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/ Lecture VITI 1 

LECTURE VIII 

Electrons Shun Each Other: Correlation Energy, Plasmons, Etc. 

Well now we're up to Lecture 8, the first of the final group of this 
series, which will deal with some of the more sophisticated 
development of the last half-century. 

I hope to be able to finish the series with this lecture and two or three 
more. 

As I warned you last time, this lecture and the next will be almost 
entirely devoted to the story of how, after some decades of 
work with simplified quantum-mechanical theories of 
electrons in solids, some deficiencies of these theories became 
more and more painful, and how a number of new concepts 
enabled the theories to become both more satisfying 
intellectually and more useful practically. 

The first group of topics I want to discuss can be given the simple 
name "correlation energies". 

In the early years of quantum physics, and even today, people have 
found it convenient to think of electrons in an atom as 
definitely occupying certain orbitals specified by quantum 
numbers and other orbitals as being definitely empty, and 
similarly have thought of electrons in crystals as occupying 
certain Bloch states and leaving others empty. 

But at the same time everyone has known since the early years that 
the wave function of a many-electron system is a function of 
the coordinates and spins of all the electrons together, and 
that a wave function with all orbitals either definitely 
occupied or definitely empty has to be of the form of a 
determinant of one-electron wave functions, which cannot 
describe electrons whose probability distributions in their 
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many-dimensional coordinate space have any correlations 
with one another beyond those required by the exclusion 
principle. 

Because it is energetically favorable for electrons that repel each other 
to show a certain amount of mutual avoidance, the energy of a 
determinantal wave function will always be somewhat higher 
than the ground state energy of a system. 

The difference between the minumum energy of a determinantal 
wave function, which can be calculated by solving the 
Hartree-Fock equations, and the true ground state energy, is 
what is called the "correlation energy". 

If interpreted in a broad sense, correlation energy is really the theme 
of everything I'm going to say in the present lecture. 

I'll start off talking about how big correlation effects are, and the 
progress that was gradually made toward determining from 
theory how large the correlation energy is for a free-electron 
gas at any given density. 

With this as a starting point, I'll discuss how these studies 
illuminated the physical nature of correlation energy, and 
how an understanding of this physical nature facilitated 
estimation of correlation-energy effects for conduction 
electrons in the periodic field of a crystal, or in other 
situations. 

This understanding, in turn, made possible new theoretical pictures 
of electrons in crystals that were better adapted than the old 
ones to the qualitative and quantitative understanding of real 
materials. 
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Particularly important were some quite novel concepts that emerged 
from the new pictures and that provided keys to the 
understanding of otherwise puzzling results that were 
emerging from new experiments. 

I'll start to discuss these pictures in the present lecture, but develop 
them more completely in the next lecture. 

So, starting with a look at correlation energy in the narrow sense, let 
me focus on what might be called the prehistory of the 
correlation energy problem, designated by the green boxes on 
this transparency. 

As you know, one of the first things to which people tried to apply 
the new quantum mechanics was the structure of simple 
atoms. 

Although wave mechanics worked beautifully for the hydrogen 
atom, all other atoms contained two or more electrons, and so 
their wave functions should be functions in a configuration 
space of at least six dimensions, of which only three could be 
eliminated by utilizing the spherical symmetry of the nuclear 
potential field. 

So attempts were made to approximate the wave function of, say, the 
helium atom, by a function of the three remaining variables, 
dependent on adjustable parameters. 

One could calculate the energy of this wave function and minimize it 
with respect to the adjustable parameters, knowing that the 
energy found would have to be greater than the ground-state 
energy one was seeking. 

The hope was that with good choices of form for the wave function 
the minimum would be a good approximation to the ground 
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state energy. 

Some 1929 calculations of this sort, made by Hylleraas, did in fact 
give quite a good energy. 

The corresponding approximate wave function must therefore have 
been fairly close to the correct ground state wave function, so 
examination of it can give us a picture of the physical origin of 
the correlation energy. 

As for the magnitude of the correlation energy, that is measured by 
the difference between the observed ground state energy and 
the energy of the optimal determinantal wave function, 
which, as I've already discussed in an earlier lecture, can be 
determined by solving the self-consistent set of one-electron 
wave functions that was proposed by Slater and Fock at 
almost the same time. 

The comparison gives a correlation energy of about 1.09 eV for the 
helium atom, or half this for each electron. 

Examination of the Hylleraas wave function shows that the two 
electrons lower their electrostatic interaction energy in two 
ways. 

For one thing, they have a tendency to avoid both being at nearly the 
same distance from the nucleus; this is called in-out 
correlation. 

Also, however, when they do happen to be at nearly the same 
distance from the nucleus, they tend to be on opposite sides of 
it; this is called angular correlation. 
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Of course, these correlations require that the electrons not spread out 
as freely as statistically independent electrons would over the 
total volume that they explore. 

This restriction increases their kinetic energy, so that the virial 
theorem, which requires that the kinetic energy be half of the 
negative potential energy, may continue to be satisfied both in 
the true wave function and in the determinantal 
approximation. 

It was of course obvious that similar effects would produce similar 
correlation energies in other atoms and molecules, although 
the details of the ways in which the electrons decided to avoid 
each other could become more complicated the larger the 
number of electrons. 

One fact, however, was reasonably clear from studies of other light 
atoms, namely that the average correlation energy per 
electron tended to increase as the average density of electrons 
per unit volume was made greater. 

So it was not surprising that when Wigner and Seitz undertook their 
historic calculation of the binding energy of metallic sodium, a 
few years later, they found that for a calculation representing 
the valence electron system by a determinant of one-electron 
Bloch functions, the calculated binding energy was less than 
the observed energy of sublimation by an amount of the order 
of one volt per valence electron. 

However, at this early date even some leading physicists did not 
clearly understand the nature of correlation effects in many
electron wave functions, and indeed this lack of vision 
persisted in some quarters for a decade or two longer. 
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I can't resist mentioning an example of this. 

In the early 1930s, a distinguished theorist, whose name is deservedly 
honored for his contributions to the early theory of electrons 
in crystals and to the general formulation of perturbation 
theory, published a paper in which he undertook to treat the 
Coulomb interaction of the electrons in a free electron gas by 
perturbation-theoretic methods. 

His conclusion was that in the limit of a very large volume, at given 
density, the energy corrections from all orders of perturbation 
theory would vanish. 

In other words, there would be no correlation energy effect. 

This conclusion, which to us now seems absurd, was due 
mathematically to taking two kinds of limits in the wrong 
order. 

This is the sort of mistake all of us make now and then, but usually 
catch before submitting a final calculation for publication. 

The important point of this example is that at this early stage the 
author, like many others, did not have a proper physical 
intuition for the way a free-electron gas should behave. 

Well, so much for misconceptions, let's turn now to the efforts to 
make realistic quantitative estimates of the magnitude of 
correlation energy in real solids. 

As I mentioned earlier, Wigner and Seitz learned from their 
calculations for sodium that the correlation energy for the 
conduction electrons of this metal must be about one eV per 
electron. 
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Although there is, of course, a correlation energy effect associated 
with the interaction of valence electrons and core elec trons on 
the same atom, this term in the energy would automatically 
have been included in their calcula tions because it used the 
empirical potential developed earlier by Prokofiev to fit the 
observed elec tronic energy levels of a single sodium a tom , as I 
explained earlier in Lecture 4 in conn ec tion wi th the 
pseudopotential concept. 

Since the calculations showed that the wave functions of the 
conduction electrons were very close to those of simple plane 
waves over most of the volume of the wlit cell, it seemed 
natural to assume that the correlation energy for the 
conduction electrons alone should be very nearly the same as 
that of a free elec tron gas of the same mean density, and so 
Wigner soon a ttacked this simpler problem. 

His early results, which p roved ex tremely useful, were followed over 
a number of decades by increasingly sophisticated 
calculations by others, which not only refined their accuracy 
but produced valuable new physical insights. 

So it will be worthwhile to devote a fair amount of time discussing 
the gradual progress on this free-electron problem, for which 
I've used orange boxes. 

As I've already intimated, the first serious at tempt to calcula te the 
correla tion energy of free electrons from first-principles was 
made by Wigner 

The difficulty of finding a good approximation to the \,,'ave function 
of a sys tem of very many interacting electrons led him to 
focus on the behavior of two limiting cases, n amely high 
density, which he considered in a paper in 1934, an d low 
density, which he trea ted in 1938. 
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The reason for the distinction between these two cases can be 
understood from the fac t that the kinetic energy T and the 
potential energy V scale differently with the elec tron density, 

V(:i3k as I'll now show with the aid of a few equa tions. 

As I've just s tated, the sys tem we are considering is a gas of free 
electrons to which we must add a compensatin g positive 
charge to keep the sys tem as a whole electros ta tically neutral. 

One m akes the simplest choice for th.is, nam.ely, a cons tant positive 
charge density independent of position. 

The density of this charge, or equi valently of electrons, is conu110nly 
parameterized by the radius rs of the sphere whose volume is 
the volume per electron, and in what follows I am going to be 
expressing this in terms of the Bohr radius. 

The Hamiltonian consists of the sum of the operators for kinetic 
energy T and potential energy V, where the la tter is m easured 
relative to a state with all electrons and every element of 
positive charge very remote from each other. 

ow I mentioned a minute ago that the relative sizes of the kine tic 
and potential energies depended very much on the density. 

This difference already shows up quite clearly in the Hartree-Fock 
approximation to the ground-state wave function, which, as 
I've written here, is just a normalized product of a 
determinant of up-spin plane waves filling the interior of a 
Fermi sphere by a de terminant of sU11.ilar down-spu1 plane 
waves. 
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Here capital N is the total number of electrons. 

It is trivial to calculate the expectation value of the kinetic energy and 
of the potential energy for this wave function; expressed in 
terms of energy per electron, the kinetic energy comes out, in 
rydbergs per electron, to equal 2.21 I r/, while the potential 
energy is -O.916/rs• 

This latter figure, the mean potential energy, would be zero if the 
electron distribution were completely random, with no 
correlations between the positions of different electrons. 

The negative VHF I show here is due to the Pauli exclusion principle, 
which required us to choose an anti symmetric form for the 
wave function <I>HF' and makes the probability distribution for 
parallel-spin electrons to go to zero as their positions 
approach each other. 

The corresponding reduction of electrostatic energy is what we call 
"exchange energy". 

The main thing that I want to point out from this approximation, 
though, is that the kinetic energy is much more important 
than the potential at small rs, while the potential dominates 
over the kinetic at large rs. 

So it naturally seemed to Wigner that the logical way to get a better 
approximation to the ground-state energy for the high-density 
case would be to start with the wave function that minimized 
the kinetic energy, which of course was just the Hartree-Fock 
wave function, and then try to treat the potential energy terms 
as a small perturbation. 

The calculation was complicated and required further 
approximations, but in Wigner's first paper he succeeded in 
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getting an approximation to the ground-state energy that 
seemed reasonable for moderate to fairly high electron 
densities. 

He found the correlation energy t corr' defined as the energy difference 
between the Hartree-Fock energy and the true ground state 
energy, per electron, to be of the order of an electron volt for 
the typical metallic densities corresponding to rs of a few Bohr 
units, and increasing modestly with decreasing rs. 

At smaller rs the rate of increase became very slow. 

A few years later, in 1938, Wigner pointed out that for very large 
values of rs' the potential energy term would be completely 
predominant over the kinetic energy term, and the electrons 
would try to minimize their interaction energy by adopting an 
ordered structure like a crystal lattice, quite possibly the 
lattice which the ionic-crystal experts had already identified 
as the one of minimum electrostatic energy, namely, the body
centered cubic. 

This structure would have an electrostatic energy of -1.492/rs 
rydbergs per electron. 

Compared with the usual plane-wave Hartree-Fock solution, this 
would imply a correlation energy tcorr of -O.S8/rs rydbergs. 

But the formation of such a lattice would require that in passing from 
the normal metallic range of densities to the extremely low rs 
region, one would have to have a phase transformation, 
where the slope of the curve of tcorr versus rs would change 
discontinuously. 

There's one more qualitative aspect of correlation energy that I'd like 
to mention before going on to some of the later work, and that 
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is the concept of a correlation hole. 

If we sit on a particular electron, and ask how its near neighbors are 
distributed in space relative to it, we get a picture that is very 
different in the various limiting cases. 

For non-interacting electrons, in their ground state <Po, the picture is 
simple: electrons of opposite spin have no correlation at all, so 
the distribution of neighbors is simply uniform as indicated 
by the top blue curve here. 

However, as I said earlier, electrons of parallel spin are kept apart by 
the exclusion principle, that is, by the fact that the wave 
function must be antisymmetric in the coordinates of any pair 
of electrons, so that their probability amplitude for being at 
the same place goes to zero, and the total probability 
distribution for all parallel-spin neighbors has the shape 
shown in the red curve here. 

When electron-electron interaction is taken into account both curves 
are lowered at small distances, and very slightly raised at 
large. 

For the high-density limit the opposite-spin correlation function is 
only slightly less than random at r=Q but is depressed over a 
sizable range of the order of the Debye screening length, 
which is much lar~er than rs at high densities, being 
proportional to r s 1 

2 . 

For parallel-spin electrons, the curve, as shown in red, is nearly the 
same as for anti-parallel, except at short distances, of the order 
of rs itself, where the exclusion principle, as always, takes 
over. 
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Near the low-density limit, as we can see in this last diagram here, 
the shape of the correlation hole is very different. 

A given electron at the origin sees practically no other electrons at 
distances significantly less than the nearest-neighbor distance 
in the Wigner lattice. 

Electrons of opposite spin are localized in the neighborhood of the 
nearest-neighbor sites, and electrons of parallel-spin are 
localized near the second-neighbor sites for reasons that were 
pointed out some years later, and that I'll discuss in a later 
lecture in connection with the theory of antiferromagnetism. 

But the energy required to mix up the spins is small compared with 
the total correlation energy. 

I have spent a good deal of time discussing these aspects of 
correlation energy, most of which were developed in the 
papers of Wigner, because they proved very helpful to solid
state theorists for a number of decades. 

However, before I pass on to other aspects, I should make clear that 
even when conduction electrons in solids behave like free 
electrons, their densities for all metals and nearly all semi
conductors fall pretty much in the middle range between the 
high and low density limits, so that our discussion of these 
limits is useful more as an indicator of the trends with change 
of density than of actual behaviors of real materials. 

The high-density limit can of course be well realized by electrons in 
the interiors of white dwarf stars, and the low-density limit 
has been realized for the two-dimensional electron gas 
adsorbed just outside the surface of liquid helium, so these 
cases are not really totally unphysical. 
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But now I want to pass on to some work that was done in later 
decades, still on the problem of correlation energy in an ideal 
free-electron gas, work that not only gave more accurate and 
detailed quantitative information, but also gave rise to some 
new and useful physical concepts. 

The new physical concepts arose first, and most importantly, in a 
series of papers by David Bohm and his student at Princeton, 
David Pines. 

The early stages of this work provided a couple of nice examples of 
the fruitfulness of interactions between areas of physics that 
might superficially have seemed quite unrelated. 

During those years I was at Bell Laboratories, which is only an hour's 
drive from Princeton, and being myself interested in the 
correlation energy problem, was glad that they gave me 
opportunities to learn about their work while it was in 
progress. 

During World War II, Bohm, who had just obtained his doctorate 
under Oppenheimer at Berkeley, became involved in the 
study of the dynamics of gaseous plasmas, which were 
important in connection with the problem of electromagnetic 
separation of isotopes for the Manhattan Project. 

After the war ended, Bohm's interest in plasma dynamics continued 
at Berkeley, and came to be shared by Pines, who was then a 
graduate student there. 

Bohm soon joined the faculty at Princeton, and with the student Pines 
following a little later, the two of them began to wonder if the 
capacity for collective motion shown by electrons in a classical 
plasma might not have an analog in the quantum behavior of 
electrons in solids, and possibly be related in some way to 
superconductivity. 
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The simplest types of static and dynamic collective behavior of 
'1~5..v classical plasmas had been identified in earlier decades in the 

work of DeBye and Huckel on the screening of electric fields 
in solutions containing positive and negative ions, and in the 
experimental and theoretical work of Tonks and Langmuir at 
General Electric on plasma oscillations. 

I've put these developments in brown boxes up here to identify them 
as part of the classical pre-history of the main subject we're 
discussing. 

The occurrence of plasma oscillations is a natural feature to be 
expected in any medium made up of light particles of one 
charge and heavy particles of the opposite charge in 
concentrations that just compensate each other on the average, 
and where the light particles can move back and forth at high 
frequencies without their motion being much impeded by the 
heavy ones. 

In such cases, a local excess of the light particles will create a region 
of net charge density, which in tum will create an electric field 
of such sign as to pull the light particles away from each 
other, thus decreasing the excess of charge. 

Because of the inertia of the light particles, this outward motion will 
overshoot, creating a region of the opposite charge, which will 
pull the light particles back again, setting up an oscillation. 

This is a simple harmonic motion, whose frequency can be calculated 
by classical mechanics, and then related to the quantized 
energy levels by the usual rules. 

I'm sure many of you have seen the mathematics before, but I'll just 
go through it quickly as a reminder. 
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We idealize the plasma as a classical gas of particles with charge e, 
mass m, and having a number density p dependent on 
position and time. 

We assume these can move frictionlessly through a constant 
background of charge with uniform density poe, of such 
magnitude as to exactly compensate the total density due to 
pee 

For a small-amplitude oscillation we may take p = -Po + a small 
increment ~p, and let j{x, t) be the total current density, and 
then we can write three equations, as I have shown here. 

The first is the equation of continuity, the second expresses the 
acceleration of the current by the local electric field E, and the 
third is Poisson's equation which determines E from ~pe. 

If we differentiate the first equation with respect to t we get the 
orange-bracketed quation below it, which must be the same as 
the derivative of the second equation with respect to x, as 
shown here by the green-bracketed equality. 

By using the third equation (purple-bracketed) this equals the 
expression at the far right. 

The equality of the far left with the far right tells us that ~p carries 
out an oscillatory motion with angular frequency (0 given by 
this equation in the red box here. 

The generality of this phenomenon made Bohm and Pines realize that 
plasma oscillations should occur as a possible mode of 
collective oscillation for the electrons of a metal, though they 
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knew of no evidence that such oscillations had been seen 
experimentally. 

They were intrigued, however, by the fact that the oscillations, being 
a simple harmonic motion, should be quantized, and that to 
fit the associated degrees of freedom into the usual 
formulation of the Schrodinger equation in terms of the 
coordinates of a large number of individual electrons would 
be a nontrivial mathematical problem. 

However, they made some progress on it, which they described to 
me in 1950 when they visited Bell Laboratories. 

At that time I knew very little about gas discharge physics, but their 
description of the physics of plasma oscillations was easy to 
understand, and I could readily accept their argument that 
these oscillations should exist in metals and should be 
quantized like other forms of simple harmonic motion such as 
phonons. 

I suddenly recalled a mystery that had been puzzling me recently. 

My colleague at Bell, J.B. Johnson, famous for his discovery in the 
1920s of universal thermal noise in resistors, now called 
Johnson noise, had shown me one day a couple of papers 
recently published in Germany, describing the energy 
distribution of losses in energy by multi-kilovolt electrons in 
passing through thin metal foils. 

These papers, describing independent work by Ruthemann and 
Lang, respectively, showed a remarkable clustering of the 
losses about a series of values describable as integer multiples 
of a single unit. 
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This picture, taken from Lang's paper, is typical of the results they 
found on several metals. 

The data here are from transmission of 7.5 kilovolt electrons through 
an aluminum foil 350 Angstroms thick. 

The ordinate is electrons per unit time per unit energy, and the 
abscissa is the energy loss, zero loss of course being 
represented by the off-scale peak here. 

The peaks in the loss distribution are, as you can see, evenly spaced, 
the spacing being about 14.8 electron volts. 

The surprising feature is that so many peaks, six in this case, can be 
seen clearly. 

This number increases as the foil is made thicker, and this suggests 
that a sizable or major part of the energy losses occurs 
through successive events of electron excitation in the crystal 
that are essentially identical, with a fixed probability of 
occurrence per unit distance. 

The German authors had offered no explanation of the periodicity of 
their loss spectra, and Johnson asked if I had any ideas. 

So I tried to imagine how some sort of band structure or other type of 
one-electron energy levels could give rise to a highly probable 
excitation with an energy loss that did not fluctuate from 
event to event by more than a couple of electron volts or so. 

But I knew that the conduction bands of aluminum formed an 
occupied continuum 12 or 14 electron volts wide, and that 
empty bands had even more rapidly varying energies. 
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And I certainly couldn't think of any way there could be localized 
single-electron levels so close in energy to the Fermi level. 

So I had come to the conclusion that I would have to seek for the 
mysterious sharp transitions in the realm of collective 
excitations, and had decided that when I had time I ought to 
study the Drude-Lorentz theory of optical constants of metals 
to see if it would give me any ideas. 

When Bohm and Pines explained plasma oscillations to me, I 
suddenly realized that these were exactly what I had been 
looking for. 

So I at once told them about the energy-loss experiments and they 
were delighted to hear of this probable direct manifestation of 
plasma oscillations. 

Indeed, the loss energies observed for metals with broad conduction 
bands, namely, aluminum and beryllium, agreed pretty well 
with the quantum energies expected for plasma oscillations of 
free electron gases with the same electron density as these 
metals. 

They promised to look into the possibility of a further check via a 
calculation of the probability per unit time for a fast electron 
to excite a plasma quantum. 

And indeed a few days later I received a letter from Bohm with a 
sketch of such a calculation, which gave a value of about the 
observed magnitude. 

So Bohm and Pines continued their work with enthusiasm, with 
special attention to the formulation of a mathematical theory 
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that would start from the usual Hamiltonian formulation 
using coordinates and momenta of all the electrons, and end 
up with an approximation to it formulated in terms of a 
smaller number of electron coordinates and a set of 
amplitudes of plasma modes. 

Over the next few years, they composed and published four papers, 
three jointly authored and the last one by Pines alone. 

The collaboration grew more difficult in the later work, particularly 
the preparation of the third paper, because of the epidemic of 
political hysteria in the United States in the McCarthy era. 

As part of the Red-hunting that went on in committees of Congress at 
that time, Bohm had been asked to testify about his 
knowledge of associations of some of his friends, refused to 
do so, and been held in contempt of Congress. 

Princeton then terminated his faculty appointment, and he could find 
no other institution in the United States that would dare to 
employ him. 

So finally he emigrated to Brazil, where he was able to work as a 
physicist at the University of Sao Paolo. 

I'd like to spend a little time now to describe how Bohm and Pines 
attacked the correlation energy problem because their 
approach, although clumsy in some ways, was guided by 
several important physical insights that can be fairly simply 
expressed. 

Their papers are not easy reading, however. 
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In working through them I was reminded of the often-quoted rem ark 
that Pauli is said to have m ade while lis tening to a lec ture by 
Feyml1an - you 've probably all heard it - "Feymuan l Stop 
waving your arms and write an equa tion ." 

I had the feeling tha t in d oing this work both Bohm an d Pines had 
split p ersonalities, being half like Pauli and half like Feyml1an . 

They seem ed to feel a p ersonal rapport with the elec trons so tha t they 
understood what the electrons "wanted" to do, but a t the sam e 
time they realized tha t to get quantita tively defensible 
answers they would have to write equa tions and m anip ula te 
them using rigor wherever p ossible and plausible 
assmuptions in other cases. 

I'll try here to present the arm-waving part and m ake a plausible case 
for the m ajor assumptions, but shall h ave to om it m an y de tails 
involving such things as canonical transformations and 
p erturba tion series. 

I'll s tart by writing down on this top line the Hamiltonian for a 
system of N elec trons in a volume Q with their ch arge exac tly 
compensated by a structureless uniform dis tribution of 
classical positive charge, so tha t one can use periodic 
bOl.U1dary conditions, abbreviated "pbc" here. 

With Pi the m om entum opera tor for the it" elec tron, this first term 
represents the elec tronic kinetic energy. 

The second term represents the total elec tros ta tic energy of 
interac tion of units, each consisting of an elec tron p lus enough 
muform charge distribution to compensa te it over the 
fundamental volume. 
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Because of this dilute uniform charge the usual inverse distance 
Coulomb law of repulsion between two units is modified at 
large distances into a function I've called F. 

Breaking up the total charge distribution into neutralized units of this 
sort is convenient because then the potential due to each unit 
will obey the periodic boundary conditions and can therefore 
be conveniently expanded into Fourier series. 

Since by Poisson's equation -1/ 4lt times the Laplacian of F is -1/ Q 

plus a delta function of r, the qth Fourier transform of F is 
easily shown to be 41t/ q2. 

The reason for focusing attention on the Fourier transforms of the 
electrostatic interactions was of course that Bohm and Pines 
wanted to make as much use as possible of their insight that 
for wavelengths much larger than the interelectronic spacings 
the quantum-mechanical gas of metallic electrons should 
manifest plasma oscillations whose frequencies would be 
calculable by classical physics, but of course, subject to 
quantization of their amplitudes. 

We can separate out the long and short wavelength contributions to 
the potential energy very easily by using the Fourier 
transform of F, which I've just shown here, and those of the 
electron densities, which are sums of these exponentials. 

Though I'll skip the details, I'm sure any of you could easily verify 
that this potential energy expression in the top equation is 
equal to this expression here. 

But note that in summing on the indices i and j, which label the 
electrons, i and j have to be different, whereas if we wanted 
the numerator here to be a square of a Fourier coefficient of 
the charge density, we would have to sum on i and j 
independently. 
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So we can make a trivial change in the way we write this by 
including the i and j terms in the summation and then 
subtracting them off in a separate term, as I've done here. 

This added and subtracted term of course represents the self-energy 
of the interaction of the charge of each electron with itself, 
which of course is of no interest to us and which for point 
electrons is infinite, as the summation on q here diverges as q 
approaches infinity. 

But at least we've come partway toward our goal, in that we have the 
potential energy in a form where we can easily separate the 
long-wavelength (small-q) parts from the short-wavelength 
parts (large q). 

Unfortunately, it's not so easy to split the kinetic energy into long
versus short-wavelength parts, as the motion of every electron 
affects both parts. 

So Bohm and Pines had to stop waving their arms and tackle the job 
of finding approximations to the original Hamiltonian here at 
the top that would be physically reasonable, be easily 
computable, and xxx, distinguishably, the two aspects of 
plasma behavior and short-range ordering. 

By making a series of transformations and ignoring some terms that 
are demonstrably small, Bohm and Pines produced the 
approximate Hamiltonian shown in this last expression here. 

So they embarked on a tedious series of mathematical 
transformations that amounted to a voyage to never-never 
land, a little politics there, and then a return to reality. 
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The first step, as I've indicated here, was to add to the Hamiltonian 
I've written here another Hamiltonian depending on new 
variables, namely, the coordinates QK of all the plasma modes 
with wave vectors k out to a limiting value ke ( a fraction of 
the Fermi wave vector kF) and their conjugate momenta. 

The number of plasma degrees of freedom thus introduced is just the 
number of allowable k vectors inside the radius ke in k-space, 
while if we allow for equal numbers of up and down spins, 
each allowable k vector inside the Fermi wave vector kF will 
correspond to two electronic states, each with three degrees of 
freedom. 

Thus the ratio of the number of plasma degrees of freedom to the 
total number is 1/6 of ke / kF

3
, so this expression here gives 

the original number of degrees of freedom of our artificial 
model. 

Bohm and Pines realized that they would have to reduce the number 
of degrees of freedom back to the original 3N, so they 
introduced the right number of constraints on the variables of 
the artificial model, so as to get back to 3N. 

But first they made some transformations on the artificial model, so 
that after imposing the constraints and making some plausible 
approximations they got what I'll call an effective 
Hamiltonian, whose form I've written down here. 

The first term is the zero point energy of the plasma modes, with 
wave vectors less than ke' obtained from the long-range, or 
small-q, terms of the potential energy here, with a kinetic
energy operator slightly modified by the plasma-particle 
interaction. 

Notice that this latter interaction makes the frequencies of the plasma 
modes depend somewhat on their wave vector q, though this 
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dependence, which can be estimated, is not very large because 
q is restricted to small values. 

The remainder of the kinetic energy, that is, the part not used in the 
plasma oscillations, turns out on average to be equivalent to 
what it would be if all the electrons were unconstrained, but 
had an effective mass increased in about the ratio of the 
number of plasma modes to number of electrons, as shown 
here. 

Although Bohm and Pines gave a rough mathematical justification 
for this, they also pointed out that it can be understood 
physically in terms of the desire of the electrons to avoid 
fluctuational configurations that create quasi-macroscopic 
accumulations of charge larger than those expected for the 
zero point oscillations of plasmons. 

The Heff is defined for a system with the same degrees of freedom 
that were assumed for the starting Hamiltonian at the top of 
the screen here, namely, the 3N electronic coordinates. 

However, the two Hamiltonians look rather different. 

If one applies a force to a particular electron to accelerate it through 
the crystal, the motion of the electron will be accompanied by 
compensatory motions of its neighbors to largely screen the 
charge density perturbation produced by its motion. 

These motions of screening charges will increase the effective inertia 
of the electron, or in other words, make it behave as if it had 
an effective mass larger than that of a bare electron. 

The last term in this Hamiltonian is identically the same as the one of 
the idealized Hamiltonian written above here, namely, it is the 
sum of all terms in the Fourier expansion of the usual 
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Coulomb repulsion with wave vec tors grea ter than kc . 

It can be computed explicitly by elementary integra tion, and turns 
out to be almost exactly equal to this screened exponential 
show n here. 

In the range of norm al m etallic densities, this screened rep ulsion is 
much weaker than the full Coulomb repulsion , and i ts effect 
on the ground-state energy can be reasonably es tima ted from 
fi.rs t- and second-order perturbation theory. 

Thus one can, for any assumed electron density in the m etallic range, 
calculate the ground-s ta te energy of th.is approximate 
Hamiltonian for any assumed value of kc . 

One can then get an optimum estimate of the ground-sta te energy, 
and hence of the correla tion energy, by m inimizing with 
respect to the choice of kc . 

This is about all I want to say on the arm-waving and the equations 
of the Bolun-Pines approach. 

I realize it's been ra ther ske tchy an d rather hazy. 

So I hop e tha t if I jus t sUl1U11arize on this nex t transp arency som e 
useful conclusions we can draw, refined in one or two p laces 
by results of la ter work that I'll discLlss in a minu te, the list 
m ay be comprehensible and stick in your mem ory . 

But picturing the changeover as occurring abrup tly, a t a critical wave 
vec tor kc' ins tead of gradually, is a ra ther crude assLlmption. 
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Overall, the Bohm-Pines approach is probably fairly good for typical 
metallic densities and for higher densities, but not for 
densities very much lower, which may be encountered in 
semiconductors and some other situations. 

The whole idea, that it makes sense to separate the long-range and 
short-range parts of the Coulomb interaction and use plasmon 
concepts to deal with the former, is useful for the Coulomb 
gas problem when the electron density is in the range 
normally encountered for conduction electrons in metals. 

The critical wave vector kc below which the behavior of the Coulomb 
energy is dominated by plasmon behavior is roughly a 
fraction 0.35 rs 1/2 of the Fermi wave vector kF, although as I 
said the switch is undoubtedly gradual, rather than abrupt. 

Though this may seem like a fairly large ratio, its effect on the 
effective electron mass is rather small, usually less than 10%. 

Using the rough Bohm-Pines separation of the Hamiltonian into 
long- and short-range parts, it is interesting to compare the 
relative contributions to the total correlation energy, that is to 
the amount by which the more accurately computed total 
energy lies below the energy of the Hartree-Fock state. 

It turns out that in the range of electron densities for which the 
Bohm-Pines approach is valid, in other words, the range of 
metallic densities and higher, the short-range part of the 
correlation energy is dominant over the long-range part by a 
factor of 2 to 1. 

This short-range part is simply the energy perturbation calculable by 
treating the screened electron-electron interaction as a 
perturbation on the kinetic-energy term in the Hamiltonian to 
first- and second-order. 
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The second-order perturbation expression contains integrations over 
the wave vectors of the two electrons that have to collide to 
produce a perturbing excited state, and also over the wave 
vector q of the Fourier component of the screened Coulomb 
interaction, this integration being over all values greater than 
kc • 

The integrand turns out to have the first power of q in the 
denominator so the answer contains a term in the logarithm of 
kc , or equivalently, in the logarithm of rs. 

This is the most dominant term at extremely small rs. 

I'll show a figure in a few minutes with absolute values of the 
correlation and its variation with rs, but I want to discuss first 
some later work by others. 

Impressive though the accomplishments of the Bohm-Pines theory 
were, the quantitative aspects of the theory were still only 
approximate. 

Much remained to be done in the way of getting rigorous values, 
bounds, or limiting behaviors. 

Some such results did indeed appear a few years later, having 
originated from the development of diagrammatic 
perturbation theory, a formalism that had been found useful 
in various areas of theoretical physics where important effects 
were associated with perturbations too large to be treated in 
low orders only. 

Though these techniques are now commonly taught in advanced 
quantum mechanics courses, and hence may be familiar to 



Lecture VIII 28 

many of you, I'll only try here to give a general feel for what 
was involved in the application to correlation energy, without 
using any of the detailed concepts or specialized jargon. 

The diagrammatic methods were developed more or less 
independently by various workers in England, the United 
States, and the Soviet Union, during the middle and late 
1950s, using reasoning inspired partly by Feynman's 1949 
theory of positrons. 

In the 1950s and '60s, the application of diagrammatic perturbation 
theory to the problems of electron interaction in solids gave us 
a lot of both qualitative and quantitative knowledge, which I 
want to give a prominent place to in my lists. 

While the mathematical details are far too complicated for me to 
discuss here, there is one feature that is so important that I 
think it would be worthwhile to try to illustrate it for the case 
of one of the earliest papers of the series. 

This feature, common to many of the papers of the series, is the 
fortunate combination of rigorous mathematics, used in some 
places, with good physical intuition, used where assumptions 
are necessary to get the mathematics started, or to overcome 
difficulties. 

The early paper I want to discuss is this one here, written in 1957 by 
Murray Gell-Mann of Caltech and Keith Brueckner of the 
University of Pennsylvania. 

They derived what they could plausibly claim was an exact 
expression for the two leading terms in the high-density 
behavior of the correlation energy of a free-electron gas. 
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Their reasoning was rather involved, so it would be hopeless for me 
to try to describe the details in a brief lecture like this. 

But what I would like to do is to show you the key steps that they 
had to take, and the interplay between those steps that were 
based on intuition and those that involved rigorous though 
sometimes complicated mathematical calculations. 

To start this process, I've shown here the initial setup of the 
calculation, a formulation essentially the same as the one I've 
just discussed for the Bohm-Pines work. 

One starts with a gas of free electrons, whose Hamiltonian is just the 
kinetic energy, and whose ground state is a determinant of 
plane waves filling a Fermi sphere. 

One now perturbs this by adding electron-electron interactions, a 
term in the Hamiltonian that I designate by V that is equal to a 
sum of Coulomb interactions between pairs of electrons i and 
j, neutralized by a uniform distribution of positive charge, 
which, just as I showed before, can be represented by this 
expression, in terms of what amount to Fourier coefficients of 
the charge density. 

One can then set up, in the usual manner, a perturbation series for 
the change in the ground state energy produced by the 
perturbation, and this perturbation series will contain terms of 
successively higher orders, that is, with larger and larger 
numbers n of matrix elements in each term. 

For any given value of n, there are of course many terms to be 
evaluated since each of the n matrix elements that are 
multiplied together is a sum of matrix elements of this 
operator here for all different wave vectors q, and can be 
evaluated between various possible stationary states of the 
unperturbed system. 
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The one p oint I want yo u to remember is tha t for given 11, there will 
be terms for which all of the q 's are the sam e vec tor, or term s 
w ith which there are different q 's, but of course no t m ore than 
n different ones. 

Each of the elementary m atrix elements tha t are multip lied toge ther 
will COlU1ec t a p air of eigensta tes of the LU1perturbed sys tem 
tha t differ from each other only in the plane-wave s ta tes 
occupied by two of the electrons. 

These have to be related as shown in the diagram at the bo ttom, the 
initially occupied sta tes being those with the green wave 
vectors, and the final occupied s ta tes those w ith the blue wave 
vec tors. 

In other words, the one s ta te is reached from the other s ta te by a 
collision of two plane-wave states with each other in I"du ch 
they exchange an am ount of m om entLun hq as showll by the 
red arrows. 

Well, we're now ready to consider the steps followed by Cell-Mann 
and Brueckner, from the form of the per turba tion series, to 
derive the behavior of the correla tion energy a t high density . 

I' ve tried to sep ara te these steps into those derived by rigorous 
m athem atical reasOlung, on the right, and those res ting on 
physical intuition, all the left. 

I am not expressing a judgment on how these in tuitive s teps could be 
taken, only saying that the paper does not offer the reader any 
m athematical p roof of them . 
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Let's s tart a t the top of the m athematics colunm and note a few 
properties of the terms in the perturba tion series. 

One trivial point, that I mention so we don't forget it, is tha t the first
order perturbation to the energy is included in the Hartree
Fock calculation, so does not enter into the correlation energy 
that we are trying to calculate. 

A worrisome point, however, is that except for the firs t-order, and 
half of the second-order terms, all terms in the perturbation 
series become divergent as the \,vave vec tors q are allowed to 
approach zero, and do so sufficiently rapidly that when we 
replace the sums on q by integrals over q-space, as is 
appropriate when we le t the VOlWl1e become infinite, the 
integrals diverge. 

The trouble arises, of course, from the occurrence of q2 in the 
denominator of every term in the perturbation I sh owed on 
the preceding transparency. 

However, particle physicis ts ge t used to infinities tha t crop up 
everywhere, and in this case Cell-Marm arld Brueckner felt 
tha t physical common sense should som ehow cause the 
divergences to cut themselves off when the q's got less than 
something of the order of the Bolun-Pines screening ",,,ave 
vector kc 

On the mathematical side, they noticed that in comp aring terms of 
the same order n, that is, terms with the sam e number of 
Fourier coefficients of the potential multiplied toge ther, the 
worst divergence would come when all the fa ctors had the 

---:7'" same q, giving a q2r1in the denominator. 

They also noticed tha t if one started with an n-th order term with all 
of its q's the same arld then a different q, for one of these, the 
new term would be proportional to a power of 1', one higher 
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than the starting one, hence would be smaller for small 
enough rs. 

Though it is hard to make rigorous statements as long as all terms 
remain divergent, they assumed, on the basis of this result on 
powers of rs, and its generalizations, that except for the non
divergent two-q second-order perturbation, called the second
order exchange perturbation, the only terms of the 
perturbation series that needed to be retained to calculate the 
leading-order behavior of the correlation energy at high 
densities would be those containing contributions in each 
order from only a single q vector. 

With this simplification, the next thing to do, following the purple 
arrows here, is to write down the explicit form of the general 
term of the perturbation series that consists of only factors 
with the same q. 

These terms they further simplified by modifying them in ways that 
could be shown to affect the sum of the series only to 
quantities of order rs or smaller. 

The result for the energy expression beyond the first order was as 
written on this line here, where ~£2 is a correction to the part 
of the second-order perturbation term not included in the 
series written later, and where the infinite series of terms 
remaining is a power series in a variable ~ dependent on the 
value of rSI the integration variable q, and an additional 
variable R which they introduced, which is to be averaged 
over a range of values from zero to one, using a certain 
probability distribution of the shape shown in this little 
diagram here. 

It is easily verified that the summation here converges when ~R is 
less than one, but diverges if it is greater than one. 
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This is troublesome, because when q is equal to the cut-off vector kc 
of the Bohm-Pines theory, where charge fluctuations start to 
behave like plasmons, the value of ~ is rather large, about 5.4, 
so that one would expect significant contributions to come 
from the range in which the series is divergent. 

But a divergent series is not necessarily meaningless, as the 
mathematicians have shown us that various schemes for 
summing it to a definite function can be devised. 

The only thing is, these various schemes don't all give the same 
answer, so we have to choose which one is right for our case. 

Cell-Mann and Brueckner proposed a very simple and very plausible 
choice, as I've noted over here. 

Namely, since we don't expect a singularity in the distribution of 
electrostatic energy over wave vectors, we should just replace 
this summation by its analytic continuation beyond the region 
where the summation converges. 

In this latter region, anyone with any mathematical experience can 
recognize that if we put another ~ in each term, the series 
becomes that for the logarithm of (l+~R), so the summation 
we have is just this expression here. 

From now on everything is downhill. 

To evaluate the correlation energy one has only to integrate this 
elementary function on Rand q, numerically if necessary, and 
then to make a similar evaluation of the elementary 
expression for ~E2. 
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The final expression for the asymptotic behavior of the correlation 
energy is the one I have written at the bottom here. 

In a few minutes, after I've had a chance to discuss some work of 
later years, I'll show you on a graph how this asymptotic 
behavior joins on to accurate calculations at lower densities. 

As I have indicated earlier, this paper was only one of a rash of 
papers by various authors using diagrammatic methods and 
Green's functions to explore many aspects of interacting 
many-electron systems. 

I'll discuss some of these in the next lecture, but now, while we're still 
on correlation energy, I only want to make a brief mention of 
an early pair of papers by John Hubbard, working at 
Cambridge. 

Hubbard's papers developed a number of detailed properties valid to 
all orders in perturbation theory, and from these was able to 
identify approximations that seemed likely to be good ones in 
the range of electron densities normally encountered in 
metals. 

However, although these and various other perturbational schemes 
of later authors slightly improved the accuracy of correlation 
estimates in the range of normal metallic densities, it soon 
became clear that rigorous perturbation schemes would 
converge far too slowly in this range to give trustworthy 
results, and that interpolations and other intuitive procedures 
would still have to be used until brute-force solutions of the 
Schrodinger equation could be obtained. 

Brute-force calculations of course required a great deal of computer 
time, so it was not until many years later that they became 
possible. 
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Finally, in 1980, David Ceperley and Bernie Alder, working 
respectively at Lawrence Berkeley Laboratory and Lawrence 
Livermore Laboratory, performed Monte Carlo calculations 
that converged toward the exact ground state wave function 
for systems of up to 246 electrons with compensating uniform 
positive charge, and extrapolated the energies of these per 
electron to values for an infinite number of electrons at the 
same density. 

Their results, which have been reasonably well confirmed by some 
later studies, are shown here. 

I have plotted the correlation energy per electron vertically, zero 
being the horizontal line at the top of the graph, and rs 
horizontally. 

The full black curve shows the Ceperley-Alder results. 

The short dashed diagonal line at the lower left represents the two 
leading terms in the high-density asymptotic expression of 
Gell-Mann and Brueckner. 

The long dashed and short dotted lines in the region of normal 
metallic densities represent the early estimates of Bohm and 
Pines and of Hubbard, respectively. 

As you can see, both of these, though made by very different 
methods, were reasonably good, but not perfect. 

Now before I leave the Ceperley-Adler paper, I should mention 
briefly one other aspect of the free-electron gas problem that it 
covered. 
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You may remember that early in this discussion of correlation energy 
I mentioned that Wigner's idea of the ground state at very low 
density being a crystalline arrangement of electrons would 
lead one to expect a sharp phase transition of the electron gas 
from a fluid to a crystal with decreasing density. 

But it requires a very accurate calculation of correlation energy to 
locate the density, or rs value, at which this occurs (at a 
Kelvin). 

Ceperley and Alder found that the energy of the crystalline structure 
crosses that of the fluid structure at about Ts =80. 

However, magnetically polarized ground states are also possible, and 
they found that a non-crystalline ferromagnetic state (all spins 
parallel) would have lower energy than either of the others 
between rs about 75 and rs about 100. 

Later work has explored other possible types of magnetic order at 
low densities, and the transitions in a two-dimensional system 
like electrons bound close to the surface of a liquid He film. 

Well, I've spent quite a bit of time now on the correlation energy of a 
free-electron gas, but of course electron-electron interactions 
have all sorts of important consequences besides just affecting 
the ground state energy, and of course too, for real materials 
we have to worry about the fact that the electrons are not free, 
but are moving in a crystal lattice. 

I've used purple boxes in the lower right portion of this diagram to 
list a number of developments of these types, though they are 
rather diverse in their nature. 
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The earliest, which appeared in 1949, before the great flurry of 
correlation-energy activity we've been discussing, was a 1949 
paper by Nevill Mott, on the old question of how to predict 
whether a given crystal should be a metal or an insulator. 

Some of you may remember that in Lecture IV, in our discussion of 
early elaborations on Bloch's theory of running-wave states of 
electrons in crystals, Wilson's 1931 paper on the difference 
between metals and insulators was accepted as one of the 
great triumphs of the theory. 

Wilson pictured all the valence electrons as occupying Bloch wave 
states, which had been shown to form bands that might be 
either energetically separated or might be overlapping. 

But even with non-overlapping bands, each band had to represent an 
unbroken continuum of energy levels with a density of one 
electron per unit cell of each spin. 

So a crystal with an odd number of valence electrons per unit cell, 
could not, according to Wilson's picture, be an insulator if the 
energy levels for electrons of opposite spin were the same. 

But counter-examples seemed to abound in nature, as Mott pointed 
out. 

For example, nickel oxide and cobalt oxide both have the rock salt 
crystal structure with one metal atom and one oxygen atom in 
each unit cell. 

But nickel has ten electrons outside its argon shell, whereas cobalt 
has only nine. 
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Since oxygen has six valence electrons, one might expect that nickel 
oxide could be an insulator, but that cobalt oxide would 
necessarily be a metal. 

Observationally, however, both substances behave very similarly, 
being, when free of impurities, reasonably good insulators at 
low temperatures, and behaving at high temperatures like 
semiconductors with a sizable activation energy for 
conduction. 

Mott argued that any array of like atoms with crystalline order 
should behave as an insulator if the interatomic spacing was 
significantly greater than an atomic diameter, since the energy 
cost to remove an electron from one atom and place it at some 
distance away would be of the order of the difference between 
the atomic ionization potential and the electron affinity. 

If the interatomic spacing were decreased so that the atomic wave 
functions of neighboring atoms could overlap each other 
appreciably, then a point would eventually be reached where 
the lowering of kinetic energy by allowing electrons to 
migrate freely from site to site would overbalance the energy 
cost of having fluctuations in the number of electrons on an 
atom, and a discontinuous transition from the insulating to a 
metallic state would occur. 

Such a transition has been known ever since by the name "Mott 
transition". 

The general correctness of this argument has been generally accepted, 
although Slater did, in 1951, point out that as far as the 
ground state is concerned, one can construct a Hartree-Fock 
determinant of one-electron Bloch functions, for which up
spin electrons are localized on one half of the atoms, and 
down-spin electrons on the other half. 
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This happens because the Hartree-Fock one-electron Hamiltonian 
contains an exchange operator that has opposite signs for up
and down-spin electrons at the same place. 

However, this of course would not work for hypothetical electrons 
lacking spin. 

Moreover, it would be hard to reconcile a picture based on weakly 
correlated Bloch electrons with the fact that the activation 
energy for conductivity in the transition-metal oxides is much 
larger than that for the disordering of the spins. 

In later years there has been much work, experimental and 
theoretical, on Mott transitions, which I can mention only 
briefly. 

Some studies have tried to clarify the details of the transition 
mathematically. 

I'll only mention one of the earliest such, a paper by Bill Brinkman 
and Maurice Rice, written in 1970 when they were both young 
researchers in our theoretical group at Bell Laboratories. 

They considered a simple one-band model of a metal, with one 
electron per atom, hopping between nearest-neighbor atomic 
states and a potential energy penalty for having two electrons 
on the same atom. 

They then calculated an approximate ground-state energy and the 
corresponding wave function by a method that had been 
introduced some years earlier by Martin Gutzwiller of IBM. 

This was a variational calculation starting with up-and down-spin 
determinants of the lowest-energy Bloch functions, in other 
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words, a half-filled band like an alkali ule tal. 

They then reduced the amplitudes of every component s tate having a 
fraction f of the a tomic levels doubly occupied by a reduction 
factor AI, renormalized, and finally minimized the energy by 
suitable choice of A. 

They found that as the e-e interaction energy, measured by the 
energy penalty U for two-elec tron atoms, was increased, the 
effective mass of the Fermi-level elec trons increased , 
approaching infinity as U approached a finite value Uo. 

Concomitantly, the fraction of atoms with two elec trons approached 
zero, the spin susceptibility approached infinity, and the 
discontinuity in the mean occupation of Bloch-wave s tates 
across the Fermi surface approached zero. 

They cautioned, however, that the Gutzwiller tecluuque was only an 
approximate way of constructing the §li many-bod y ground 
state, and tha t it failed, for example, to predic t the expected 
antiferromagnetic ground sta te on the insulating side of the 
Mott transition. 

Despite tlus defect, their picture of the physics of the approach to a 
Mott transition from the metallic side is still regarded as 
largely correct, though it ignores one fea ture tha t.i s probably 
present, namely, modification of the shape of the Fernu 
surface 

In contrast to tlus work, most of the recent studies of Mott-type 
transitions have tried to include an additiona l bu t very 
important factor, nam.ely, atomic disorder, which occurs in 
many alloys, doped semiconductors, etc. 
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As I hope to show in a later lecture, disorder can so impede electronic 
transport as to change a metal into an insulator, and so to 
keep themselves relevant to experiment, theorists have had to 
study disorder and correlation together. 

Some of the most interesting experiments have been done on 
semiconductors, using for example silicon doped with 
phosphorous at concentrations of a few x 1018

/ cm3
• 

By taking care to prepare samples whose phosphorous concentration 
was very uniform and that had negligible concentrations of 
other electrically active impurities, Rosenbaum et al at Bell 
laboratories were able to observe that changing the 
phosphorous concentration by less than 1 % would change the 
conductivity (extrapolated to absolute zero) by a factor of 
1000. 

In more recent years there have been many further studies of this 
type of metal-insulator transitions in semiconductors, which 
have shown similar behavior. 

These have revealed illuminating scaling relations in the behavior of 
the conductivity as a function of doping, and on the relation 
of this to the behavior of the dielectric constant on the 
insulating side of the transition. 

But as I mentioned a few minutes ago, all the phenomena involve the 
interplay of statistical fluctuations in impurity positions with 
Mott's conflict of hopping with screening. 

So it will be best for me to postpone further discussion of this work 
until my last lecture, when I'll take up modern ideas on such 
statistical effects. 

This one example, which I've only mentioned to show that the Mott 
effect can be quite spectacular, concludes about all I have to 
say on Mott transitions. 

In leaving this subject, though, I should not forget to remind you that 
there are other types of metal-insulator transitions that behave 
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differently, e.g., crossing of energies of band-structure 
extrema. 

You may have noticed now that I've left out a big subject listed on 
this transparency over here, namely, Fermi-liquid theory. 

We've talked a lot about correlation energy as it affects the ground 
state of a many-electron system. 

But of course it's also important to understand how many-body 
effects affect the structure and properties of excited states, 
especially those of low excitation energy that determine 
properties like specific heats, paramagnetic susceptibility, 
electrical conductivity, etc. 

Fermi-liquid theory was designed to deal with such topics, and it will 
be the first major area I'll discuss in the next lecture. 

But since I seem to have a little time left, today, I might as well 
squeeze in a few words about one of the very useful 
subsidiary concepts that received increasing attention as 
people became more concerned with many-body affects. 

This is the concept of "collective modes". 

We've talked a good deal just now about plasma oscillations, in 
which the charge-density in a metal or a gaseous plasma 
oscillates in time, and in general also in space, in what to a 
very good approximation is a simple harmonic motion and 
therefore is quantized into units that we call plasmons. 

Such oscillations are in general damped, but the damping is usually 
rather slow, so that the mean time for the energy of a plasmon 
to be transferred to excitations of lower energy, such as 
individual electron motions, is usually considerably longer 
than the period of oscillation. 

In such circumstances, then, we can say that states with one or more 
plasmons excited are a good approximation to energy 
eigenstates of the system. 
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As I've tried to show here, there are a variety of typ es of motions in 
solids that can be treated similarly. 

A common fea ture of such motions is that m any elec trons or a toms 
move together in what can be recognized as a simple 
harmonic motion. 

This motion must of course be quantized, and in a uniform medi.~"·" 
can take the form of plane waves. 

The motion is in general damped, and at large amplitudes it may be 
anharmonic, but if the damping is small, a s tate with an 
integral number of quanta excited will be very nearly an 
eigenftmction of the energy of the system. 

In many cases this approximation becomes exac t in the limit of low 
frequency and long wavelength, since the damping 
approaches zero faster than the frequency does . 

Ordinary sound, of course, is a collec tive mode, involving the 
degrees of freedom of the atoms of the crystal lattice, and 
since the mutual sca ttering rate of phonon excita tions 
becomes, in the long-wave length limit, negligible compared 
with their frequency, they do, in this limit, approach the ideal 
of true many-body eigenstates. 

There are also further types of collective modes, which I don't have 
time to discuss at length now, but which involve oscilla tions 
of magnetic polarization or of s tructural features of crystals 
with two incommensurate periodicities along the sam e 
direction. 

I should of course m ention tha t the various types of collec tive modes 
can sometimes be appreciably anharmonic, and tha t even in 
the harmonic limit one m ay find that a calcula ted m ode 
frequency comes out to be imaginary, implying an ins tability 
of the hypothetical ground state. 

Collective modes are of wide occurrence in solid-state physics, and 
my only reason for choosing the present m oment to make a 
few remarks about them is that we've just been talking about 
one of the many types of such. 
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In many cases collective modes turn out to have a damping lifetime 
that becom es very long compared w ith their period a t low 
frequencies, so that the modes approach exac t eigensta tes in 
this limit. 

Another interesting and useful fact is tha t the existence of certain 
types of collective modes is assured when the Hamiltonian of 
the m edium is invariant under some continuous group of 
transform ations, which may merely be obvious symmetry 
transformations. 

According to a theorem advanced in 1961 by Jeffrey Goldstone, a 
young British quantum field theorist, any quantum field with 
this property must have a spectrum of excitation modes 
whose frequencies approach zero as their wave vec tors 
approach zero. 

As I have indicated in this list of examples, acoustic phonons are a 
Goldstone mode because the energy of a crystal does not 
change when an arbitrary rigid translation is applied to it. 

Similarly, in a crystal with no spin-orbit or magnetic spin-spin, Cbt.<.FibnJ' 
application of an arbitrary rigid rotation to the spin system 
does not affect the energy, and so there must exis t spin waves 
with frequency going to zero at zero wave vec tor. 

I hope to discuss some of the modes listed nex t fall. 
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We've talked~ Iood deal jus t now about plasma oscillations, in 
which the charge-density in a m etal or a gaseous plasma 
oscillates in time, and in general also in space, in what to a 
very good approximation is a simple harmonic motion and 
therefore is quantized into units that we call plasmons. 

Such oscillations are in general damped, but the danLping is usually 
rather slow, so that the m ean time for the energy of a plasmon 
to be transferred to excitations of lower energy, s Llch as 
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CORRELATION ENERGY: SOME PRE-HISTORY 

Correlation 
energy of He 

is 1.09 eV, 
due mainly 

to e-e 
angular and 

In-out 
correlation 

3- and 6-parameter 
wave functions for He 

~ -

Solution of H-F eqs. 
..... optimum energy 

for a det. of 
1-el.functions 

.1 Hylleraas 1929 

,~I Fock 1930 1 

I,!f--I Slater 1930 I 
~~~----------------~ 

I=- Summation of a -: 
1- suitably arranged .. I 

pert. series..... ~ BrIllOUIn 1933 
correlation energy of a 
free electron gas is zero [!] 

Bonding energY of +-
Wigner and Seitz 

N a metal is a out 1933-34 
1 eV/atom greater 

than SCF value 



CORRELATION ENERGY IN CRYSTALS 

Experiment Theor. correlation energy of a free- Theory 

electron gas at metallic densities. Wigner (predicts about 0.86 eV per ~ 1934, 1938 valence electron for Na) 

/ Asym ptotic behavior of correl. en. ... 
at very low densities: "Wigner Cryst." 

1940 -

1 Ruthemann, 1948 1-. Electron energy 
losses n~Eo in 

AI, Be, etc. 1 Lang, 1948 1 • 

M -I transition due to conflict of 
screening and hopping I Mott, 1949 1 

Model of collective modes Bohm & Pines 
(plasmons) at low q; 1952 1953 

constrained particles at high L.-__ ' __ ---' 

II Fermi liquid theory 11· ... -11 Landau 1956 11 

Diagram summation for correl. 
f-"4II 

Gell-Mann& 
en. of el. gas at high density Brueckner, 1957 

Diagram summation 1 Hubbard, 1957 1 ... 
~ new approx. 

Details of Mott trans. 
1960 

.1 Brinkman & Rice, 1970 1 for a one-band model 

Rosenbaum et aI, .. Mott transition in 
-:-r 

1980 imp. condo of Si:P 

QMC calc. of Ecorr vS. rs. Mag ~ Cepedey & Alder 
and Wigner cr. transitions 1980 



~ EARLY THOUGHTS ON CORRELATION ENERGY 
OF FREE ELECTRONS 

SYSTEM: Free electron gas in a uniform background of 
classical positive charge 
Volume per electron 4n r\ 

3 

HAMILTONIAN: H=T+V 
t t 

kineti c electrostatic 
energy potential energy 

HARTREE-FOCK APPROXIMATION: The approximation 

<PHF = N- 1I2 Idet. oClstatesl x Idet. of.t states I 

for the ground state wave function gives 

THF - (<PHF I T I <PHF> N = 2.21 ry(rs in Bohr units) 
rs2 

= minimum possible K.E. per electron 

VHF - (<pHF I V I <PHF> N = - 0.916 ry 
rs 

(entirely due to exchange) 

CORRELATION ENERGY: -ccorr = THF + VHF - (EoIN ) 

Wigner, 1934: At typical metallic densities (rs ;:::; 2 to 6), 
ccorr ;:::; 1 e V lelectron increases modestly as rs 
decreases, more slowly (logarithmically?) as rs ~O 

Wigner, 1938: As rs~CX)' ground state ~bcc(?) lattice 
("Wigner crystal") and EolN ~ 1.492/rs Ry/electron, 
ccorr ;:::; 0.5 8/r 5 ry I electron 

Iflattice has lro, must be phase change(s). 



CORRELATION HOLES 

Relative probability P of finding another electron in unit volume, 
versus distance r from a given electron: 

Antiparallel spins --, parallel spins --

p 

Non-interacting electrons: 
( or H -F ground state) 

Correlated charged electrons, 
very high density: 

1 -.--- __ I 

p 

Correlated charged electrons, 
typical metal density: 

1 
I - - - _1- ___ I 

I 

p 

Correlated charged electrons, 
very low density: 

p 

1 
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GELL-MANN & 

Intuition 

Divergences as q'S---70 must somehow 
cut selves off below a q - the kc of 
Bohm &Pines. 

One-q terms dominate as r
5
---70, 

except for the n=2 two-q terms. 

Since we don ' t expect a singularity 
in the distrib. of e.s. energy over 
q ' s, replace.I by its analytic 
continuation"from region ~ R<l. 

<f: .. 

. . 

• 

. I 

Num. integrations etc.---7 



BRUECKNER REASONING 

Mathematics 

n= 1 term gives H-F (pre-correl.) 

All terms but this and the n=2 
- two q-terms diverge as q's~O 

Get limiting behavior of all 
._ types of terms as rs ~O , q' s~O 

Get explicit series for the one-q 
...... -.=c..:::::; ..... terms; then approximate each 

term in a way that will affect 
sum at most to order rs ' Result: 

12 r kF dq(~(-r 11;;11-2) 0 ceorr = --3 JI - '--' R " + L1C2 + (rJ 
n 0 q 11=2 n 

where , L1E
Z 

corrects the 
n=2 pert. 

L converges only for R ~J< 1 
11 

note for q=the kc of B-P, ~ = 5.4 
~....-___ -cr- . '" 1 

- ~= ~ 2 €n(l + ~R) 

Ecorr -0.0622 In rs - 0.096 + O(rs ) Ry/el. 



CLASSICAL PLASMAS 

Screening in a classical I Debye & HUckel, 1923 I 
Plasma (electrolyte) lit • • 

Plasma oscillations 
in gas discharge 1 Tonks & Langmuir, 1929 1 

THEORY OF PLASMA OSCILLATIONS 

Longitudinal plane wave in a gas of particles 
of charge e, mass m, and number density p(x,t), 

moving frictionlessly in a motionless background 
of uniform charge density 

e Po= -e <p>. With P = -Po+~p(x,t), field ExCx,t), 
and current density jxCx,t), we have three equations (to first order): 

Continuity Acceleration Poisson 

e a~p = - ilix .ilix_ - Exe2 Po aEx = 4ne~p -0; ax at 
A 

m ax 
from ~ y \ { which 

ea2M - a2i - - e2 Po aEx - - 4ne3 Po~P - - x - -at2 axat m ax m 

sho motion with 
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7e. 
BOHM-PINES APPROX. FOR CORRELATION ENERGY 

N 2 

H = L .Ei..- + L e2 F(r; - r j ) pbc in volume Q 
;=1 2In I > J 

Where F(r) is very nearly I Ir at small to mediLlm r, 
bLlt obeys V2F = - 4nlQ for r f::. 0, so that -eF is the 
potential prodLlced by an electron at the origin and a 
uniform background charge + e spread over Q. 

so F is essentially 1Ir 
at short range 

Fourier transform 

so can write: 

4ne2 

Pot. en.= - l: l: 
n i> j (Ii' 0 

i(,. ( ,. - ,. . ) 2 0 i". ( ,. .- ,. . ) e ' J ne- e ' J 

o =- l: l: 2 
q- Q i.j ",,0 q 

(q *" 0) 

How separate low-q plasma oscillations from short-range order 
effects? Can split potential en. into low-q and high-q parts, bLlt 
kinetic en. affects both. B&P opted to: 

Introduce additional coordinates Qk' for plasma modes 
with k<a cutoff kc' thLls increasing degrees of freedom 
from k3 

3Nto 3N(1+ C 3)' 
6kp 

Impose constraints among the rj and Qk to reduce 
degrees of freedom back to 3N. 

They then showed the ground state energy to be close to that of: 

H - 1 I t Ne
2
kc I p/ (1 k~ ) 4ne

2 I I i'l. ( " ,- ,. . ) . - - I~OJ - + - - - + e J 
~ 2 q 3 

q <k,. t i 2m 6k p Q i> j q>k,. 0 

low-g part of "V (Ir ~r l) "", " e- e -k,jr,-rji 
e self-en. L..J SCI" I J L..J I _ _ 1 

i> j i>} [ i - I j 

And got an optimum estimate by minimizing with respect to kc 



CONCLUSIONS FROM BOHM-PINES WORK 

Validity: Separation of long-range and long-range 
correlations is qualitatively correct 

Features: 

But uses a sharp changeover at kc 
for a change that should be gradual 

Overall, probably fairly good approx. at 
typical metallic densities and higher, 
but not at much lower densities 

comes out ::::::0.35 rs L/2 in the metallic range 

Sources of correlation energy: in metallic 
range, about 2/3 is 2nd order pert.of screened 
repulsion between electrons of anti II spin 

About 113 is long-range (q< kc) correlations 
of all electrons 

Note that for rs «1 , kcrs can be «1, and 
mutual avoidance of electrons (both II and 
anti II spins) can extend far beyond nearest neigh. 



DENSITY DEPENDENCE AT HIGH DENSITIES 
(GELbMANN AND BRUECKNER) 

Free electrons perturbed by interaction 

V = 4I1e2 LL eiq.(r~-rj) 
Q qctO i>j q 

Perturbation series for ground-state energy has terms with 

n matrix elements of V (n = 1 to 00, where 

a term of order n can have 1, 2, ... n different q's 

And each matrix element of a term in V connects some 
pair of eigenstates of the unperturbed system that differ in 
occupation by the exchange of momentum nq between 
two occupied states, i.e., by a "collision" that replaces the 
green states by the blue ones: 
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COLLECTIVE MODES 

Nature: Quasi-macroscopic motions in which 
many electrons and/or nuclei move 
together 

Characteristics: If harmonic and weakly damped,provide 
a set of quantum states closely 
approximating excited eigenstates. 

Plane wave modes with CDq --7 0 
as q--7 0 often satisfy above better and 
better as q --7 O. 

Any calculated imaginary CDq shows 
instability of assumed "ground state". 

Examples: Plasmons (CD
q 

large) 

Phonons 

Magnons 

Phasons 

alway1 

often 

Zero-sound modes 

Goldstone 
modes 
(due to a 
continuously 
degenerate 
ground state) 
CDq--7 0 as q 
--70 
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CORRELATION ENERGY: SOME PRE-HISTORY 

Correlation 
energy of He 

is 1.09 eV, 
due mainly 

to e-e 
an&ular and 

In-out 
correlation 

3- and 6-parameter I H II 
wave functions for He .. Y eraas 1929 

Solution of H-F eqs. 
.... optimum energy 

for a det. of 
1-el.functions 

..-1 Fock 1930 1 
"-1 Slater 1930 1 

~--------------~ 

Summation of a 
suitably arranged 

pert. series .... ~ Brillouin 1933 I 
correlation energy of a 

___ fr_e_e_e_l_ec_t_ro_n_g_as_is_z_e_r_o_ [ !] 

Bonding energY of 
I+-

Wigner and Seitz 
Na metal is a out 1933-34 
1 eV/atom greater 

than SCF value 
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EARLY THOUGHTS ON CORRELATION ENERGY 
OF FREE ELECTRONS 

SYSTEM: Free electron gas in a uniform background of 
classical positive charge 
Volume per electron 41t r3 s 

3 

HAMILTONIAN: H=T+V 
t t 

kinetic electrostatic 
energy potenti al energy 

HARTREE-FOCK APPROXIMATION: The approximation 

<PHF = N-1I2Idet. of Is tates I x Idet. of ~ states I 

for the ground state wave function gives 

THF = (<PHF I T I <PHF) / N = 2.21 ry(rs in Bohr units) 
rs2 

= minimum possible K.E. per electron 

V HF= (<PHF I V I <PHF) / N = - 0.916 ry 
rs 

(entirely due to exchange) 

CORRELATION ENERGY: -cearr = T HF + VHF - (EOIN) 

Wigner, 1934: At typical metallic densities (rs ~ 2 to 6), 
ccorr~ 1 eV/electron increases modestly as rs 
decreases, more slowly (logarithmically?) as rs ~O 

Wigner, 1938: As rs~oo, ground state ~bcc(?) lattice 
("Wigner crystal") and EolN ~ 1.492/rs Ry/electron, 
c eorr ~ O.58/rs ry/electron 

If lattice has Ira, must be phase change(s). 



CORRELATION HOLES 

Relative probability P of finding another electron in unit volume, 
versus distance r from a given electron: 

- --- ttl"<' M..:~~ c.o/o r..d-(' o--

Antiparallel spins ~ parallel spins \r ;;;; 
v-q "FA 

p 

Non-interacting electrons: 
( or H -F ground state) 

1---------------

OL..-__ --'-__ _ 

Con·elated charged electrons, 
very high density: 

1 -I---~-- I 

f 

~~e~ ~ 

Correlated charged electrons, . 
typical met~l density: ~ 

1 - - - - : - - - - , 0 ) 
I 

p 

0'--____ ---1. ____ _ 

Correlated charged electrons, 
very low density: 

f 

p p 

1 
OL-__ ~ ____ ~ ____ f O~ ______ ~ __ ~_ 

~ fnn 

atio ofrs to rD 

should be about 1/4 
Ratio of rnnn to rnn 

should be about 1.15 

f 



CLASSICAL PLASMAS 

Screening in a classical I ~ebye & Huckel, 1923 I 
Plasma ( electrolyte) ... _ _ 

Plasma oscillations 
in gas discharge I Tonks & Langmuir, 1929 1 

THEORY OF PLASMA OSCILLATIONS 

Longitudinal plane wave in a gas of particles 
of charge e, mass m, and number density p(x,t), 

moving frictionlessly in a motionless background 
of uniform charge density 

e Po= -e <p>. With P = -Po+~p(x,t), field Ex(x,t), 
and current density jx(x,t), we have three equations (to first order): . 

Continuity Acceleration Poisson 

-- aEx = 41te~p e a~p = - ilix 
at ax 

from (A------
which 

lix_ Exe2 Po at 
A 

m 

y \( 
"..-d_X ~ 

e a2~ = - ~2ix _ - e2 Po aEx -

d@ dxdt m ax 

sho motion with m=\ 

- 4ne3 Po~P 
m 
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Current 100 

reaching 
collector 80 

60 

40 

20 

Q f(J 

Energy loss~ 

350 A Al film on collodion. Primaries 7.75 keY 

From: W. Lang, Optik 3, 233 (1948) 



CONCLUSIONS FROM BOHM-PINES WORK 

Validity: Separation of long-range and long-range 
correlations is qualitatively correct 

Features: 

But uses a sharp changeover at kc 
for a change that should be gradual 

Overall, probably fairly good approx. at 
typical metallic densities and higher, 
but not at much lower densities 

comes out ~O.35 rs1/2 in the metallic range 

Sources of correlation energy: in metallic 
range, about 2/3 is 2nd order pert.of screened 
repulsion between electrons of anti I I spin 

About 1/3 is long-range (q< kc) correlations 
of all electrons 

Note that for rs «1, kcrs can be «1, and 
mutual avoidance of electrons (both II and 
anti I I spins) can extend far beyond nearest neigh. 



IOJ/,-

GELL-MANN & 

Intuition 

Divergences as q's~O must somehow 
cut selves off below a q - the kc of 
Bohm &Pines. 

One-q terms dominate as rs ~O, 
except for the n=2 two-q terms. 

Since we don't expect a singularity 
in the distrib. of e.s. energy over 
q's, replace L by its analytic 
continuation/from region ~ R<l. 

Num. integrations etc.~ 



BRUECKNER REASONING 

Mathematics 

n=1 term gives H-F (pre-correl.) 

All terms but this and the n=2 
two q-terms diverge as q's~O 

Get limiting behavior of all 
types of terms as rs~O , q's~O 

Get explicit series for the one-q 
terms; then approximate each 
term in a way that will affect 

sum at most to order rs . Result: 

=_QrkF dq(~(-r Rll t ll
-

2 ) + I1c +O(r) 
Ccorr 3 JI .L... S 2 s n 0 q 11= 2 n 

where , 6.£ 2 corrects the 
n=2 pert. 

L converges only for R ~ < 1 
/I 

note for q=the kc of B-P, ~ = 5.4 

1 L = - 2 £n(l + ~R) 
/I ~ 

~ -00622 1n r - 0.096 + O(r s ) Ry/el. 
CQrr · S 



CORRELATION ENERGY OF A FREE ELECTRON GAS (NEUTRALIZED) 
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CORRELATION ENERGY IN CRYST ALS 

Experiment Theor. correlation energy Theory 

of a free-electron gas at 
metallic densities. Wigner 

(predicts about 0.86 eV per .. 
1934, 1938 

valence electron for Na) 

.... /1940 
Asymptotic behavior of correl. en. ...... 
at very low densities:0'igner Cryst." 

1 Ruthemann , 1948 1---. Electron energy ~~f 

losses n~E() in 
1 Lang, 1948 1 Ca..pl? ~ AI, [fe, etc. 

M -I transition due to conflict of ...-1 Mott, 1949 1 screening and hopping 

Model of collective modes Bohm & Pines 
(plasmons) at low q; .- 1952, 1953 

constrained particles at high 

1 Fermi liquid theory 1 I11III 1 Landau 19561 

Diagram summation 
~ Gell-Mann & for correl. en. of el. gas ... 

Brueckner, 1957 at high density 

Diagram summation I11III 1 Hubbard, 1957 1 
------) new approx. 

1960 

~I Brinkman & Rice, 1970 I Details of Mott trans. 
for a one-band model 

ti~:J 
QMC calc. ofEcorr 

I+-
Ceperley & Alder 

vs Mag and Wigner 1980 
0/-'7 

~cr. Transitions . 
1980 



CORRELATION ENERGY: SOME PRE-HISTORY 

Correlation 
energy of He 

is 1.09 eV, 
due mainly 

to e-e 
angular and 
~i...:>rnp'u t 

!/Correlation 
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3- and 6-parameter 1 H 11 
wave functions for He • y eraas 1929 

Solution of H-F eqs. +-1 Fock 1930 1 
~ optimum energy _ _ 

for a det. of 
1-el.functions (o;~ 60 1< /-Dv <;ld;:c,r-/ 'j'}CJ 

Summation of a 
suitably arranged 

pert. series ~ +-1 Brillouin 1933 1 
correlation energy of a 
free electron gas is zero [-1 
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Wigner and Seitz 
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1 eV/atom greater 
than SCF value 
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Crossword Edited by Will Shortz 

ACROSS 
1 Locale receiving 

I investments 
f 16 Newspaper 
I feature 

17 Quick·sketch 
pros 

18 Certain clamp 
shapes 

19 Flirts may use 
theirs 

20 Zairean autocrat 
Mobutu 
Seko 

I 21 Kind of test 
22 Summer 

feature: Abbr. 
24 Head 
27 Codger 

• 29 Addressee of 
, many a request 
, 32 Possible result 
, of hesitation 

36 Hobbles and 
such 

37 Paris premiere 
of 1953 

3. Patty Hearst 
kidnap grp. 

39 Insouciance 
40 Western Electric 

founder 
Barton 

41 Abbr. on 
mariners' maps 

42 Guff 
45 Computer 

picture 
•• Spot 
49 Bug-eyed 
53 Ballpark figures 
57 Memorable Met 

conductor 
58 Gives cause for 

optimism 

DOWN 
1 Fam. tree 

member 

2 1982 George 
Plimpton best 
seller 

3 _Infra (see 
below) 

4 Form of the 
verb "eire" 

5 Fan setting 
6 Declaim 
7 Command 
• Acknowledge 
9 Old musical 

notes 
10 Big mfr. of 

point-at-sale 
terminals 

1J Day care 
attendee 

12 Most-wanted 
13 Dodge 

" CPR pros 
15 Handle: Fr. 
21 Standard late

night TV fare 

ANSWER TO PREVIOUS PUZZLE 22 29-Across, often 
23 Playwright ~;!-,~;!;.;;T,i;;f.~1ii~~:":".JI==.l.::::...w!.t..:"-iilMfci~r,.j 

Preston 
24 Central 
2S Port of ancient 

Rome 
26 Bickering. say 
2. "_ take arms 

against a sea of 
troubles": Shako 

... .,>+,m;.J 29 Botch 
~;;+.=+;~ ""~:;+;;+':,j 30 Four Holy 

Roman 
emperors 

33 With 32-Down. 
things that send 
people to jail 

34 Gluttons 
3S Brightly colored 
41 Small bone of 

the middle ear 
43 Strike_ 

•• Lip-_ (fakes it) 

45 Mark of Zarro? 

•• _ perpetuum 
(let it be 
everlasting) 

49 Football Hall-of
Farner Marchetti 

50 WWhat_!" 
("That's rich!") 

5 1 Kind of therapy 

52 ~No returns· 

Answers to any three clues in this pu e 
are available by touch-tone phone: 
1-900-B84-CLUE (95e per minute). 

~;;+7+", .ti-+';'F.F.IF~ 31 Popular 46 "The Last of the Annual subscriptions are available for the 
computer game Mohicans" girl b9st of Sunday crosswords frortlthe last 50 .:....c===l.!..J 32 See 33-Down .7 Con man? / years: 1-888-7-ACROSS. 
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