general properties of
the quantum states of an electron in the periodic potential
field of a crystal were derived by a number of people over a
period of years, and I'll now try to sketch some of these in
purple boxes, before going on to the attempts to make
calculations for specific materials.
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The starting point of all the general theorems Iwant tomentionis" ^^2^
the simple fact that the energy eigenstates of an electron in a
crystal can always be taken in the form of what we call Bloch
waves, h/fc»«* ^*(r*^p*re*^proper** 1'^ *^ ^ *****»«>

hThese are simply modulated plane waves of this form here, which 25 a »/«*«.
tow the same form in every unit cell of the crystal, e*eept firtJ*^T^.
that tine avnigff^n^frtMM-inP fm™ ™n 4- ]i jn thff mm€ / ^^^

Urouract Seems to have been first noted in the crystal literature by
^> StVutt in 1927, although he note^ftf^the special case of

a sine-wave potential in one dimension, which was already
quite familiar to mathematicians in the literature of Mathieu
functions.

The generality of this type of solution was first pointed out in the
physics literature in the doctoral thesis of Felix Bloch, in 1928, a_
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thesis^covered an enormous amount of ground, .........

fiespense-t0*#kctric
wiiWatttee-vt

ield5r-agd=£k:e£

^^interactions and went on to calculate the temperature ffi&^t^*
dependence of the resistivity, finding it to be proportional {&?" ***/•< "f
the absolute temperature at temperatures well above the W**tt%$>
Debye temperature of the lattice vibrations and proportional*^2CJ-
(after a1930 correction of an error in the 1928 paper) to the /^j^V/^
5th power of the temperature at very low temperatures / c?Z au^u£

Other details were soon filled in.

In 1929 Peierls, who after studying with Sommerfeld at Munich had
joined Heisenberg's group in Leipzig, was asked by
Heisenberg to look into the puzzle of the occurrence negative
Hall coefficients in some metals.

*^
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He quickly realized that if the Fermi surface of a metal were located
in a region of k-space where the curvature of the energy 8k as
a function of k was negative, the electrons would behave as if
they had negative mass.

This solved the problem.

He at the same time looked into the question of the behavior of Bloch
wave packets in a magnetic field, and derived the result I

—^ have written on this list as number ^ (yi)*

A different but quite useful aspect of Bloch-wave states in crystals is
their symmetry.

It was well known from the earliest years of quantum mechanics,
that the states of an electron in the spherically symmetrical
field of an atom could be classified by their orbital angular
momentum, that they formed families of degenerate levels
called the s shell, the p shell, the d shell, etc., and that
absorption or emission of dipole radiation by transitions
between these shells were subject to certain selection rules
arising from the symmetry.

This classification and the selection rules and other properties was
greatly facilitated by the use of group theory, and Eugene
Wigner, who had been imported from Europe to join the
Princeton faculty, had been one of the main contributors.

In the academic year 1935-36, two postdoctorals, Louis Bouckaert
and Roman Smoluchowski, had come from Europe to
Princeton and the Institute for Advanced Study, to do
theoretical work.

You will of course recognize the name Smoluchowski as that of the
great Polish physicist who shared with Einstein the credit for
relating the theory of Brownian motion to the atomistic
picture of heat.

Roman, who eventually returned to the United States and became
one of our leading solid-state scientists, was the son of that
earlier Smoluchowski.

c
***
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To return to Wigner, he had become interested in the properties and
calculation of Bloch-wave states in work a few years earlier
with his student Seitz, which I'll discuss in a moment.

So he suggested to Bouckaert and Smoluchowski that they undertake
to classify the possible symmetry properties of Bloch-wave
states in the simpler types of cubic crystals.

The result was a paper published in 1936, in which the authors
discussed the symmetry problem in general, and gave tables
of symmetry types for the simple cubic, body-centered cubic,
and face-centered cubic crystal types.

I'd like to take a few minutes now to tell you very briefly just what
Bouckaert, Smoluchowski and Wigner did, and to show some
of the ways in which this sort of analysis of symmetry
properties can prove very useful.

When I was talking about wave vectors and reduced wave vectors a
minute ago, and using this transparency, I considered only
one dimension of k-space, because I needed the second
dimension of the diagram for the energy.

But of course k-space is three-dimensional, and you may remember
that in the second lecture, when I was talking about phonons,
I defined the reduced wave vector of any disturbance in a
crystal as the smallest wave vector of any that could be
chosen to describe its periodicity properties.

For a three-dimensional crystal, the possible values for a reduced
wave vector lie inside, or on the boundary planes of a
polyhedron in k-space, whose form depends on the crystal
structure, and which is called the first Brillouin zone after its
description in a paper by Brillouin that I'll discuss in a minute.

As an example, I've shown here the first Billouin zone for a body-
centered cubic lattice. /
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Its center is of course at reduced wave vector 0, which I have labeled
with a capital gamma because that has become customary in
the literature.

As we go away from Vin any of the three cube-axis directions, we
come to a corner of the polyhedrin, one of the ones that I have
labeled with a capital H.

It turns out that all of these points are identical, that is, they all
correspond to the same reduced wave vector; they all describe
the same periodicity in going from one lattice point to any
other.

Now if we apply any symmetry operation in the space group of the
crystal to a Bloch wave function with wave vector at any of
the H points, we'll get a wave function of Bloch type whose
wave vector is the same or another H point, but the H points
are all the same as far as reduced wave vector is concerned,
so that means we will not have changed the reduced wave
vector.

Thus for this particular case, all the operations of the space group
fall into what Bouckaert, Smoluchowski and Wigner call "the
group of the wave vector" for H.

For other reduced wave vectors, such, for example, as the one I have
labeled "P" here, the group of the wave vector usually will not
include everything in the space group, but only a subset, these
being the operations that take the point in question to one
with the same reduced wave vector.

The important fact is that when this group is sufficiently
complicated, it will be possible to find wave functions that are
taken into each other by operations of the group, hence which
must have the same energy, yet which have to be distinct.

This is similar to the familiar requirement of rotational symmetry in
atomSjWhich necessitates (i^^rrr^sr^^^f^^b^^ ^-^*i IVn 11 \

a Itr*-****** fh*t th+** fa^f&wllte* of am *h (zl-fis
JjC > %ffJ^t *t*te* "U »"** ^ ***** *«*h/y-
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Now the concepts of "group of the wave vector" and classification of
eigenfunctions by symmetry apply not only for special points
like corners of the Brillouin zone, but also to points anywhere
on a line of symmetry in k-space.

AfreHfTs-^sily show* that jr we follow one of these plots of energy
against reduced wave vector along a line of symmetrjz^tae &** f**4*f

thirty W Sh*** **-3*jV pet*?**

pa^s^s^hfffugrrr)»"*«-*- — " *—0 , -fZS^m '_' '-' ' ^Jiiuircnv n.Tbiir-EXTg-\L cut <••»_ umjUL-U H li. Wit till.

^iJVU^^S^^ <A4teY»rt*r44 byihe tywvetrp fiypS alii*, print*
t" Tins fact frequently makes it possible to draw important conclusions

about the connectivity of the different bands from mere
knowledge of the order in energy of the different symmetry
types at points of symmetry.

Here are some hypothetical examples that will show what I mean.

Consider the plot of energy versus reduced k along the line T to H for
a body-centered cubic crystal.

The curves that are drawn pertain to eigenfunctions of three
different symmetry types.

Purple refers to states that are unchanged by a 90° rotation about a
particular V H axis.

Green and orange refer respectively to functions that change by a
factor i or a factor -i ^under such a rotation.

Ihave chosen the states CaTTand Band H to be of symmetry types
that are required to be three-fold degenerate and also to
require connection to one purple, one green, and one orange
state on the connecting line.

All curves must be continuous, curves of the same color may not
cross, and green and orange curves must be degenerate with
each other.

-^



Lecture IV -15

These conditions require, then, that the curves be drawn as I have
shown in the upper diagram.

Thus for every value of the reduced wave vector there are four
orthogonal states belonging to four different bands which all
stick together at either the T or the H point.

In the range shown, there are no gaps, no energy ranges without
eigenstates.

If, on the other hand, I had reversed the order in energy of the two
states B and D at H, the curves might have drawn as in the
middle diagram, and a gap would be present between the
lowest band and the three upper ones.

However, with this latter ordering at the end points it might
conceivably be that the curves would go as shown in the
bottom diagram, in which case the bands would overlap in
energy.

So much for this aspect of symmetry.

Theother placewhere it is very useful is in sometimes requiring
matrix elements of operators between states with the same
reduced wave vector to be zero, because the integral involves
a product of spatial functions with different symmetries.

Well this is about all I have time to say on the basic concepts of Bloch
waves and energy bands as they were clarified in the first
decade following the discovery of quantum mechanics.

Now I want to say a little about the practical application of these
concepts to various particular materials.

One would like to obtain a complete picture of the Bloch one-electron
states, that is, to know quantitatively the dependence of
energy on wave vector for all states involved in the
commonly measured properties of a material, and to know
the explicit shapes of the wave functions of these states.
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I'll discuss in a few minutes the use of experiments to obtain some of
this information, but first I'd like to say a little about the
problem of calculating wave functions and energies from first
principles.

This problem has two parts, first to find the proper potential energy
function to put into the Schroedinger equation for an electron
wave function, and second, to solve this equation.

I will discuss these two tasks in order.

The problem of choosing a potential is of course essentially the same
as it is for determining valence electron wave functions for
atoms or molecules, a problem that of course attracted
attention as soon as wave mechanics was discovered.

An obvious scheme was to assume that in the wave equation for a
particular valence^lectron one should use the Coulomb field
generated by the nuclei and all the other electrons, the latter
being averaged over the statistical distribution of these other
electrons as determined from their wave functions.

This so-called "self-consistent field method" was applied numerically
by Hartree in a long series of papers beginning in 1928, and
made very reasonable predictions for the sizes of atoms, their
diamagnetic susceptibilities, and x-ray term values, but were
not accurate enough to give a good picture of the differences
of different valence-electron terms.

A somewhat more logical scheme^roposed independently by Fock in
Russia and by Slater in the United States, based on
approximating the wave function of a system of N-electrons
by a determinant of one-electron wave functions, one for
each electron.

In other words, they proposed describing the N-electron system as
having a particular N one-electron stateSoccupied, and
obeying the exclusion principle.



Lecture IV-17

Requiring that the expectation value of the energy be a minimum for
a wave function of this form gave them a family of one-
electron wave equations to be satisfied, each of which
contained a Coulomb potential due to the average charge
distribution of ah the electrons and a negative definite term
that was not a simple function of position, but was calculable
from the wave functions of all the electrons.

This last term, called the "exchange operator" took account of the
> fact that the exclusion principle maftile^ted^iAe
—> -d^nnkiaatoUkMm^L^ reduces the

probability of finding two electrons of the same spin close to
each other.

A number of calculations for atoms were made by this method, and
showed some advantages compared with the Hartree
method; however, the calculations were more time-
consuming.

Actually, there are good physical reasons for trying to get a better
effective potential for valence-electron wave functions, even
if one is still going to try to describe the valence-electron
properties in terms of a single-electron approximation.

For example, a valence electron moving outside of a core whose
electrons are rather tightly bound can be thought of as
moving slowly in the regions outside the core, where slowly
means that for each position of the valence electron the core
electrons can rearrange themselves into a polarized
configuration, with more charge on the side away from the
valence electron than on the side toward it, in a time short
compared with the time for the valence electron to change
position appreciably.

Thus the effective interaction energy of the valence electron with the
core electrons is not simply a Coulomb field generated by the
mean charge distribution of all the core electrons, but rather
this plus a polarization potential dependent on the location of
the valence electron.
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While such a contribution to the effective potential can be estimated
from first principles, it can also be estimated empirically from
the measureable energy levels of the valence electron in the
free atom.

So it was natural that occasional workers should try to construct
empirical potentials that would reproduce the valence levels
of a free atom, and then, by summing such potentials over the
atoms of a crystal, to construct an effective potential for the
crystal.

To the best of my knowledge, the first such empirical potential was
one constructed by Prokofjew in Russia for the sodium atom,
which was employed a few years later by Wigner and Seitz in
their historic calculations for metallic sodium, which I'll
discuss in a few minutes.

A few othersuch potentials were constructed in the course of time by
people interested in the quantum mechanics of other metals,
but this device was never very extensively used, because a
different type of empirical potential, called a pseudopotential,
became more popular.

The difference has to do with the occurrence or the absence of radial
nodes in the core region of the wave function.

For example, with the Prokofjew potential, one would fit the
eigenvalue of the 3 s state calculated from the potential to the
observed 3 s level of the atom, the 4 s eigenvalue to the
observed 4 s level, etc.

For a pseudopotential, one would try to fit the 1 s eigenvalue in the
pseudopotential to the observed 3 s level, the 2 s eigenvalue to
the observed 4 s level, etc.

k^ 4 rva • Tiii fcbbzJ tn -fti? W&J <&H b&
^^ThiErenx&lctrche- potentiaLte^be much smaller in the core regions than
—^- with the old method, the*wave fu^tioiYssiTrbother there, and

-*-> the integration of the wave equa'tiofrmuch easier.
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In fact, it turned out that one could often get useful approximations
by starting with a plane-wave basis, and calculating the effect
of the potential only to first or second order in perturbation
theory.

The development and utilization of the pseudopotential idea in
crystal wave mechanics provides an interesting example of
how useful ideas can sometimes fail to propagate and at
other times propagate very effectively by serendipity, and as I
happened to be a close observer of this development, and in
one place even able to give it a nudge, I'd like to tell you about
it.

Over a period of years, several people seemjJJ to have arrived
independently at concepts similar to what I have defined as a
pseudopotential.

Already, in 1934, Fermi, using the scattering length concept of
quantum collision theory, used what amounted to a
pseudopotential to calculate the effects of foreign atoms in a
fairly dense gas on the spacing of excited levels of alkali^
atoms.

In 1935 the highly respected theoretical chemist Hellmann in
Moscow constructed empirical pseudopotentials for atoms,
and used them in calculations ofmolecular binding.

A year later he and his collaborator Kassatotschkin calculated a
number of energetic properties of monovalent and divalent
metals by taking the unperturbed valence electron wave
functions to be plane waves and calculating the first-order
energy contribution from empirical pseudopotentials fitted to
free-atom levels.

While the results were only roughly correct - errors of the order of
several tenths of a volt per electron - they were surprisingly
good for such a simple and straightforward calculation.
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Again, Gombas, a Hungarian physicist who made a variety of
extensive uses of the Thomas-Fermi approximation,
proposed, around 1953, to treat valence electrons as moving
in an effective repulsive field created by the core electrons, the
value of this field being determined by the distribution of
electron density in the core.

Thiswork was continued and extended for some years by his
associates.

Finally, in 1954 and succeeding years, Antoncik in Czechoslovakia
made pseudopotential calculations for a number of crystals.

I mention all these activities because, up to the late 50's, no one in the
United States or Western Europe had yet tried to apply
pseudopotential ideas to band calculations in solids.

Indeed, most American band theorists seemed to be unaware of any
of the pseudopotential work I have mentioned, although
some of the Hellmann-Kassatotschkin work was published in
the Journal of Chemical Physics and Antoncik had a paper in
the Journal of Physics and Chemistry of Solids.

By a fortunate accident I had seen the former of these, because in the
late 1940's I had been working on a review article on

-^. thermionic emission/with my friend Myron Nichols, an
experimentalist who had received his training with Wayne
Nottingham's group at MIT when I was there in the late
1930's.

In the preparation of this review, I felt it to be one of my
responsibilities to seek out all the papers I could find in the
literature that undertook to calculate from first principles the
thermionic work function of a metal, or any clearly
identifiable contribution to it.

This led me to read the papers of Hellmann and Kassatotschkin,
which, though they did not undertake to treat the important
aspect of the distribution of charge at the metal-vacuum
interface, did yield predictions for that part of the work
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function describable in terms of the properties of the bulk
electrons.

Though their results were neither as convincing nor as accurate as
those obtained, say, in John Bardeen's doctoral thesis, they
impressed me by their simplicity and made me wonder
whether their pseudo-potential approach could perhaps be
improved.

A few years later, when our theoretical physics department at Bell
s\ i Laboratories was set up, we succeeded in hiring Jim Phillips, a
U i very bright new Ph.D. from the University of Chicago.

During his stay with us I called his attention to the Hellmann-
Kassatotschkin papers, and suggested that it might be
profitable to try to improve on Hellmann's pseudo-potential
technique.

After clearing up some other work, Phillips did exactly that.

In a paper published in 1958, and another one the following year
with his student Kleinman after he had gone to Berkeley,
Phillips showed how a pseudo-potential could be constructed
so as to take account of the necessity for valence-electron
wave functions to be orthogonal to the states of the core, and
showed that it could be applied successfully to bands in the
group for semiconductors.

They found it desirable to have the radial dependence of the pseudo-
potential different for different values of the angular
momentum about the nucleus.

This work attracted considerable attention, helped particularly by
the contactbetween Phillips and his original teacher at
Chicago, Morrel Cohen.

Cohen aroused the interest ofVolker Heine in Cambridge England,
and our own Walt Harrison, then working at General Electric
beforehe came to Stanford, took up pseudo-potentials as a
tool for mapping the Fermi surfaces of many metals.
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These last-named authors produced some comprehensive reviews
after a few years, as many others had gotten into the field.

Another major improvement came some years later.

It had ofcourse been recognized for some time that a pseudo-
potential is notunique, because it makes no pretense ofbeing
an accurate substitute for the full potential, but only tries to
mimic the effect of this potential in a quite limitedenergy
range, namely that of valence electron energies.

Many of the pseudo-potentials that were used in the early years
were not what is called "norm-preserving".

By this is meant that if one were to compare a wave function
constructed from the pseudo-potential with one constructed
form the true potential, one would find that if the two wave
functions were normalized to the same square integral over a
unit cell, they would differ by a significant though constant
factor in the region outside the core, even though they were
nicely proportional to one another.

Thus though such pseudo-potentials could be valuable for calculating
energies, they might give misleading values for properties
depending on the charge distribution.

It turns out that "norm-preserving" pseudo-potentials have an
additional advantage as a consequence of a theorem that had
been used for some decades by atomic structure physicists, but
was independently discovered and applied to the pseudo-
potential problem in solids by Shaw and Harrison in 1967.

This theorem states that if a given pseudo-potential is "norm-
preserving" for a certain energy and angular momentum,

^-^ then the energy derivative of the error introduced by use of
this pseudo-potential vanishes at the given energy.

This property optimizes the range of energies over which the
pseudo-potential is useful.



r

<

Lecture IV - 23

The first practical use of a "norm-preserving" pseudo-potential for
calculation of wave functions in a crystal was carried out by

_^, Topjand Hopfield in1973 for sodium, with encouraging
results for binding energy and lattice constants.

Finally, in 1982 Bachelet, Hamann and Schluter published a
tabulation of "norm-preserving" psuedo-potentials, tailored
to have other desirable properties, for all atoms in the
periodic table.

Well now, having spent enough time on potentials, let me turn to the
next logical topic, the solution of the Schrodinger equation in
a crystal, for a given potential.

For this subject, I've put the various steps in green boxes.

The first two approaches to be discussed were really too crude to
give results of quantitative significance for typical simple
metals like sodium or copper, but they did have some value as
limiting cases.

Bloch's comprehensive paper of 1928 showed how one could
approximate the valence electron eigenfunctions in a crystal

Ot^

as linear combinations of isolated-atom eigenfunctions
centered on each of the atoms of the crystal, the coefficient of
each atomic function on an atom at position Rn being
proportional to <S±tECthe4^^^if one wishes to approximate
a Bloch function with wave vector k.

But this approximation, though it continued to be used occasionally
for many years for materials in which the gaps between
energy bands were much larger than the widths of the
allowed bands, was soon recognized to be inadequate for
most metals and many non-metals.

The opposite extreme, of treating the Bloch functions as almost
simple plane waves, and treating the non-uniform potential
in the lattice as a small perturbation, also was quite
inadequate for most purposes.



\

Lecture IV - 24

People puzzled over what to do.

In the great Sommerfeld-Bethe review article in the 1933 edition of
the Handbuch der Physik, which for many of us was the bible
on electron theory of metals, Bethe mentioned some attempts
by his students to devise a better way to calculate Bloch
functions, which also proved unsatisfactory.

The breakthrough was initiated by Wigner and his graduate student
Seitz, who found a very practical way of calculating energies
and wave functions for simple monovalent metals, starting
with sodium.

_, I,,, , catered 6*0 -tcccha£offj
—^ They divided the crystal into SHage^atem cells, and assumed the '

potential in each cell to have the form of Prokofjew's
empirical valence-electron potential that I discussed a
moment ago.

Their physical intuition told them that the lowest-energy valence-
electron state, in other words, the bottom of the conduction
band, would be a Bloch wave with wave vector k = 0 and with
cubic symmetry about each atom.

Since cubic symmetry is very close to spherical symmetry, they
approximated this wave function within each cell by a
spherically symmetrical function, and required that the
function be very flat in the outer part of the cell, so that it
would join on smoothly to those in the neighboring cells.

> This meant that the radial derivative of the spherical function be as
small as possible at all points on the cellboundaries, so they
adopted the boundary condition of zero radial derivative on
the surface of a sphere whose volume is the same as that of
the unit cell.

^ Though they did not attempt to justify this approximation in their
paper, it is not hard to show that the energy eigenvalue
computed in this way is, in the case of sodium at least,
extremely close to the eigenvalue of the exact solution.
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To calculate wave functions and energies for other occupied states in
the conduction band, it was necessary to solve the
Schrodinger equation inside the unit cell using boundary
conditions appropriate for wave vectors k £ 0.

If k is not too large, this can be done perturbationally, by what has
been come to be known as the k •p method.

Here's how it works.

We want to determine a Bloch function Vk and its energy El<.

As you'll remember, the general form ofVk is a product of e*k *r and
^ a function 4^k that has the periodicity of the lattice.

By multiplying this wave equation here by e~ik *r we convert it into a
wave equation for^k where the effective Hamiltonian is this
quantity in parenthesis.

If the original Hamiltonian was simply a sum of the kinetic energy
here and a potential energy V, the operator in parenthesis
takes this form over here, where the last term is simply a
constant, and we just have to do second-order perturbation
theory with the term linear in k, which is, as you will see,
proportional to the dot product of k with the momentum
operator^/,

So if, on an energy-k diagram, we know the states and energies at
k = 0 for different bands, and we wish to calculate those for a
particular band at small k, we just have to calculate in the

> usual way the perturbations of this state here by the states xt.Jk~-A
above and below it.

Alternatively, one can use a neater method, developed soon by
Bardeen, that does not require knowledge of other bands,.

-for* &r?4-nMr- h??£>>77tu?£rtp*r7 6/p-e.

fy f> •*?

-5>
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Either of these approaches gives the energy of the Bloch function ¥k
to accuracy k2, so that the energy relative to the bottom of the
band can be written in this form here, which is just like the
kinetic energy of a perfectly free electron except that the mass
m has been replaced by a so-called effective mass m*.

It turns out that higher-order terms in k are quite small for the
occupied states of sodium, and are not seriously large for
those of other alkali metals.

•—£ So one could expecyhe Wigner-Seitz approach should give the band
structures of these metals to useful accuracy.

A good test of this expectation was provided by calculations of the
total energy of the crystal made by Wigner and Seitz on the
basis of their band calculations.

They soon realized that an accurate calculation of the total energy
would require taking account of the effect of the mutual
interactions of different electrons to a higher decree of
accuracy than the self-consistent field approximation.

Specifically, one would need to account not only for the fact that the
exclusion principle makes parallel-spin electrons avoid each
other, but also for the fact that even electrons of anti-parallel
spin don't go their ways independently, but avoid one another
to some extent also.

To calculate this effect, which they called the "correlation energy" is
a highly non-trivial problem of quantum mechanics, and I will
not take time to discuss it here, because it belongs properly in
my next lecture on many-body effects.

For now it will suffice to say merely that Wigner made an ambitious
attack on it in a 1934 paper, which he improved somewhat in
1937, and derived reasonable quantitative estimates for the
correlation energy of a free-electron gas at densities in the
range of typical metallic conduction-electron densities.
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Using these results, Wigner and Seitz calculated the total energy of
sodium for several values of the assumed lattice constant,
and from these got theoretical predictions of the lattice
constant for minimum energy, which should be that observed
in nature at zero pressure, and for the binding energy at this
lattice constant, relative to separated sodium atoms.

These numbers were in reasonable accord with experiments, a great
triumph for a theory that used no input data from the
crystalline form of sodium, but only data from the isolated
atom.

Similar results were soon obtainedby Seitz for lithium, and by
Bardeen.

Compressibility and behavior at high pressures could also be
predicted.

But the Wigner-Seitz approach by itself was not sufficient for
—5* crystals with more tnarfone^^fe^per unit cell, since it had to

start with a calculation for a state with a nearly spherically
symmetrical charge distribution in each cell, and then could
make reliable calculations only for states with wave vectors
close to the wave vector of this starting state.

Led by Slater, who back in 1930 had left Harvard to become
chairman of the Physics department at MIT, several people in
the middle 30's tried to make calculations for a variety of
crystals by constructing Bloch functions for any desired wave
vector k out of central-field eigenfunctions in each cell, joined
together by boundary conditions imposed only at a small
number of points, usually high symmetry points on the cell
boundaries.

But the functions so constructed were often far from continuous in
other regions of the cell boundaries.
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IP

In 1937, Shockley, who had just obtained a Ph.D. under Slater,
demonstrated his knack for reaching important conclusions
very simply by applying this scheme of fitting boundary
conditions at isolated points to the special case of electrons in
a constant potential, assuming imaginary unit cells so
arranged as to mimic those of a face-centered or body-
centered cubic crystal.

Here the exact solution of the problem was known - simple plane
waves - and the predictions of the scheme being tested could
be easily worked out, since the central-field eigenfunctions in
each cellwould be products of spherical harmonics by
sphericaL^O^ functions.

tf
Here in this picture I show just one of several collections of plots that

Shockley made comparing the exact curves with those
obtained by fitting boundary conditions at isolated points on
the cell boundaries.

This example plots energy against reduced wave vector in the [111]
direction for the case where space has been divided into cells
of the shape found in body-centered cubic crystals.

If we had not used the concept of reduced wave vector, but had just
plotted energy against wave vector for simple plane waves,
there would of course be just one curve, a simple parabola
starting out from the bottom point here and continuing in
both directions to infinity, as I have indicated here by the fine
dots.

But when we are plotting against reduced wave vector, all parts of
the parabola outside of the first Brillouin zone have to be
translated to the right or left so as to lie inside it, so we get a
series of curves that I have shown by smooth unbroken lines.

In the so-called cellular method, one tries to calculate curves of
energy versus reduced wave vector by assuming the
potentials to be spherically symmetrical in each cell and
requiring the boundary condition that, at a family of specific
points on the boundary between two cells, the wave function
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and its normal derivative shall be continuous, and consistent
with the requirement that the reduced wave vector be the one
chosen.

For the empty lattice the potential in each cell of course is simply a
constant, but because in calculations for real metals one
wants to use a non-constant spherically symmetrical
potential in each cell, the basis functions used consisted, in
each cell, of solutions of the wave equation with the angular
dependence corresponding to spherical harmonics of a
particular order, that is, solutions with particular angular
momentum, and only a few of the lowest values of angular
momentum were used, namely, just enough to satisfy the
boundary conditions imposed.

Theseboundary conditions were continuity of the wave function and
its normal derivative at each of a finite number of points on
the cell boundaries.

For the example shown here, boundary conditions were imposed at
the mid-points of the twelve faces of the polyhedral unit cell,
in other words, at the points midway between nearest-
neighbor atoms.

The energies at which the boundary conditions could just allbe
satisfied are shown as dashed lines, and the comparison of
these with the exact full lines is revealing.

For the lowestband the agreement is very good until one gets almost
to the boundary of the Brillouin zone, and this suggests that
the cellular approximation might be reasonably good for
many monovalent metals, for which only half of the first
Brillouin zone is occupied.

For higher bands, the errors become fairly large.

Actually, the situation is worse than appears at first sight.
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Note that I have labeled the curves, both the exact ones and the
calculated ones, with the symmetry types of the associated
wave functions, using the notation of Bouckaert,
Smoluchowski and Wigner.

Al refers to wave functions that are unchanged by 120° rotations
about the direction of the wave vector, and also unchanged by
reflection in any of the three symmetry planes passing
through it.

A2 describes functions that are also unchanged under 120° rotations,
but that change sign under reflection in the planes, while A3
describes a pair of degenerate states that change respectively
by e27i;i/3 and e-2rci/3 under the rotations.

Ifwe look at the curves on the right, near the boundary of the
Brillouin zone, we see that the lowest two should be both of
Al symmetry, and this agrees with the approximate
calculation.

The exact curves show four states closely spaced, in this energy
range here, consisting of two doubly degenerate states of A3
symmetry, and two more states of Al symmetry.

The cellular method calculation gives two pairs of A3 states at
slightly too low an energy, but showsj& Al state* aUsffin the
energy range covered by the Figure.

What this means is that the cellular method is apt to be very
untrustworthy for occupied bands of polyvalent metals, and
also for the normally empty conduction bands of insulators
and semiconductors.

While one could hope to improve the accuracy by increasing the
number of fitting points, further investigations that Shockley
made indicated that significant improvements did not come
rapidly.
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This simple example, and growing experience with calculations for
real crystals, made workers in the field very desirous of
finding better ways of calculating Bloch eigenfunctions.

Slater himself proposed a greatly improved method in 1937, known
as the "augmented plane wave method".

In this procedure, a crystal is divided into two types of regions by
imagining each cell to contain an inscribed sphere, or a
slightly smaller sphere, so that the spheres of different cells
do not overlap.

In the regions between the spheres, one assumes the potential to be
exactly constant, thereby neglecting the relatively small
fluctuations that occur here.

Within each sphere, the potential is assumed to be the spherically
symmetrical potential appropriate to the free atom, plus that
due to the relatively uniform valence charge density.

For any given value of the reduced wave vector k one can find a
sequence of wave vectors with the same reduced wave vector
and successively increasing magnitudes.

f* *?*? —3* For anY one or these, with energy Enk.one can find a solution of the
wave equation inside each atomic sphere, with this same
energy, whose value will equal the value of the plane wave at
every point of the sphere, although the normal derivative will
not be the same.

That this can be done is obvious if we resolve the plane wave into
spherical harmonics on the surface of the sphere, and then
consider, for each order of spherical harmonics, the solution
of the interior wave equation for the radial dependence of an

> interior wave function with^given energy and the same
angular dependence.
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Since the angular dependence is the same for the interior and
exterior functions, we need only to multiply the interior
solution by a suitable constant to get it to equal the exterior
function at all points of the sphere.

While getting a complete fit to the exterior plane wave would of
course require spherical harmonics of every order, a very
good fit can be obtained in practice with only a few orders, or,
in other words, a few values of the orbital angular
momentum quantum number.

Having done this fit, we can now construct the matrix of the
Hamiltonian with respect to all the basic states we have thus
constructed, and diagonalize this matrix to get a good
approximation to the desired eigenvalue.

The first application of the augmented plane wave scheme to the
calculation of conduction bands for a specific material was
performed for the metal copper in the Ph.D. thesis of a
graduate student of Slater's named Marvin Chodorow.

This is a name very familiar to us at Stanford, as he has been a
faculty member in Applied Physics and Electrical Engineering
for many years, and was for a period Director of the Ginzton
Laboratory.

However, extensive use of the augmented plane wave method came
only a decade or more later, when computing facilities more
powerful than the old mechanical calculatorswlSelrvailable.

Then its use spread rapidly all over the world.

A rather different type of approach arose unexpectedly out of a
project I was attempting unsuccessfully to pursue as a
postdoctoral at MIT.

This was the attempt to calculate phonon frequencies in metals by
calculating the effect of a small distortion of the crystal lattice
on the electronic wave functions and ultimately on the energy
determined by them.
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My equations were always running into trouble because of the
singularity of the potential at each nucleus, so that even a
very small shift of the nuclear positions could cause a huge
local shift in the potential, and at least some ways of trying to
treat this as a small quantity would blow up.

One day it occurred to me that one could avoid such problems if,
whatever the state of deformation of the lattice, one always
worked with a basis set of wave functions orthogonal to the
core states of all the atoms.

About the simplest sort ofbasis of this sort would be ordinary plane
waves, linearly combined with enough of each of the atomic
core states to be orthogonal to it.

So just as an experiment, to see what such functions might look like, I
tried taking the simplest plane wave of wave vector 0, in
other words, v|/ =constant, and adding to it enough dljPls
and 2s eigenfunctions of the Prokofjew potential for sodium
to make the sum orthogonal to these, and then plotting the
radial dependence of the resulting function.

Comparison of this plot with the radial dependence of the k=0
eigenfunction calculated by Wigner and Seitz for metallic
sodium showed a remarkably close resemblance, so it seemed
natural to try out the idea of calculating Bloch-band energies

j^y and eigenfunctions by starting witn^rmSgonalized plane
waves for each particular reduced wave vector, and treating
the matrix elements of the Hamiltonian between these as
small perturbations.

An excellent opportunity to try this out for a real metal happily
presented itself at just this time.

Albert Gordon Hill, an experimentalist who had just finished his
—5^ Ph.D. at the University of Rochester had arrived at MIT at

the same time I did, and we had become good friends,
teaching, among other things, different recitation sections of
a graduate course in theoretical physics.
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He had spent part ofhis time at Rochester doing theoretical work
under Seitz in an attempt to calculate Bloch bands for the
metal beryllium.

He was anxious to continue this work, but because beryllium has two
valence electrons per atom, and two atoms per unit cell, its
bands get quite complicated near the Fermi energy, where the
original Wigner-Seitz techniques are far from adequate and
the cellular approximation is very risky.

So he was glad to join me in undertaking the laborious task of
calculating the whole band structure by the new
orthogonalized plane wave method.

We found the job interesting and rewarding, though the results were
obviously not as accurate as those for the alkali^? metals had
been.

Iwon't attempt to describe the work, but Iwill show you acouple of
figures from it that illustrate the point Imade aminute ago,
namely that even a single orthogonalized plane wave can
approximate the behavior of a conduction electron state in
the region of the atomic cores fairly well.

Here the diagram on the left shows a comparison of the k=0
orthogonalized plane wave state, before the improvements
due to perturbations by higher states have been incorporated,
with the *** quite accurate conduction-band ground state
function calculated by the Wigner-Seitz method.

The two functions have been give the same normalization, and you
will see that they agree quite well over the range shown.

Even at the nucleus, where the wave function is way down here with
an absolute value about 8times as great as it is up here in the
outer part of the atomic cell, the two wave functions differ bV
only about 5%. J

This comparison, as Isaid, is for the lowest-energy state in the
conduction band.
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Another unfortunate factor was the general tendency of scientific
workers in the west to ignore the work of all but the most
distinguished Russian scientists.

A nice example of this is provided by two effects of minority carriers
in semiconductors that were discovered quite early by Russian
experimentalists and then rediscovered decades later in the
west.

These effects, which I can't take the time to describe, are the Dember
effect and the photoelectromagnetic effect.

But now let me get back to the story of the junction transistor.

The actual construction of this devicehad to depend on the rapid
advance of experimental techniques for crystal growth,
control of doping, and control of recombination centers.

Fortunately, the problems were soon solved and a working example
-> was reported by Shockley, Sparks, and P-eale in 1951.

Tea)

Commercialization of junction transistors of course took many more
years but though that's a fascinating story, it would take us
too far into materials science and electrical engineering.

The one further thing I'd just like to mention about transistor
development is that Shockley's early suggestion of modifying
the conductivity of a thin semiconductor layer by using the
layer as one electrode of a parallel plate condenser ultimately
worked beautifully.

As I told you a few minutes ago, the attempt by Brattain and Bardeen
to construct an amplifier in this way was a complete failure
because the induced charge on the semiconductor resided in
immobile surface states rather than in an altered density of
mobile carriers.

When materials preparation improved to the point where surfaces
free of surface states could be prepared, everything worked
as it should have, and the so-called "field-effect" transistor
was born, and now is widely used.

-^> flow li£& UftMt kYwrHH-tdrs a,yil hoh #i <&*** *J**~hc*s>r*>'%**H}
and ifit oLwIsbflrty *f fw^awj. *??,& &**£*<:& org^^
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Some time ago we were talking about the theoretical calculation of
electronic band structures for particular materials and I may
have mentioned that up through most of the 1940s
calculational methods were still somewhat crude and there

were few experiments that could be unambiguously
associated with specific features of band structure.

But now calculations were improving, and the advent of good
semiconductor crystals with highly controllable impurity
content were making it easier to do clearly interpretable
experiments.

So now let's see, in the orange boxes, how theory and experiment
could start to get together.

Since the experiments I'm going to talk about were done on
germanium and silicon, which have the same crystal structure
as diamond, a good place to begin is with efforts to calculate
the electronic band structure of diamond.

There had been several early calculations for this material, using
some of the cruder techniques, but they were not very
convincing and sometimes yielded unreasonable results, such
as zero-width bands or an excessively large forbidden gap.

But then a breakthrough came, and I had a fortunate opportunity to
look over the shoulder of the manwho was making it.

At one ofthe New York meetings of the American Physical Society,
which were heldat Columbia University in those days - this
was about 1950 - I was approached in the corridor bya young
man who gave his name as Frank Herman, and said he was
undertaking at Columbia University a Ph.D. thesis project on
the band structure of diamond.

He said that after studying the literature onvarious techniques for
computing band structures, he had decided that the most
promising onefor his project wouldbe the orthogonalized
plane wave method that I had introduced in 1940.
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I was very interested in his project as a major test of the technique,
and as we were based within easy commuting distance of
each other, we agreed to consult from time to time on the
progress of the work.

The calculations went reasonably smoothly, and were greatly
facilitated by the availability at Columbia of early IBM
vacuum-tube computers.

The final band structure, published in 1952, seemed to have
converged fairly well as a function of the number of
orthogonalized plane waves used for the calculations, and
showed striking differences from the results of all previous
calculations, especially in regard to the states near the bottom
of the conduction band.

The k=0 conduction band state was found to be three-fold
degenerate, with a symmetry of the type expected for bands
derived from atomic 2p states, whereas previous calculations
had found a k=0 conduction band state that was
nondegenerate and of the symmetry that would be derived
for a band formed from atomic 2s states.

The conduction-band minimum was found to be a little lower in
energy, and located on a [100] axis in k-space.

The calculated band gap was very close to that which could be
inferred from the onset of optical absorption, and the width
of the"^^ valence band, 22 eV, was close to that inferred
from the spectral spread of the x-ray Koc emission edge.

This favorable outcome encouraged Herman to forge ahead with
what had been his ultimate goal from the start, namely, to
elucidate in full detail the band structure ofgermanium,
which at that time was the semiconductor that had been most
studied experimentally.

The calculation was carried out by Herman and Joe Callaway, a
graduate student at Princeton, working at the RCA Research
Laboratory in Princeton.
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They found a band structure very similar to that of diamond, except
that the forbidden gap was very much smaller, being indeed
quite close to the experimental value, less than 1 eV.

But at the very same time that these first-principles calculations
were being made, a lot of theoretical work was being done on
the quantitative relations of band-structure parameters to
various quantities that could be experimentally measured,
and the experiments were being performed.

Particularly informative were two types of transport measurements,
magnetoresistance and piezoresistance, whose anisotropy in
single crystals could be quite striking.

The former, the change of resistance in one direction when a
magnetic field is applied in some other direction, can be
treated by solving a transport equation in k-space, and is
obviously very dependent on the anisotropy of the effective
masses of the charge carriers.

The large piezoresistance of many semiconductors was a new effect
discovered at about this time by C.S. Smith, a professor from
Case Institute who was spending a sabbatical year at Bell
Laboratories.

The way in which a modest shearing stress can produce a marked
anisotropy in resistance is illustrated by the example of
electrons in n-type silicon.

As one might already have suspected from the analogy to Herman's
initial band calculation for diamond, and as was soon to
become clear from other experiments on silicon, the lowest-
energy states in the conduction band of silicon are states with
wave vectors pointing in tlie^lOO-type crystal directions, and
near each of these the energy increases rapidly in directions
normal to the cube-axis direction, butmuch more slowly in
the direction parallel to it, so that the surfaces of constant

-=?> energy are x^spheTOids like those Ihave shown in this
drawing.
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EARLY IDEAS ON "FREE" ELECTRONS IN SOLIDS

Objections:
Electron

specific heat
What

determines
n and 1?

Why is Hall
coeff. > 0
sometimes?

Cause of T
dep. of o?

Why metals
vs. ins.?

Classical electron
gas permeating
space between
+ ions

Wiedemann-Franz
law k = 3rk^2

oTIe

Classical
charged
particles

in equilib.
never have

mag. moment

Electron spin

Exclusion principle

ermi-Dirac
statistics

Metal spin
paramagnetism

Drude1900

/
1900

Lorentz 19oT|

Bohr 1911

Uhlenbeck &
Goudsmit 1925

Pauli 1925

Fermi 1926

Dirac 1926

Pauli 1926

1910

1920

Specific heat and
transport th. for el.
gas with F-D stat.

Sommerfeld 1927-28
k =n2rk
oT T

1930
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TECHNIQUES FOR CALCULATING
BLOCH FUNCTIONS AND ENERGIES

Self-consistent X |v|/j(r)|:

Pot. to fit low atomic E's

"s-sphere" be for lowest \|/0
"k«p method" for d2Ek/dk2

be at a few cell bound. pts. |

Hartree 1928

Prokofjew 1929

Fock, Slater 1930
1930

Wigner&Seitz 1933-34

Slater 1934

Hellmann 1935.Pseudopot. to make low
valence \|/'s nodeless

Hellmann & Kassatotskin 1936.

APW with muffin-tin pot. I -4

Empty lattice test

En. vs. vol.; simpler d2Ek/dk2

Plane waves made orth. to cores

Eff. repulsion from F-D distrib.

Slater 1937.

S hockley 1937

•^ Bardeen 1938

4 Herring 1940

1 Gombas' 1939

1940

Pseudopots. & relation
to OPW; dep. on 1

Phillips 1958 J] Antoncik 1958

Phillips &Kleinman 1959~]

Norm-conserving pseudopots. j^

Tables of norm-cons,
pseudopots.

Shaw & Harrison 1967

Topp&Hopfieldl973

Bachelet, Hamann,
& Schliiter 1982

1980
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Experiment

J.C. Bose
1901

Pressor 1925

Grondahl 1926

1930

Rottgardt
1938

Military radar
projects

1940

Work at DuPont
& U. Penn. 1941

Bardeen &
Brattain 1948

1950

SEMICONDUCTOR
RECTIFIERS AND

Galena (PbS)
rectifiers

Se rectifiers

Cu20 rectifiers

Advantages of Si
rectifiers

Need for better
Si rectifiers

//

4-nines" and
then "5-nines Si

Point-contact
transistor

Teal & Little 1950
Good single

crystals.

Shockley, Sparks &
Teal 1951

Junction
transistor

Pfann 1952 Zone refining

Theurer 1956 Float-zone refining



MATERIALS
TRANSISTORS

Surface-bound
states

Rectific. by
p-n junction ^

Rectific. at
metal-semicond.

boundary

Theory

Tamm 1932
1930

Davydov 1938

S hockley 1939

Mott 1939

1940

juries stated

Schottky
1939-40

I S hockley 1949
Rectific. by
p-n junction

Junction
transistor

1950



BAND STRUCTURES ANE

OF GROUP I\

Experiment
1940

Pearson &
Bardeen 1949

1950

Pearson &
Suhl 1951

Dresselhaus, Kip
& Kittel 1953

Mansfield &
Salam 1953

Frederikse 1953

Pearson &
Herring 1954

Smith 1954

1955

n&p Si=dep.
of a & R on T

& doping

Magnetores. of
n&pGe

Cyclotron
Res.in Ge

Phonon drag
inMoS.

Phonon drag
In n&p Ge
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k • p PERTURBATION METHOD

For Bloch function \{/k= eik#r uk
with uk(r+t) = uk(r)

The wave equation H\|/k = Ek\|/k
is equivalent to

[eik.r Heik.r ] _H g
k"k u,

IfH = -JiV2 + V,then
2m

Hk = "I2 V2- ffi2 k»V + h2k2 + V
2m m A 2m

T
perturbation term

(=hkELl
m
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these being in each case the configurations expected to be most favorable on the basis

of theoretical calculations of the types discussed in Chapters 15 and 17. The

vibrations were taken as harmonic, with-the. wave numbers co/2nc

H°: 1500 cm'1(one mode) and 500 cm'1 (2 modes) (89)

or else - .

H°: 800 cm"1 (onemode) and300 cm'1 (2 modes) (90)

and similarly

Hj 3000cm 1(onemode) and500 cm'1 (5 modes) (91)

or else

#2:1800 cm (one mode) and ZOO cm l (5 modes) . (92)

In all cases, the thermodynamic data of Stull and Prophet (1971) were used for
• .. • "••*•<••*.'. »'*.,.

gaseous H2. ... *, .';'**

It will be seen that despite the rather considerable range of assumptions used for

the various curves, the total dissolved hydrogen in equilibrium with gas at 1

atmosphere is very small,*probably undetectable at temperatures as low as 500K. If

AE2 is as lowas 1.5eV, the concentration ofdissolved H2 always stays well below that

of HO, as the No2 factor in (12) decreases faster with decreasing temperature than the

factor exp (AE2/KT) increases; for AE2 closer to 2.1 eV, H2 becomes strongly dominant

at the.lower temperatures,- A AE2 appreciably larger than 2.1 eV would be hard to

reconcile with the high temperature observations. The HO concentrations always

decrease extremely rapidly at low temperatures. The possible equilibrium

concentration of H+ or H~, not shown in the figure but calculable from (3) or (4),

.could be quite a bit larger if (ep - eF) or (^ - eA), respectively, is large, but even with

fairly extreme assumptions it' would be hard to get dectable concentrations in
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