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Lecture XIII 

This lecture, the last one in my series on tbe evolution of so lid-state physics, 
gets into the area of cooperative statistical mechanics. 

[n its broadest sense, this means the search for accurate methods of 
combining the randomness of thermal fluctuations with what we know 
of tbe details of interacti ons between atoms (or electrons and nuclei, 
etc.) on an atom ic scal e, so as to understand and predict 
thennodynamic and other material properties of bulk matter. 

While calculations for arbitrary conditions such as temperature, volume, 
magnetic fi eld , etc. , would not only be compli cated but also 
uninteresting, there is one type of problem that has been especially 
intriguing for more than a century. 

This is the phenomenon of phase transitions. 

How does it happen that smooth inter-particle forces g lVJl1g ri se to 
continuous equations of motion can cause properties of microscopic 
systems to change di scontinuously or non-analytica lly when one or 
another of the external conditions, such as temperature, is changed 
through a particular value (such as a melting pointt or a Curie 
temperature )7 

An early and partially successfu l attempt to gain some orientation on thi s 
question was provided in the 191h century by the Van Der Waals 
theory of gases. 

Probably many of you have seen the argument whereby one can infer, 
starting from th e simple Van Der Waa ls model of interact in g 
molecu les, that a more accurate theory wou ld have to manifest a 
singularity in the bebavior of its thermodynami c functions, this 
singularity being located at its critical point. 

Let me just sketch quickly bere bow the argument goes. 

Van Der Waals assumed the molecules to act on each other by two different 
kinds of forces, namely, a relatively weak long-range attraction, which 
by itself would produce a negative pressure in the medium, and a very 
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short-range strong repulsion, effectively a hard-sphere repulsion, 
which would reduce the available free volume within which the 
molecules could move. 

He then wrote for the contribution of molecular motion to the pressure in the 
medium the difference between the total pressure and the negative 
pressure due to the long-range forces, which with his assumptions 
turned out to be inversely proportional to the square of the volume. 

Next he defined an effective "free volume" as the total volume v minus the 
volume b that the molecules would take up if they were packed tightly 
together. 

He then set the product of the gas-motion pressure by the free volume equal 
to the perfect gas pv value, which for a standard amount of material, 
say one mole, was just the gas constant R times the temperature T. 

The resulting equation of state is shown on the top line here. 

If we plot curves of constant temperature in the pv plane, they tum out to 
look like the purple curve at low temperatures, and like the green 
curve at high temperatures, the low and high temperature regions 
being separated by the orange curve, which has a single horizontal 
tangent at the critical point C. 

It is simple to show that if there were a real system with stable or metastable 
states on one of the curves of the purple type, all states lying between 
the minimum and maximum of the curve, p I and p2 respectively, 
would have to be unstable with respect to separation into two phases. 

The physical principle from which the argument starts is the expression for 
the change of free energy in going from one point to another of the 
curve, which I have written here. 

Since the temperature is constant, the change in free energy is simply the 
integrated work of compression, that is, minus the integral ofpdv. 

Geometrically, this is the change in area under the curve. 



3 

If we draw a constant-pressure line through the given point R, it will 
intersect the downward-sloping parts of the curve in 2 points Q and S 
as I have shown. 

By a little freshman mathematics, of which I will omit the details, one can 
show that if one replaces a given amount of material in the state R by 
an equal mass divided between the two states Q and S in such a 
proportion as to make the total have the same volume as that of the 
original material in state R, the original free energy will be lowered. 

In other words, material in state R must be thermodynamically unstable with 
respect to separation into two phases described by Q and S. 

From this one must conclude that if the Van Der Waals model is any good at 
all, an improved theory yielding always equilibrium states would have 
not up-and-down portions like the section QRS of the whole black 
curve but rather would have portions with horizontal lines like the 
dotted line QRS. 

This means that the thermodynamic functions are non-analytic at the 
boundary of the two-phase region, and especially so at the critical 
point. 

Some decades later, another important property of the critical point was 
noticed and analyzed by Einstein and by Smoluchowski. 

This had to do with thermal fluctuation intensity, a phenomenon closely 
related to that of Brownian motion, to which Einstein and 
Smoluchowski had recently addressed their attention, as we discussed 
in Lecture L 

Late 19th century observations of light scattering in compressed gases had 
revealed that the scattering became especially intense as one 
approached a critical point. 

In 1908, Smoluchowski proposed that this so-called "critical opalescence" 
was caused by random fluctuations in the refractive index, due to the 
density fluctuations that would be caused by thermal fluctuations 
according to Gibbsian statistical mechanics. 
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The reason for the growing amplitude of density fluctuations is readily 
apparent from the diagram. 

Here the red curve is drawn at the critical temperature, and it has a 
horizontal tangent, and an inflection point also, at the critical volume 
point C. 

As the temperature of the purple curve rises toward To. the points PI and P, 
approach each other both vertically and horizontally, so their free 
energies also approach each other. 

The same is true of Q and S, and the free energy lowering produced by 
replacing R by Q and S will become very small. 

By a similar argument one can show that the free energy gain due to 
replacing material on a curve for T only slightly above T, by an equal 
total volume of higher and lower densities become small similarly. 

Thus we can conclude that the cost in free energy of density fluctuation 
approaches zero as T approaches T ,. 

Since the probability that thermal fluctuations will produce a local density 
change of the sort we have been discussing is proportional to the 
exponential of minus the free energy change divided by kT, this 
probability will increase enormously the loser we are to the critical 
point. 

Equivalently, we can say that the average size of density fluctuations will 
increase enormously in this limit. 

In 1910, Einstein, who had been keeping in touch in Smoluchowski, 
published a detailed calculation of the specific amount of light 
scattering that would result from this effect, so that a quantitative 
comparison with experiments could be made, and used to obtain still 
another kind of measurement of Avogadro's number. 

Notice that this result, like the one I discussed a few minutes ago on an 
equation of state, was obtained from a model that assumed a gas to be 
made up of molecules, but did not undertake to specifY any properties 
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of these, such as their specific inter-atomic forces and specific 
correlations among them, but only assumed a few qualitative things 
about their average behavior. 

Theories of this type, which I have identified in this transparency with 
brown boxes, are called mean-field theories and have been very useful 
throughout all the succeeding decades, in spite of the obvious 
limitations. 

I'll just mention briefly a few examples from fields other than gas-liquid 
systems. 

A couple are from the field of magnetism, to whose history I devoted 
Lecture X this last October. 

One is the concept of a molecular field m ferromagnetic materials, 
introduced by Weiss in 1907. 

As you may remember, he introduced a model assuming magnetic atoms or 
molecule,s each possessing a fixed but orientable magnetic moment, 
and acted upon by a mysterious "molecular field" equivalent in its 
effect to a fictitious huge field, proportional in strength and 
orientation to the average magnetization of the other atoms or 
molecules in the vicinity of the one being oriented. 

How close "vicinity" was remained unspecified. 

The laws of statistical mechanics were then used to calculate the temperature 
variation of the magnetization self-consistently. 

Despite the vagueness of the model, agreement with experiment could be 
obtained by merely adjusting the strength of the molecular field and 
the magnitude of the molecular moment. 

A couple of decades later, when Heisenberg proposed his quantum
mechanical theory of ferromagnetism, he undertook to set up a more 
accurate statistical treatment by constructing a reasonable 
approximation to the energy distribution of excited states of his spin 
Hamiltonian. 
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But although he was able to set up some possible equations for the 
distribution desired, the problem of getting a usable expression for the 
temperature dependence of saturation magnetization proved 
sufficiently complicated that he was forced to make a number of 
simplifying approximations. 

When these were incorporated, his final expression was surprisingly similar 
to that which Weiss had obtained from his model. 

As in the Weiss theory, the probability for an atomic moment to have a 
given magnitude for its component in the direction of the applied field 
was taken as proportional to a Boltzmann factor of the energy of this 
atom in the applied plus molecular field, and the only difference 
between the Heisenberg and Weiss theories was that Weiss calculated 
the average of this moment from the classical Langevin function 
whereas Heisenberg used a Brillouin function to take account of the 
quantum requirement that the component of angular momentum in a 
given direction must always be an integral or half integral multiple of 
n. 

This change greatly improved the agreement of the magnetization
temperature curves with observation, but as the accuracy of 
observations increased, it was found that it still did not give the 
correct asymptotic behavior either at very low temperatures or at 
temperatures just below the Curie point. 

These failures illustrate the fundamental weakness of mean-field theories, 
namely, that they don't properly account for the variety of ways in 
which the individual entities - in this case atomic moments - can be 
locally correlated with one another. 

In the low-temperature case, the construction of a more accurate theory is 
easy, thanks to the fact that nearly all the atoms have the spins 
completely aligned in the magnetization direction, so that the number 
in any other orientation is small, and so, as I explained a little earlier 
when we were discussing magnetism, nearly all the departure of the 
magnetization from complete saturation can be described in terms of 
excitation of spin waves. 
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These give a departure from saturation proportional to the 3/2 power of the 
temperature at low temperatures. 

The situation near the Curie point, however, required a more sophisticated 
analysis and I will refer to some later attacks on it presently. 

Still another example of the usefulness, and the limitations, of mean field 
theory is provided from the area of metal energy. 

When I was a graduate student at Princeton in the middle 1930's, we had a 
visit one time by R. H. Fowler of Cambridge University, who was 
already famous for the extremely comprehensive book he had written 
on statistical mechanics. 

He lectured on order-disorder transitions in alloys, and the stimulus their 
study was giving to theoretical physicists to find ways of dealing 
mathematically with what he called "cooperative phenomena". 

A single example is provided by the beta brass phases that form with nearly 
equal concentrations of copper and zinc atoms. 

At high temperatures the crystal structure can be loosely described as an 
almost random distribution of the two types of atoms on the sites of a 
body-centered cubic lattice, with just a slight preference for nearest 
neighbors to be of opposite types. 

As the temperature is lowered, preference for opposite-type neighbors will 
grow, and below a certain critical temperature one will find an 
alteruation of predominantly copper and predominantly zinc atoms 
whose phase remains unchanged to infinity, in other words, a long
range order of simple cubic symmetry, manifested by the appearance 
of extra lines in the x-ray diffraction pattern. 

Various attempts to explain this behavior were made on the basis of simple 
models, assuming for example total energy to depend merely on the 
number of unlike nearest-neighbor pairs and approximating this 
number by a crude function of an overall order parameter. 
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Such a procedure is what we have been calling a "mean field" 
approximation, and was used by Gorsky in Germany in 1928 and by 
Bragg and Williams in England in 1934 and 1935. 

And it succeeded not only in predicting the onset of long-range superlattice 
order below a critical temperature, but also in predicting a specific 
heat versus temperature that rose to a maximum as the temperature 
increased to the critical temperature and then dropped to zero above it. 

The latter feature illustrates the crudeness of the approximation, since the 
measured specific heat has a peak at the critical temperature, but drops 
continuously rather than abruptly above it. 

When applied to systems with more complicated superlattice ordering, a 
mean field theory of this type will in some cases predict a first-order 
phase change at the critical point, as is indeed sometimes observed. 

But the need for something better was recognized, and professor Fowler 
went on to tell us about how Hans Bethe, who had left Germany to 
spend a couple of years in England before coming to the United 
States, had proposed a scheme of successive approximations which, if 
carried to infinite order, could approach an exact solution of the 
statistical problem. 

Bethe's procedure differed from that of the mean-field theory mainly in that 
instead of assuming the statistical distribution of the different kinds of 
atoms on the nearest neighbors of a given site to be the same as the 
average distribution over the entire crystal, he assumed the average 
distribution over the n-th shell of neighbors to be the same as this 
whole crystal-average, and then carried out an exact calculation of the 
probability distribution for all configurations of the atoms interior to 
this shell using exact statistics. 

Unfortunately, the difficulty of the calculation increased rapidly with 
increase in the number of "interior" atoms, and although early results 
achieved significant improvements on the simple mean-field theories, 
the search for greater accuracy continued. 

One type of investigation that seemed hopelessly difficult to many workers, 
but which to others seemed a worth-while gamble was the search for 
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an exact solution to the statistical problem of phase transitions for one 
or more hypothetical systems, and indeed over the next decade the 
optimists came through with, first, a partial success, and, later, a 
spectacular breakthrough. 

These results, for which I have used orange boxes, were obtained for the 
problem of a two-dimensional lattice of Ising spins, that is, spins 
capable only of up or down orientations, coupled to their nearest 
neighbors by ferromagnetic interactions. 

This is about the simplest problem that can be expected to show a sharp 
phase transition, since one-dimensional arrays with interactions of 
finite range cannot develop long-range order at any finite temperature. 

Now it happened that I had spent the summer of 1940 as one of the 
participants in the summer symposium on theoretical physics that in 
those days used to be held annually at the University of Michigan. 

The attendees included workers in all areas of physics from all parts of the 
world: we had lecture courses given by a number of distinguished 
physicists, and I remember going with a sizable crowd down to the 
railroad station one day to welcome Enrico Fermi when he arrived. 

Many participants were lodged in fraternity houses that had been vacated for 
the summer and in one of these I shared a suite of rooms with my 
friend Gregory Wannier who had been a post doc at Princeton when I 
was finishing my graduate work there a few years earlier. 

In the meantime, he had returned to Europe for a short period, and had 
embarked on a study of the two-dimensional Ising model in 
collaboration with Hendrik Kramers, one of the most distinguished 
European theorists, then at the University of Leiden. 

Unfortunately the war in Europe had cut off their communication with each 
other, and Wannier, now at the University of Texas, was trying to 
complete the work alone. 

He would spend a large part of each day sitting in a battered easy chair in his 
room, covering page after page of a note pad with long equations. 
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His approach, which involved the manipulation of the so-called " transfer 
matrices" which relate the probabili ty of a given configuration of 
spins in one long line of atomic positions to the confignrations fo r the 
nearest neighboring line, seemed hopelessly complicated to me, but he 
persevered day after day. 

Finall y, one day, he was cheerful: he had di scovered an exact relation 
between the free energy at any temperatnre T I and free energy at a 
related temperature T2, calculable from Tl by a very simple fo rmula. 

This relation was useful in a variety of ways, of which perhaps the most 
spectacular was that it enabled him, with the aid of a single further 
assumption almost certain to be true, to calculate the exact Curie 
temperature Tc in terms of the strength J of the nearest-neighbor spin 
coupling. 

Once the relation of T2 to Tl had been found, the reasoning was extremely 
simple. 

The relation in qu esti on was simply, as I have shown here, that the 
hyperbolic sine of a dimensionless measure of T2 was the reciprocal 
of that for Tl . 

Thus over the whole temperature, increas ing T 1 would require T2 to 
decrease. 

Now as we have seen for all phase transformations, the free energy has a 
singular behavior at the transition, which in the present case is the 
Curie temperature. 

So if we assume that there is only one temperatnre at which the behavior of 
the free energy is singul ar - this is the one assumpti on that I 
mentioned - the Cnrie temperature must be the temperature at which 
Tl and T2 are equal. 

From thi s equation here we see that that requires the hyperbolic sines both to 
be one, and this gives the numerical value kTc ~ 1.346J. 
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During the World War II years most solid state fundamental research 
languished, as mine certainly did, but there was one spectacular 
development. 

I can best illustrate its impact by telling of another interaction I had with 
Gregory Wannier. 

Late in 1944, when I was living in an apartment in New York City, Gregory, 
who was just passing through, dropped in for a brief visit one evening. 

Although my memory may not be accurate, I remember him as brandishing a 
recent issue of the Physical Review, which turned out to contain a 
paper by the famous physical chemist Lars Onsager, 33 pages long, 
which calculated rigorously the partition function of the two
dimensional Ising model at all temperatures. 

He had solved completely the same problem Kramers and Wannier had 
tackled with only partial success. 

Onsager's calculation involved a lengthy excursion in the realm of algebras, 
and Gregory muttered a discouraged complaint that if he was going to 
do any more work of his own on cooperative phase transitions he 
would have to first master a whole new field of mathematics. 

Actually, he could well have been proud to notice that Onsager's calculation 
made a great deal of use of the results that he and Kramers had 
published 3 years previously. 

And as things developed, Gregory did indeed master the new mathematics, 
and a few years later, when he and I were both at Bell Laboratories, he 
led a group that successfully applied Onsager's methods to a variety 
of related problems. 

From the work of such groups in various places a body of knowledge was 
soon accumulated on the exact behavior of a variety of two
dimensional phase transformations, and this knowledge proved useful 
in evaluating the validity of various more broadly applicable 
approximation schemes. 
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In such comparisons, it often turned out that while mean-field theories, or 
simple modifications of them, often gave a reasonable picture, on a 
gross scale, of the variation of thermodynam ic properties with 
temperature or other independent variables, as one passed from the 
highly ordered to the highly disordered state, but such theories gave 
what turned out to be very wrong predictious in the region very close 
to a critical point. 

For example, in zero magnetic field the exact theory for the two-dimensional 
Ising model I have just been discussing showed a spec ific heat that 
became logarithmically infinite as the curie point was approached on 
either side, whereas mean-fi eld theory mere ly showed a fi nite 
discontinuity. 

Again, for the same case, as one approached the Curie point from below, the 
magnetization approached zero prop0l1ionally to the 118 power of the 
temperature difference (Tc - T), whereas mean fi eld theory gave a 1/2 
power. 

Discrepancies like these led a number of theorists to devote special attention 
during the 1960's to the behavior of thermodynamic properties just 
below and just above the critical point for a variety of systems. 

1 a..boe l6:l rb'4l.r 
I have noted a few early results of such studies in the gl· ........ ".s here. 

In thi s period the accumulation of data on the behavior of a variety of 
systems near their critical points enabled several general izations to be 
made that came to be widely accepted. 

The data came from a variety of sources: The exact calculations on a variety 
of two-dimensional systems, which I have just been talking about, 
accurate experimental observations on a number of real systems, and 
extrapolations to the critical point using a remarkably effective fitting 
of empirical data by a type of algebraic function that I' ll discuss in a 
moment. 

Much of the work invo lved studying the value of the so-called critical 
exponents of the various kinds of statistical systems with phase 
transitions. 
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Here's a little li st of the most important critical exponents, and their 
Lit- definitions. 

Most of these critical exponents have to do with temperature variations near 
the critical point, so it is convenient to have a symbol for the distance 
from that point: people usually use the symbol t = (T -T,)rr, so that it 
is negative at low temperatures and positive at high. 

The first two exponents here are ones that I have already mentioned m 
connection with our discussion of the two-dimensional Ising model. 

The first of these, alpha, describes the temperature dependence of a speci fic 
heat. 

Note that the specific heat becomes infinite both on the high side and on the 
low side of the critical temperature, and with the same exponent, 
although the coefficients are in general different on the two sides. 

Two-dimensional systems are an exception, as I have noted here. 

The second exponent, beta, describes the approach to zero of a measure M of 
long-range order, such as the magneti zation in a fe rromagnetic 
system. 

The third exponent, gamma, describes the approach to infi nity of a response 
fu ncti on, like the susceptibi lity of a magnetic system or the 
compressibility of a gas-liquid system. 

Here again the exponent is the same on the high and low temperature sides 
but the coeffi cients are in general different. 

The fourth critical exponent on the list here, '1 , has to do with the spatial 
scale of statistical fluctuations. 

Suppose we have local order parameter />,. - for example, the local density of 
magnetization in a ferromagnet - and that at a given instant of time, 
its value at a certain point, which we take to be the origi n of 
coordinates, is />"(0) , while at the same instant its value at a point r is 
/>"(r). 
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Then the time average, statistical expectation, of the product ~(r) times ~(O) 
measures the correl ation of these quantities, and its decay with 
increasing r measures the range of its autocorrelations. 

When conditions are exactly at the critical point, the decay of this correlation 
[unction F at large r is inversely proportional to the power d-2+!] of r, 
where d is the dimensionality of the system. 

The exponent is written in thi s seemingly unnecessari ly long way, because 
in all simple mean-field theories, the exponent is predicted to be d-2, 
so that 1'\ is a measure of the departure from mean-fi eld theory. 

[n discussing the temperature dependence of the correlat ion range, It IS 
useful to define a correlation length S as the distance r at which F has 
fa llen to one e-th of its value at the origin . 

The exponent v now describes the increase of the correlation length S as the 
temperature approaches the critical point. 

Well, havi ng finished with these definiti ons, let me return to the historical 
picture. 

A good deal of knowledge about these exponents had a~'eady been obtained 
by 1960, and was ni cely summari zed in a review article by Cyril 
Domb of Kings College, London, in that year. 

Reasonab le values had been obtained for many of these critical exponents 
for diverse kinds of phase transformations, such as magnetic atoms 
coupled either ferro- or antiferromagnetically, ordering alloys, liquid
gas systems, surface phases, etc. 

The va lues of the exponents were not distributed randomly, but seemed to 
fall into a modest number of clusters, which came to be called 
"universality classes." 

Systems that were physically quite different, and that seemed to behave 
rather different under conditions far from their criti cal points, seemed 
sometimes to have identical critical exponents. 
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Again, for all systems, the exponents I have listed here seem to be related by 
two universal equations, so that instead of five independent 
exponents, there were really only three independent ones. 

These relations seem first to have been noticed by Michael Fisher, who 
started with Domb's group at Kings College, but soon emigrated to 
the United States to be a professor at Cornell. 

The derivation and refinement of the relations took place in several papers 
by Fisher and by Essam and Fisher over a period of several years. 

A further kind of simplification was soon introduced by Ben Widom of 
Cornell, and by Leo Kadanoff, then at Illinois. 

This was what came to be known as "scaling." 

The basic idea is that for all systems of a given universality class, one should 
be able, by a suitable temperature-dependent scaling of a part of the 
free energy and of a control variable like a magnetic field, or several 
of such, if more than one is needed, to predict the correct asymptotic 
behavior of any measured quantity from a single function of the 
scaled variable, which is the same for all systems of the given 
universality class. 

This shows how the scaling hypothesis looks in mathematical form, for the 
common case where there is only one externally imposed variable in 
the equation below. 

The scaling hypothesis now asserts that the asymptotic behavior of F as the 
critical point is approached, is absolute value of t to the power 2-a 
times a function Q of the single variable h divided by the ho I just 
mentioned times absolute value of t to the power /).. 

Although the scale factor ho may vary from one kind of system to another n 
the same universality class, the exponents a and /)., along with the 
fonn of the function Q, are the same throughout this class. 

Since the behavior of all thennodynamic properties can be derived from the 
free energy and its derivatives, these behaviors can all be expressed by 
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a function of two variables, the dimensionless temperature relative to 
the critical temw~ture, which we have been calling t, and the 
dimensionless H : which I've called h. 

Since the scale of this latter may need to be adjusted, I introduce a constant 
ho in the denominator here. 

According to the arguments given in 1965 by Widom and rather different 
arguments given in 1966 by Kadanoff, the behavior of f as the critical 
point is approached should be asymptotically of the form that I have 
written here, namely, the absolute value of It I to the power 2-a times a 
function Q of the variable h divided by the ho I just mentioned times 
absolute value of It I to the power 11. 

The two exponents a and 11, and the form of the function Q should be the 
same for all systems of a given universality class. 

Since all thermodynamic properties are derivable from the free energy and 
its derivatives, it is clear that the critical exponents for all such 
quantities - these include, for example, a, ~, y, and (\ of the preceding 
transparency - are expressible in terms of a and 11. 

Mesoscopic exponents, such as the 11 and v of the preceding transparency, 
can usually also be expressed in terms of a and 11 because they are 
related to the thermodynamic exponents by equations representing the 
thermodynamic quantities as integrals of the mesoscopic ones. 

So far, this has been a very sketchy discussion of scaling theory as it was 
developed in the 1960s. 

Before I go on to the new perspective of the 1970s, I should highlight a 
couple of points that you've probably already been wondering about. 

For one thing, the sources of these relations had been partly experimental 
and partly theoretical, and the theoretical side had been rather fuzzy. 

One would like to be able to see more clearly that this is the way things have 
to be. 
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Also, how far can one go in generalizing, and refining, these relations, and 
are there exceptions to them? 

As regards exceptions, it was known from the start that the scaling law I 
have written here does not yield the logarithmic singularity in a 
specific heat that was found by Onsager for his 2-dimensional Ising 
model. 

Kadanoffs paper gave a general formulation that would predict this. 

Well, this is about all I have to say now on scaling relations, but having 
mentioned Kadanoff, I'd like to call attention to one particular feature 
of his approach to phase transformations, a feature that was on the one 
hand a crude and untrustworthy approximation, though one that 
sometimes has still proved useful to workers, yet which on the other 
hand constituted an insightful foreshadowing of the full 
renormalization-group approach that was to come. 

I'm sorry there's not time to describe the reasoning step involved, but I 
mention it both to give Kadanoff credit and as an example of how this 
and one or two other studies led into the clarification to be given by 
Wilson a few years later. 

To describe how this clarification came about, I have to start with a few 
words about Ken Wilson himself. 

He was the eldest son of E. Bright Wilson, a very distinguished theoretical 
physical chemist at Harvard. 

As a graduate student at Caltech, ken opted to specialize in theoretical 
elementary particle physics. 

He joined the physics faculty at Cornell in 1963, having become interested 
in improving the application of renormalization theory to quantum 
field theory, and realizing early that there were analogies between this 
field and the phase transition field in condensed-matter physics, he 
learned more about the latter from his conversations with Widom and 
Fisher in the chemistry department at Cornell, and eventually dug 
through the details of Onsagers solution of the 2-dimensional Ising 
problem. 
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He began to feel that an understanding of phase transitions might provide 
clues as to how to get around some of the difficulties he had been 
encountering in his quantum field theory work, and he applied some 
of his great skill with computers to carry out extensive series 
calculations on the statistics ofIsing models. 

Finally, in 1971, Wilson saw how to construct a renormalization group 
theory for phase transitions that was complete and logical in a way 
that none had previously been. 

However, I didn't hear about this work immediately, as I was not myself 
working in the field. 

But I had been corresponding with some Russian solid-state theorists who 
were very interested in scheduling visits with American colleagues 
alternately in our two countries, and it was time to start planning for 
the U.S. group to be chosen for the next trip to Russia. 

So I got a request from the Russians to include Ken Wilson in our group. 

I at once undertook to find out who Wilson was, soon learned about his work 
and looked forward to hearing him describe it. 

I'll try now to explain his basic idea. 

But before getting into the thick of things, I should make a few orienting 
remarks. 

Renormalization group theory, though it has attracted especial attention in 
the context of the phase transition problem, has turned out to be a 
useful approach to many difficult problems both in classical and in 
quantum physics. 

Specifically, it is useful for situations where short-range forces produce 
long-range correlations in the local properties of bulk matter. 

But to give a single formulation of the theory that would cover all its 
applications would require using such abstract concepts that it would 
be hard to follow. 
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So what I'll try to do will be to give a formulation that is valid for many 
phase-transition problems, and allow you to th ink of a simple such 
problem, such as the ordering of magnetic ions, at each step. 

Then , I ' ll mention very bri efl y the application to some other types of 
problems, hoping that you can see the plausibility of an analogous 
treatment for them, without any details. 

These can be generated by making a small modification in W' and further 
application ofRb. 

Of special interest, however, is the modification of W* when a modification, 
such as a magnetic field, is introduced into the equation of motion. 

A knowledge of the limiting behavior near the transition would then be velY 
helpful for the fitting of experimental data. 

The elements of what is called a "renormalization group" are operators that 
take any PJobability exponent w (o,'s) into another such utilizable 
exponen)i-as shown in this transparency. 

Starting with any given W, we define W' by this equation, then make the 
substitutions of q'lb for q andioq for each aq. 

The factor -' is to be chosen so that in the limit of many repetitions ofthe 
steps I have just described, which I' ll call Rb, the W on which the 
operations are performed will approach a limit other than zero or 
infinity. 

With such a choice these operations can easily be shown to form a 
semigroup, that is, to obey the rule Rbl Rb2 ~ Rblb2. 

Now £i·om the way I've defined the renonnalization group operators, their 
effect at large b is to drive the upper end function to a limiting form 
called a "fixed point". 

Havi ng assumed the existence of fixed points, it is of interest to explore the 
behavior of a renormalization group operator in the neighborhood of 

tig,. such a point. 
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Consider the effect of applying such an operator Rb to a function close to a 
fixed point W*, say W*+OW, where oW is small. 

Since Rb is by no means a linear operator, we are not allowed to just add the 
effects of applying it to W* and to oW. 

.. . t4.Tt:k.."hmon However, If 6W 18 small, we can treat It as a first-order Frotei's lI., and 
write this equation here, which simply says that the starting function is 
changed into another function which is also in the close neighborhood 
of the fixed point, and departs from it by a function that one may 
plausibly assume to be linearly dependent on oW as I have shown 
here. 

I don't think I need to go into further details about how this line of reasoning 
gets the theory into Eigenfunctions and Eigenvalues and so on. 

I can, however, mention some interesting conclusions that have been 
reached. 

\ So far, our discussion ofrenormalization group methods has focused on their 
use for understanding phase transitions. 

But they are useful in other areas of physics too. 

A particularly important example of such use is the solution of the Kondo 
problem. 

Those of you who heard the end of my lecture on magnetism last fall may 
remember my description ofthe effect and my remark to the effect 
that all the early theories to explain it developed contradictions when 
one tried to make them complete. 

This transparency illustrates the situation. 

The first aspect of the Kondo puzzle is illustrated in the diagram at the upper 
left, which shows how the resistivity of a dilute alloy containing 
magnetic impurities differs from that of a similar alloy with only 
nonmagnetic impurities. 
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As the green curve shows, the metal with nonmagnetic impurities has a 
resistivity that simply levels off at a constant value as the temperature 
approaches absolute zero, an indication that the cross section for 
scattering of electrons by the impurities becomes constant as the 
temperature approaches zero. 

For the magnetic impurities, on the other hand, the scattering gets stronger 
as the temperature decreases)mplying a significant energy 
dependence of the cross section in a range of the order of kT near the 
Fermi surface. 

A more conspicuous difference between magnetic and nonmagnetic 
impurities was discovered a little later in the mid-century, in that the 
thermoelectric power, shown in the right-hand diagram, was 
enormously greater, sometimes a thousand fold, at very low 
temperatures, for magnetic impurities than for nonmagnetic ones of 
comparable concentration. 

In the Simple Band Theory of thermoelectric power the effect is due to the 
energy dependence of the scattering probability near the Fermi 
surface. 

This reinforces the idea that the scattering by magnetic impurities is strongly 
energy dependent near the Fermi surface. 

So we must see ifthere is some reason why the scattering by magnetic 
impurities is strongly energy dependent in this region. 

To begin with, it is fairly easily shown, that such an energy dependence 
cannot be produced by scattering in a simple potential field. 

But spin-exchange scattering, which can take place on a magnetic impurity 
but not on a nonmagnetic one, does seem to give the desired 
dependence, at least when calculated in second order perturbation 
theory, as was first shown by Kondo in 1964. 

Unfortunately, attempts to get a more accurate theory by going to higher 
orders of perturbation theory always seemed to encounter infinities. 
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So for a number of years, the efforts of various theorists to construct a 
clearly correct theory of the scattering of a conduction electron by a 
magnetic impurity remained unsatisfying. 

The difficulty arose from the many-body nature of the problem, since the 
direct effect of the impurity on the of conduction 
electrons directly interacting with the electron-electron 
interactions of these electrons with other electrons nearby, and so 
could, by electron-electron interactions, modify the wavefunctions of 
many electrons in the neighborhood. 

Finally, in 1974 and 75, Ken Wilson showed how~se of a renorrnalization 
group approach and the calculational capabilities that computers had 
reached at that time, he could calculate numerically various properties 
of the Kondo ground state and some low-lying excited states. 

For the case of an impurity with spin 112 coupling antiferromagnetically 
with the conduction electrons, the ground state has the impurity spin 
exactly compensated by a local accumulation of conduction spins 
extending gradually to infinity. 

After a period of years, during which theorists worked out various 
approximations for the shape of this distribution, in 1974 and 75 
Wilson showed that with a renorrnalization group approach he could 
solve the problem exactly. 

As I said earlier, the Kondo effect is only one of several areas in which a 
renorrnalization group approach has been found to be useful. 

An early example, with which I am sure many of you are already familiar, 
occurs in the field of nuclear spin resonance. 

If a crystal containing a particular type of nuclear spins is placed in a dc 
magnetic field in the z direction, nuclei of this type in all parts of the 
crystal will acquire average moments in this direction also. 

A radio frequency field of the resonant frequency, applied in the x direction, 
will rotate this moment toward the y direction, and if the pulse lengths 
are chosen properly, all the nuclei will have their moments very close 
to the y direction. 
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But ifthere is an appreciable inhomogeneity in the magnitudes of the z field 
at nuclei in different parts of the crystal, the moments of nuclei in 
different locations will precess at slightly different frequencies about 
the z direction and so the initial y components of different nuclei will 
be precessing at slightly different frequencies, and the microscopic 
moment observed in this direction will die off to zero when they 
become completely randomized. 

But now if, after the randomization, andlor if a magnetic pulse is applied 
with such magnitude and direction as to reverse the x polarization that 
was produced by the first pulse, the polarizations of all the spins will 
be altered, the projection of their precessions onto the x-y plane will 
be reversed, and those precessing faster than average clockwise will 
now precess faster than average counterclockwise. 

After a time interval equal to the time interval between the first and second 
pulses, the accumulated precession of each spin relative to the average 
will be just equal and opposite to the initial precession after the first 
pulse, and all the spins will have precessed to the orientations they 
had after the first pulse. 

Thus they will all be in phase and the crystal as a whole will show a 
maximum amplitude of precession in the x-y plane. 

This relatively familiar phenomenon is one illustration of a type of effect 
that occurs in various situations, namely, a randomization of some 
property of a physical system followed by a reversal of the 
randomization produced by a stimulus that causes the randomizing 
processes to be reversed. 

Another area that deserves especial attention has to do with the importance 
of electron-electron interactions, which are often more tricky than 
mere "correlation energy", important though this is. 

In recent decades, many metals have been found to have band structures that 
differ strongly from those that would be calculated without taking 
proper account of electron-electron interactions, especially those 
having to do with charge density interactions. 
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It can even tum out that the electronic charge density in a metal has a 
periodicity different from that of the atomic distribution. 

Important also, in this connection, are the variations in the atomic 
distribution and in the electron distribution near the surface of a 
crystal. 

As one goes from the deep interior to a spot well outside the crystal the 
electron density will decrease rapidly toward zero, over a distance of 
atomic dimensions, and the rapidity of this decrease will determine 
the magnitude ofthe difference in electrostatic potential between the 
deep interior and the vacuum well outside. 

The amount of this spilling over depends of course very much on the 
strncture ofthe surface and it is strongly influenced by impurity atoms 
that may be adsorbed onto it. 

The quantum-mechanical calculation of the spilling over was the subject of 
John Bardeen's doctoral thesis at Princeton, which I heard him 
describe while he was doing it, and has been the subject of more 
extensive work by others in the years since. 

The theoretical problem is rather difficult, because it involves 
simultaneously taking account of the strong inhomogeneity of the 
potential and the dependence of the electron-electron correlation 
energy on the inhomogeneity of the potential. 

Fortunately, the behavior of the electrostatic potential at the surface can now 
be studied experimentally by electron or positron scattering. 

This and other experimental tools have made our knowledge about the 
surface between the crystal and the vacuum far more complete than it 
was a generation ago, thanks especially to the capability that 
experimentalists now possess to perform extensive experiments on 
stable, reproducible, surfaces, which are now available through 
advances that were made around the middle of the century in high 

. 0_ "" VW,... ~l-"~ vacuum techniques, so tlilll .tne sunace of a freshly grown crystal or of 
an old crystal whose surface has been cleaned of foreign material by 
heating or other means, ~.wJ..'tlll'l'liB!MH af techniques for • 
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establishing and then verifying the cleanliness of the surface or more 
generally the presence or absence of absorbed atoms on it. 

Prior to the middle of the century, only the most capable and conscientious 
experimenters were able to do experiments on surfaces that could be 
convincingly demonstrated to be free from unknown contaminants, 
but as the decades have rolled by, a larger and larger percentage of 
published work on hopefully clean surfaces has succeeded in 
producing and maintaining them. 

This progress has been partly due to the continued improvement of high
vacuum techniques, and partly to the development of observational 
tools, like scanning tunneling microscopy, that enable surface atomic 
structures to be monitored in detail. 

By now there is fairly general agreement that the variation of potential 
across most metal (and even nonmetal) surfaces is reasonably 
understood theoretically, and is consistent with various kinds of 
experimental data. 

Other aspects of surface physics are of course especially important in the 
modern age, when surface and interface electronics have achieved 
such a high importance. 

The new observational tools are especially useful here, but as my lecture 
series has been mainly concerned with bulk physics, and the time is 
late, I think I'll skip details on surface physics, though the field is very 
interesting and has fundamental ideas that go back to my favorite 19th 

century hero, J. Willard Gibbs. 

So I'll stop here, and limit my further words to answering questions. 
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STATISTICAL MECHANICS PART OF LECTURE X 

Well now, with a final repelit i ~n of my apo logy for having to abbreviate my remarks on 
magnetism so drasticalll.~witch to the area of cooperative stati sti cal mechanics. 
~. 1\ 

In ig broadest sense, this means the search for accurate methods of combining the 
randomness of thennal fluctuations with what we know of the detail s of interactions 
between atoms (or elect rons and nuclei, etc .. ) on an atomic scale, so as to 
understand and predict ther~YlLamic and other material properties of bu lk 
matter. 

~ 

While calculations for arbitrary conditions such as temperature, vol ume, magnetic field, 
etc .. would be not on ly complicated but also un interesting" there is one type of 
problem that has been especially intriguing for more than a century. 

This is the phenomenon of phase trans itions. 

. '(iSe 
---? How does it happen that smooth inter-partic le forces giv~n,~ to con ti nuous 

equations of motion can cause properties of microscopic systems to change 
discontinuously or non-analyt ically when one or another of the external conditions, 
such as temperature, is changed through a particular value (such as a melting point 
or a Curie temperature)? 

An early and partia ll y successful attempt to gain some orientation on this question was 
~ provided in the 19th century b~'Van Der Waals theory of gaies. 

Probably many of you have J5:en the argument wheru y one can infer, starting from 
the simple Van Der Waal~ % odel of interacting molecules, that a more accurate 
theory would have to manIfest a singularity in the behavior of ~ thennodynamic 
functions, thi s si ngularit~~meated at its critical point. '-' 

~ 

Let me just sketch quickly here how the argument goes. 

Van~er Waals assumed the molecules to ac t on each other by two different kinds of 
torces, namely, a relatively weak long-range attraction, wh ich by Hleffiselv6e- itsel( 
would produce a negati ve pressure or tension in the medium, and a very short-
range stro~ repu lsion, effectively a hard-sphere repu lsion,which would reduce the 
available yree vo lume within which the molecules could move. 

He then wrote fo r the contribut ion of molecular motion to the pressure in the medium 
the difference between the tota} ... eressure and the negative pressure due to the long
range forces, which with his IJfsumptions turned ou t to be inversely proportional 
to the square of the volume. 
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He then Mi4 the product of this gas-motion pressure by the free volume "'t.!k}equaJ to 

the perfect gas pv value, which for a standard amount of material, say one mole, 
was just the gas constant R times the temperature T. 

If we plOl curves of constant temperature in the pv ~ane. they tum out to look like the 
black curve at low temperatures, and like'IJ:fj'reen curves at high temperatures, ~ 
y(low and high temperature regions bei ng separated by the red curve, which has a 
sing le horizonta l tangent at the critical poin t C. 

It is simple to show that if there were a real system with stable or m~;stable states 
pulling on one of the curves of the black type, all states are lying between the 
minimum and maximum of the curve, p i and p2 respecti ve ly, wou ld have to be 
unstable with respect to separation into l WO phases. 

,'" 
I..tD ('6J?1~ -7-- The p~ical principle from which the argument startS/is the expression for the change 

---;; ofl'~"energy in going from one point to another of the curve, which I have written 
here. 

Since the temperature is constant, the change in 1;,energy is simply the integrated 
work of compressio~hat i 'lminu~fntegral of pdv. 

Geometrically, this is the c hange in area under the cur~Vc.~ 

If we draw a constant · pressure line through the given point R. it wi ll intersect the 
downward·sloping parts of the curve in 2 points Q and S as 1 have shown. 

Bya li ttle freshman mathematics , of which I will omit the detai ls, one can show that if 
one replaces a g iven amount of material in the state R by an equal mass divided 
between the two states Q and S in such a proportion as to make the total have the 
same vo lume as that of the original material in s tate R, the original free energy will 
be lowered. 

In other words, material in state R must be thermodynamica ll y unstable with respect to 
separation into two phases described by Q and S. 

From this one must conclude that if the Vander Waals model is any good at all , an 
improved theory yielding always equilibrium states would have not up-and-down 
portions like the section QRS of the:'ho le black curve but rather wou ld have 
portions with horizontal li nes like the dotted line QRS. 

This means that the thennodynamic functions are non-analytic at the boundary of the 
two-phase region, and especially so at the critical point. 

Some decades later, another important property of the c riti ca l point was noticed and 
analyzed by Einstein and by Smoluchowski. 



This had to do with thermal fluctuation intens ity, a phenomenon closely related to that" 
----':7.. of Brownian motion, \I,~R which Einste in and Smoluchowski ha," recently 

addressed their attention, as we discussed in lecture I. 

~ Late 19 th century observations of light scatteri ng in compressed gailes had revealed 
that the scattering became especially intense as one approached a critical poi nt. 

In 1908, Smoluchowski proposed that this so-called "critical opalescence" was caused 
by random fluctuat ions in the refract ive index, due to the density fluctuation s that 
would be caused by thermal fluctuations acco rding to Gibbsian statistical 
mechanics. 

The reason for the growing amplitude of density fluctuat ions is readily apparent from 
the diagram over here. 

Here the red cu~~i s drawn at the critical temperature, and it has a horizontal tangent, 
and an infl ~I,ZJl.l\1iion point also, at the critical volume point C. 

<-"I ~ Sl'jlrtl, ""'IA,O'?rt"J St-4Y 
To avoid clutter I have reproduced critical -temperature curve,..in tne diagram at the 

bottom now, and have labeled two points A and 8 to the left and right respective ly 
of C, to represent the state of two quasi-microscopic regions that have fluctuated to 
densities slightly below and sligh tly above the cri tical. 

Using agai n the principle that free energy changes produced by changing the volume 
along such an isothermal curve are represented by changes in the area vert ically 
under the curve, we can say that the free energy increase involved in taking two 
equal amounts of the gas initially having the mean densi ty cOlTCsponding to point 
M and transforming them respectively into regions of densit ies corresponding to A 
and to 8 wi ll be the product of the number of moles invol ved lime the difference 
between the area of this narrow near-rectangle under AM, and the area of the 
similar near-rectangle under MB. 

If +..The temperature is close to the critical temperature and M is close to the critical 
pressure, ttf'e:.frop~s of AM and MB will be nearly equal, and th is difference wi ll be 
very small. 

Since the probability that thermal fluctuations will produce a change of the sort we 
have been discussing is proportional to the expedientia l of minus the free energy 
change divided by kT, th is probabili ty will increase enormously the closer we are 
to the critical poin t. 

----7 Equivalently, we can say that the average size of density fluctuationswi ll lOcrease 
enormously. 

In 1910, Einstein,who had been kee~ touch with Smoluchowski, pub li shed a 
detailed calculation of the speci fi c of light scatte ring that would result from 



this ~ffect , so that a quantitative comparison with experiments could be made, and 
used to obtain still another kind of measurement of Avogadro's number. 

Notice that thi s result, like the one I discussed a few minutes ago on an equation of 
state, was obtained from a model that assumed a gas to be made up of molecules, 
but did not undertake to specify any pro~rties of these, such as their speci fi c inter-
atomic forces and specific correiatioQ:s ~ong them, but only assumed if y81t" Q -fe.W 
quali tative things about thei r average behavior. 

Theories of thi s type, which I have identified in the transparency with brown boxes, 
are ca lled mean-field theories and have been ve ry useful through ...... out all the 

~ 

succeeding decades, in spi te of the obvious limitations. 

T 'JI ~ just mentionfli brieflY0f0 few examples from fields other than gas-liquid systems . 

.... ~ X ... "", i-1 o,,, ..t.l5-t.'Jj 1 " •• f'4. 
~ A couple"itfrom the field of magnetism, .wfli$ i Raye already d1S61:l83e¥ the earlier 

part of this lecture. 

Il.-
~ One is the concept of molecular fie ld in ferromagnetic materials, introduced by Weiss 

in 1907. • 

As you will remember, he in troduced a model assuming magnetic atoms or molecules 
each possessing a fi xed but otientable l.Yagnetic mome ts, and acted upon by a - .JlA.f 

. .. I I f· Id" . I . - ""f It 1.( {''OJ,> h_ .. .... f Id :iIrJ+& t7~ mystenous mo ecu ar Ie eq Ui va ent In IV iii ect to Ie , 
proportional in strength and orientation to the average magnetization of the other 
atoms or molecules in the vicinity of the one being oriented. 

How close "vicinity" was remained unspecified. 

The laws of statistical mechanics were then used to calculate the temperature variation 
of the magnetization self-consistently. 

Despite the vagueness of the model, either agreement with experiment could be 
obtained by merely adjusting the strength of the molecular field and the magnitude 
of the molecular moment. 

A counle of decades later, when Heisenberg proposed his quantum-mechanical theory 
of fterrOi'magnetism, he underitood to se'Lp a more accurate statistical treatment 

"-- '- 1 
by constructing a reasonable approximation to the energy distribution of excited 
states of his spin Hamiltonian. 

But although he was able to seu6p some possib le equations for the di stribution 
desired, the problem of geuing a usable express ion for the temperature depen4nW' 
of saturation magnetization proved sufficiently complicated that he was forced to 
made a number of simpl ify ing approx imations. 



When these were incorporated, his final express ion was surprisingly similar to that 
which Weiss had obtained from his model. 

t; 'l-he-L ~ As in the Weiss the~y, the probability for arfltomic moment to have a given 
V __ ,- magni tude~ilfrcomponent in the direction of the app lied fie ld was taken !!(jttrjtmt] t~ 

Boltzmann factor of the energy of this atom in the applied plus m.olecular field, 
~ and the only difference between the Heisenberg and Weiss theor,t'was that the 

former calculated the average of this moment from the classical Langevin function 
~ v:J~ Hei senberg used a Brillouin function to take account of the quantum 

requirement that the component of angular momentum in a given direction must "''''''Ai ",,..,.1. ~ Of ~ always be an ~tewa or half I·~nl.ftl multiple of iY.ft .. +- ( fu C.'''''II~~t.e ... ""'1 'i f,.91l1k~...t1 
C~I , ,i" -l 414" J;"'I{ (r. rc- \AlIt':, 

Thi s change greatly improved the agreement of the magnetization-temperature curves ~'4 
with observation. but as the accur~~p,f observations increased. it was found that it 

~ still did not giye ~e correcfl~rr~€'behavior either at very low temperatures or 
---7" at temperatur~elow the Curie poin l. 

These failures illustrate the fundamental weakness of mean-field theories , namely. that 
~ p £z heM) they take to account of the variety of ways in which the indi vidual entitiesCi n this 

k J"tfJ,. ~ ,y case atomic moment$:an be loca ll y correlated with one another. In the low
temperatu re case. the construction of a more accurate theory is easy, thanks to the 
fac t that nearl y all the atoms have the spins completely ali gned in the 
magnetization direction. so that the number in any other orientation is small , and 
so, as I explained a little earl ier when we were discussing magnetism, nearl y all the 
departure of the magnetizat ion from complete saturation can be described in terms 
of excitation of the spin waves. 

V-:z... 
~ These give a departure from saturation proportional to the ~ power of the 

temperatu re. 

The situat ion near the Curie point , however, required a more sophisticated analysis 
and I will refer to some later attacks on it present ly. 

Still anOlher example of the usefulness/and the limitations, of mean fi eld theory is 
provided from the area of metal energy. 

When I was a graduate student ~tprinceton in the miqdte 1930's, »7e had a visit one 
time by R.H. Fowler of Cambridge Uni versi ty, ~ was already famous for the 
ex tremely comprehensive book he had wrilten on statistical mechanics. 

~ 
He lectured on order-disorder transitions in allojs, and the stimulus their study was 

giving to theoretical phys icistg;o find ways of deal ing mathematically with what he 
called "cooperative phenomen~t1. 

A simple example is provided by the bela 
concentrations of copper and zinc atoms. 

.faY>o1 . "".riy 
brass phases that &:f:f:gw with "equal 



At high temperatures the crysta l structu re can be loosely described as a completely 
random distribution of the two types of atoms on the si tes of a body-centered cubic 

--? ~ l""ur€ . 

". {I'74 ""/h~"'f 
This is not exac tl y right, because the atoms will still show a slight preference."of ttie 

opposite ty~nd wi ll have slight indi vidual displacements fTom the body centered 
--7't 5itr:~.1 ~~~8.~:d.aat temperatureriG etiU-eelew-tfte ",el!'iRg pgiAl the randomness of 

--->-.... the~~ agitation wi ll prevai~6" ... ef lMcHeHdGllc iet 'lhOUgh these ,paRUIIIIC.- '5''' Y1ttrC , v<r"IlYllj I--r-
- t' vDl""".," ",f+1, ~"''11-4.1 'f1t,L /!t:r"ffrl'taJ<1 ,f c."'~ o'" It'" ]JnG- ",.,. '~ e-"r.,," ..... ,·U k 

fk.t <"~ ~f. (7" "il- ~ ;" e(!" t " 'I'S. 
As the temperature is lowered, the equilibrium disuibution will show a greater and 

greater preference for copper atoms to be surrounded by zinc and for zinc atoms to 
be surrounded predominantly by copper. 

While at firs t these tendencies aJ; not so pronounced that they are able to produce a 
long-range order in th&~ of copper and zinc atoms, kl below a certain 
critical temperature one will find that as one proceeds th rough the laniJtrom i.i ub~ tl 
center to cube corner and so on one will find an alternat ion of~~oPPe·r"'.t ... '! 
~re6et:RiRaRH-y and predominantly zi nc atoms whose phase r.fJ!1.t;ains unchanged to 
infinity, in other words, a long-range order of simple cubic&'ymmetry. 

This new symmetry ~ below a-e~IQiA critic~temperature ~ 8TlEl-manifests itself 
by the appearance of ex tra lines in the x-ray d4fraction pattern. 

<I!#!l;!,-.6 rtiit, ...,. 
With gradual lowering of the e abgrati-tm temperature the:l;D_~ i nes anda r properties 

of the low- temperature phase develop gradually in ~Mfirass, .. may occur 
discontinuously in other types of ~ ;t.I/",7 . 

In other words, the phase transition may be of what is ca lled second order or may be 
first order. 

V&.r/~It" 
~ ll~ie Ill"attempl$to explain th is behav ior~ were made on the basis of a simple 
---, n:aodel with all atoms assumed to occupy sites of the perfect body hyph8RJt::entered 
~ ~,arbitrary distributions of copper and zinc atoms among these si~fs being 

allowed and the energy of any configuration assumed to be a sum of pair-
interaction energies between nearest neighbor atoms. 

r:r.~1IH""/;J"" #1 ~'U w ,,.JJ th~" 'r1e.d ;'dl1' Wtl.-{~ f'< t-
9tte 681:1ht.tbeR take the probabili ty of any arbi trary configurali£n~ the atoms to be 

proportionai to the usual exponen ti al of the negative of thE~nergy over kT, ancD 
average over these probabi lities to obtain any desired physical quantity such as the 
total energy or the strength of any given x-ray line. 

-----7'" t.&1 f tJ 1t . "'At .. '1" SI-<cl PI. CA1c'1/et~' • .., J~~..uI"" .V_j<iIt c#~J"Jt'c-.I,d, It' "1# tIV~"';-4A~ t;.. <:.t>I1,;J.re:t. ..e. .. f-t' :.;..-1",," ......,. ..b ~y f11;r c;...d""""'" " "' .... 4 ?"i jtn .. , 
~ However a~ pointed out by Gorsky in Uermany in 1928 and by Bagg and 
~.... Williams in England in 1934 and 1935, it is easy to obtain an approximate solution 

by the mean-field method. 



One sim pl ¥.~.,h'poses any desired value between 0 and 1 for the frac tion of the cube
comer ~ th~~out the whole crystal that are occupied by copper; the fraction 
of cube-center $, that are occupied by zi nc must be the same number, and the 
fraction of cube-comer si tes occupied by zinc must be 1 minus this and so on. 

One then makes the assumption, which is not exactly true but maybe roughly so, that 
this assumed probable copper fraction is equal to the statisti91 ' al:fJ{. copper 
fraction that one would calculate for a single cube-comer ~ w, nearest 
neighbors have a stati stical di stribution of atoms on them the same as the originally 
assumed average for the whole crystal. 

In other words, one is assuming that the distribution of copper and zinc on the cube 
centers neighboring a particular cube comer is the same when this cube comer is 
occupied by copper and when it is occupied by zinc. 

Seuing the va lue thus calc ulated equal to the va lue originall y assumed gives an 
equation which wi ll be sati sfied at only one temperature if the assumed value was 
different from one hal f~ ~ f the originally assumed copper fract ion on the cube 
comers was exactl y one half, cOlTespondi~_t..0 the case of no long range order, the 
equation is satisfied at any temperature~~~~e can show that the solution is 
unstable below the critical temperature. p Yl < 

This mean-field theory not only predicted the onset of long-range s u;~~order 
below a criti cal temperature, but also predicted a specific heat versus''temperature 
that rose to a maximum as the temperature increased to the cri ti cal temperature and 
then dropped to zero above it. 

C~~<S5 t't1.~ -zeM~ 
The latter feature illustrates the geodn8&ii of the approx imation , since ~ specific 

heat has a peak at the cri tical temperature, but drops continuously rat1ier than 
abruptly above it. 

When applied to systems wi th more complicated s uR.r;;i~': o~i: a mean-field 
theory of this type will in some cases predic t a first-orde change at the 
critical point, as is indeed sometimes observed. But the need for something better 
was recognized, and professor Fowler went on to tell us about how Hans Bethe, 
who had left Gennany to spend a couple of years in England before coming to the 
United states, had proposed a scheme or successive approximations which, if 
carri ed to infini te order, could approach an exact solut ion of the stati stical 
problem. 

Bethe's procedure differed from that of the mean-field theory ~~~t~ in that instead 
of assuming the stati sti ca l ~bution of the differen t kinds of atoms on the 
nearest neighbors of a given to be the same as the average distribu tion over 
the entire crystal, he assumed the average dis tribu tion over the n-th shell of 
neighbors to be the same as thi s whole crysta l-average, and then carried out an 



exact calculation of the probabil ity distribution for all configurations of the atoiQ3'''''p 
interior to this she ll using exact statistics. 

Unfortunately, the difficulty of the calculation increased rapidly with increase in the 
number of "i nteri or" ~toms, and although early results achieved significant 
improvements on the ~~ mean-field theories, the search for greater accuracy 
continued. 

O~nvestigation that seemed hopelessly difficult to many workers, but which to 
others seemed a worth-wh ile gamble was the search for an exact solution to the 
statistical problem of phase transitions for one or more hypothetical systems and 
indeed over the next decade the optimists came through with, first, a partial 
success, and, later, a spectacular brea'Klhrough. 

~ 

These results, for which I have used orange boxes, were obtained for the problem of a 
two-dimensional lattice of Ising spins, that is, s~ns capable only of up or down 
orientations, coupled to their nearest neighbors by1J7err6lnagnetic interactions. 

This is about the simplest problem that can be expected to show a sharp phase 
transition, since one-dimensional arrays wi th interactions of fi nite range cannot 
develop long-range order at any finite temperature. 

Now it happened that I ha~¢ spent the summer of 1940 as one of the participants in the 
summer symposium on theoretical physics that in those days used to be held 
annually at the University of Michigan. 

f Utlh 

The attendees included workers in all areas of physics fro m all parts of the world; we 
had lecture courses gi ven by a number of distinguished physicists, and I remember 
going with a sizable crowd down to the railroad station one day to welcome Enrico 
Fenni when he arrived. 

Many participants were lodged in fraternity houses that hJ" been vacated for the 
summer and in one of these I shared a suite of rooms with my friend Gregory 
Wannier who had been a post doc at Princeton when I was finishing my graduate 
work there a few years earlier. 

In the meaO}ime, he had returned to Europe for a short period, and had5inbarked on a 
study of the two-dimensional Ising model in collaboration with Hendri k Kramers, 
one of the most distinguished European theorists,th'jrn at the University of Leiden. 

Unfortunately the war in Europe had cut off their communication with each other, and 
Wannie!)now at the Universi ty of Texas, was trying to complete the work alone. 

He would spend a large part of each day sitting in a battered easy chair in his room, 
covering page after page of a note pad of long equations. 



His approach, which involved the manipulation of the so-called " transfer matri ces" 
which relate the probability of a given configuration of spins in one long line of 
atomic posit ions to the configurations for the nearest neighboring line, seemed 
hopelessly complicated to me, but he persevered day after day. 

Finall y, one day, he was cheerful: he had discovered an exact relation between the free 
energy at any temperature T I and free energy at a related temperature T2, 
calculable from T I by a very simple formula. 

This relation was useful in a variety of ways, of which perhaps the most spectacular 
was that it enabled him, with the aid of a single further assumption .¢l.bost 
certain[t to be true, to calculate the exact Curie temperature Tc in tenns of the 
strength J of the nearest-neighbor spin coupling. 

O~ the relation ofT2 to Tl h~ been found, the reasoning was ex tremely simple. 

The relation in Questio was simply, as I have shown here, that the hyperbo lic sine of 
¥rtf). pc .... 

T2 was the of that of T 1. 

Thus over the whole temperature, increasing Tl would require T2 to decrease. 

Now as we have seen for all phase transformati ons, the free energy has a singular 
behavior at the transi tion, which in the present case is the Curie temperature. 

So if we assume that there is only one temperature at which the behavior of the free 
I.~$ ~f~ energy is singularUhis is the one assumption that I mentioned:;} the Curie 
VJ.."e. h:t~U!J --:!=' tlemperature must be the temperature at which T I and T2 are equal. 

~ From this equation here we see that that requires the hyperbol ic sine~18 be one; wfl+efl l7t.J'ldihL; 
gives the numerical value Tc=1.346J. /I 

During the World War II years most solid state fundamental research languished, as 
mine certainly did, but there was one spectacular development. 

I can bes t illustrate its impact by telling of another in teraction I had with Gregory 
Wannier. 

Late in 1944, when I was living in an apartment in New York City, Gregory, who was 
just passing through, dropped in for a brief visit one evening. 

Although my memory may not be accurate, I remember him as brandishing a recent 
issue of the1J1hys ical~eview, which turned out to contain a paper by Onsager, 33 
pag¥ s long, which calculated rigorously the partition funct ion of the two
dimens ional Ising model at all temperatures. 



K -C"k) .. 1 
He had solved completely the same problem Wramers and Wannier had Htlked with 

only partial success. 

Onsager's calculation involved a lengthy excursion in the !film of bf6tttial1 a l geb~ 
and Gr~~ory muttered a discouraged complaint that if ... was going to do any more 
work ftlfn his ow~}<".cooperative phase transitions he would have to first master a 
whole new fie ld of mathematics. 

Actually, he could well have been proud to notice thaKOnsa~r's calculation made a 
great dea l of use of the results that he and ~ Ifad published 3 years 
previously. 

And as things devel0tfOregory did indeed master the new mathematics, and a few 
years later, when he and I were both at Bell Lab9ratories, he led a group that 
successfully applied Onsager's methods to a varietytelated problems. , 

From the work of such groups in various places a body of know ledge was soon 
accumulated on the exact behavior of a variety of two-dimensional phase 
transfonnations, and this know ledge proved usefu l in evaluati ng the validity of 
various more broadly app licable approximation schemes. 

In such comparisons, it often turned out that whi le mean-field theories, or simple 
modifications of them, often gave~reason able picture,on a gross scale, of the 

-~ variation of thenn~-dynfn;~{;~'~ir~ temperature or other independenj;VariaPles, as 
d f • · hi d .dfi~'l:l h h' hi d' d- d OJ"h ..... '~f " . -~ -=7 one passe rom t e Ig y a er~· t e 19 y Isor ere slale,,,w at rumeaout 

to be very wrong predictions in the region very close to a critical poin t 

For example, in zero magnetic field the two-dimensional Ising model I have just been 
discussing showed a specific heat that became logarithmically infinite as the Curie 
point was approached on ei ther side, wher{}s mean-fie ld theory merely showed a 
finite discontinuity . 

Again, for t~ same case, the magnetization approached zero as one approached the 
Curi~mm below, proportional to the lI8 power of the temperature difference (Tc-

A r 
T), where as mean field theory gave a 112 power. 

~ 

Discrepancies like these led a number of theorists to devote special attention during 
~ 1'/4 4",,,~ the 1960's to the behavior of therm@Ynamic properties just below and just above 

critical point for a variety of systems. 

I have noted a few results of such studies in the green boxes here. 

In this period the accumulation of date on the behavior of a variety of systems near 
thei r critical points enabled several generalizations to be made that came to be 

-----> widely ~pted. 
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The fourth critical exponent on th is list here, 11, has to do with the spatial scale of 
statistical fluctuations . 

Suppose we have a local order parameter l1-for example, the loca l density of 
magnetization in a fe~rtagnel-and that at a given instant of time, its value at a 
certain point, which we take to be the origin of coordinates, is 6(0), while at the 
same instant its value at a point r is l1(r}. 

~ ,C'1 ..... 1"'k Then the time average, or statistical expectation/of the produc t fi(r) times .6.(0) 
measures the correlation of these quantities, and its decay with increasing r 
measures the range of its autocolTelations. 

When conditions are exactly at the critical poin t, the decay of this correlation function 
F at large r is inversely proportional to the power d-2+11 of r, where d is the 
dimensionali ty of the system. 

The exponent is written in thi s seemingly unnecessari ly long way, because in all 
simple mean-field theories, the exponent is predicted to be d-2 , so that 11 is a 
measure of the departure from mean-field theory. 

In discussing the temperature dependence of the correlation range, it is useful to define 
a correlation length ~ as the di stance r at which F has fallen to one e-th of its value 
at the origin. 

The exponent ~ now describes the increase of the correlation length ~ as the 
temperature approaches the critical point. 

Well, having finished with these definitions, let me return to the historical picture. 

A good deal of know ledge about these exponents had already been obtained by 1960, 
and was nicely summarized in a review article by Cyri l Domb of Kings College, 
London in that year. 

Reasonab le values had been obtained for many of these critical exponents for diverse 
kinds of phase transformations, such as magnetic aLOms coupled either ferro- or 
antiferromagnetically, ordering alloys, liquid-gas systems, surface phases, etc. 

The values of the exponents were not distributed random ly, but seemed to fa ll into a 
modest number of clusters, which came to be called "uni versali ty classes." 

Systems that were physically quite different, and that seemed to behave rather 
differently under conditions far from their critical points., seemed sometimes to 
have identical critical exponents. 

\ 
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Again, for all systems, the exponents I have li sted here seem to be related by two 
universal equations, so that instead of five independent exponents. there were 
really only three independent ones. 

These relations seem fi rst to have been noticed by Michael Fisher, who started with 
Domb's group at Kings College, but soon emigrated to the United States to be 
professor at Cornell. 

The den vatia n and refinement of the re lations took place in several papers by Fisher 
and by Essam and Fisher over a period of several years. 

A further kind of simpl i ficat ion was soon introduced by Ben Widom of Cornell, and 
by Leo Kadanoff, then at [JIinois. 

This was what came ( 0 be known as "scaling." 

The basic idea is that for all systems of a given universality class, one should be able, 
by a suitable temperature-dependent scaling of a part of the free energy and of a 
control variable like a magnetic field, or several of such, if more than one is 
needed, to predict the correct asymptotic behavior of any measured quantity from a 
single function of the scaled vari ables, which is the same for all systems of the 
given universality class. 

This shows how the scaling hypothesis looks in mathematical fonn, for the common 
case where there is only one externally imposed variable in the equation below. 

The scaling hypothesis now asserts that the asymptotic behavior of F as the critical 
~ 1#f;;t..(.".. point is approached, is absolute value ferto the power 2-cx times a function Q of 

---> q~lt ~ the single variabl~.H di vided by the ~"'I just mentioned times absolute value of;It 
'£ ~ to the power 8. 

.J... 
~ Although the scale fac tor ~ may vary from one kind of system to another in the same 

universality class, the exponents ex and 8, along with the fonn of the function Q, 
are the same throughout this class. 

Since the behavior of all thermodynamic properties can be deri ved from the free 
energy and its deri vatives, these behaviors can all be expressed by a func tion of 
two variables, the dimensionless temperature relative to the cri tical temperature, 
which we have been calling t, and the dimensionless H field, which I've called h. 

Since the scale of this latter may need to be adjusted. I introduce a constant ho in the 
denominator here. 

According to arguments given in 1965 by Widom and rather different arguments given 
in 1966 by Kadanoff, the behavior of f as the crit ical point is approached should be 
asymptotically of the form that I have written here, namely. absolute value of I t I 
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it 
to the power 2-a times a function Q of the variable)f di vided by the ho I just 
mentioned times absolute I t I to the power 8. 

The two exponents ex and .6., and the form of the function Q should be the same for all 
systems of a given uni versali ty class. 

Since all thermodynamic properties are derivable from the free energy and its 
derivatives. it is clear that the cri ti ca l exponents for all such quantities-these 
include, for example, ex, ~, y, an~f the preceding transparency-are 
expressable in terms of ex and 1:1. 7~ \~ 

Mesascopic exponents, such as the 11 and v of the preceding transparency, can usually 
a lso be expressed in terms of ex and /j. because they are rel ated to the 
thermodynamic exponents by equations represen ting the thermodynamic quantities 
as integral s of the mesoscopic ones. 

So far, this has been a very sketchy discuss ion of scaling theory as it was developed in 
the 1960s. 

Before I go on to the new perspective of the 1970s, I should highlight a couple of 
points that you've probably already been wondering about. 

For one thing, the sources of these relations hal, been partly experimental and partly 
theoretical, and the theoretical side h:G-been rather fuzzy. 

One would like to be able to see more clearly that thi s is the way things have to be. 

Also, how far can one go in general izing, and refining, these relations, and are there 
exceptions to them? 

As regards exceptions, it was known from the start that the scali ng law J have written 
here does not yield the logarithmic singularity in a specific heat that was found by 
Onsager for his 2-dimensional Ising model. 

Kadanoff's paper gave a general formulation that would predict thi s. 

Well, this is about all I have to say now on scaling relations, but having mentioned 
Kadanoff, I'd li ke to ca ll attention to one particular feature of hi s approach to 
phase transformations, a feature that was on the one hand a c rude and 
untrustworth y approximation, though one that sometimes has still proved useful to 
workers, yet which on the other hand constituted an insightfu l foreshadowing of 
the fuB renormalization-group approach that was to come. 

I' m sorry there's not time to describe the reasoning step involved, but I mention it both 
to give Kadanoff credit and as an example of how this and one or two other studies 
led into the clarification to be given by Wilson a few years later. 
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To describe how this clarification came about. I have to start wi th a few words about 
Ken Wilson himself. 

He was the eldest son of E. Bright Wilson, a very distinguished theoretical physical 
chemist at Harvard. 

As a graduate student at CaJtech, Ken opted to speciali ze in theoretical elementary 
particle physics. 

He joined the physics faculty at Cornell in 1963, having become interes ted in 
improving the application of renormalization theory to quantum field theory, and 
realizing early that there were analogies between th is field and the phase transition 
field in condensed-matter physics, he learned more about the latter from his 
conversations with Widom and Fisher in the chemistry department at Cornell , and 
eventually dug through the details of Onsager' s solution of the 2-dimensional Ising 
problem. 

He began to feel that an understanding of phase transitions might provide clues as (Q 

how to get around some of the difficulties he had been encountering in his 
quantum field theory work, and he app lied some of his great skill with computers 
to carry out extensive series calculations on the statistics of Ising mode ls. 

Finally, in 1971, Wilson saw how to construct a renormalization group theory that was 
complete and logical in a way that none had previously been. 

I'll try now to explain his basic ideas. 

But before getting into the thick of things, I should make a few orien ting remarks. 

Renormalization group theory, though originally developed in the context of the phase 
transition problem, has turned out to be a usefu l approach to many difficult 
problems both in classical and in quantum physics. 

Specifically, these are situations where short-range forces produce long-range 
correlations in the local properties of bulk matter. 

To give a single formulation of the theory that would cover all its applications, would 
require using such abstract concepts that it would be hard to follow. 

So what I'll try to do wi ll be to give a formulation that is valid for many phase
transition problems, and allow you to think of a simple such problem, such as the 
ordering of magnetic ions,at each step. 

Then, I'll mention very briefly the application to other types of problems, hoping that 
you can see the plausibil ity of an analogous treatment for them, without any 
details. 
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The. other gen~raJ remar~ ~~~nt to ~ake is that renorm~ li ~ation gr,oup theor~ is more 
Just the philosophy $f'approac~ a problem than It 15 a precise prescnption for 

~ turning the crank and ~etting automatically an answer. 

- .> 

While for many problems one can prescribe a sequence of mathematical steps, each of 
which could in principle be carried out, actual calculations nearly always have to 
depend on performing each of these steps only to an approximation, and the real 
job is to find out how to construct convinci ng arguments that the errors are 
sufficiently small. 

At the top of this transparency, I've listed some of the empirical facts that we 
discussed briefly just a few minutes agotlhat came to light during the 19605. 

To begin with, the fac t that the exponents describing the behavior of simple physicaJ 
properties with distance from a critical point are usually peculiar non-integral 
quantities, was quite at variance with all the theories then available. 

Moreover, these exponents often seemed to be the same for sys tems that were 
physically rather different, though they had some features in common, and this led 
to the conception of classifying systems into universality classes within which the 
exponents would be the same. 

But why? 

This fact , together with the phenomenon of critical opalescence, suggested that the all
important feature governing behavior near a criti cal poin~might be the nature of 
the very long-range part of the thermal fluctuations. ~ 

Now it happened that a number of years earlier, the elementary particle theorists had 
developed a renormalization group theory whose basic ideal was to focus ." 
successively and longer and longer range statistical correlations, and Wilson, being 
a particle theorist, was quite fami liar with this work. 

As the starting paint for thi s renonnalization theory, one defines a family of operations 
that take a given thermodynamic state of a system into another possible 
thermodynamic state in which the importance of long-range fluctuation s is 
enhanced relative 1O that of short-ranged ones. 

Each of these thermodynamic states can be described by the temperature and the 
values of various parameters that occur in the Hamiltonian of the system, some or 
all of which can be externally controlled by the experimenter. 

I've tried to show here how the renormalization group operators are defined, using, for 
simplicity, a notation and vocabulary that can be easi ly understood if you think 
throughout about the specific problem of a ferr~agnetic Ising system of atoms 
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on a 2- or 3-dimensionallauice. bUl which are easily generalized to other types of 
cooperative statistical I) steRBrdr't,l?7f . 

start with a classical system whose energy, or Hamiltonian, is a sum of terms 
involving simple basic physical quantities like atomic spins and numerical 
coefficients, multi plying themlhat describe such things as interaction strengths or 
ex.ternal fields. 

Since we are going to be deal ing with thennal equilibria, the important quantity is the 
ratio of this Hamiltonian H to kT. for which I have used the symbol W. 

The probability of occurrence of any configuration is then simply proportional to the 
exponential of -w. 

The sigma variables may be of different ki nds, fo r which I have used the subscript i , 
and may be associated with different lattice si les n. 

For what I am going to do, it is mOIY50nvenient!0 work with the Fourier coefficients, 
as defined here, rather than with~erpfcffftfft(d:i"'~~s. since our main concejO is 
goi ng to be .~ith stati sti cal fluclua'ions of long wavelength, fer wkiek theo/ine 
structure ~S~ardlY relevant. 

• 
The operators that I am about to define create a sequence of views of the probability 

distribution of states of the system (hat is rather li ke what one would get if one 
looked at it first with a movie cam~ect resolution and rapid response so 
that one could see all the atomic ~\ and then used a camera of lower 
magnification seeing only larger-scale features, then a stil l lower magnification, 
and so on up to the truly macroscopic scale. 

Mathematically, what one does is to fo llow three steps in succession. 
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a 2- or 3-dimensional lattice, but which are easily generalized to other types of 
cooperative statistical problems. 

I start with a classical system whose energy, or Hamiltonian. is a sum of terms 
involving simple basic physical quantities like atomic spins and numerical 
coefficients, multiplying them, that describe such things as interaction strengths or 
external fields. 

Since we are going to be dealing with thermal equilibria, the important quantity is the 
ratio of this Hamiltonian H to kT. for which I have used the symbol W. 

The probability of occurrence of any configuration is then simply proportional to the 
exponential of -W. 

The sigma variables may be of different kinds. for which I have used the subscript i. 
and may be associated with different lattice sites n. 

For what I am going to do, it is more convenient to work with the Fourier coefficients. 
as defined here, rather than with the terms associated with specific lattice sites, 
since our main concern is going to be with statistical fluctuations of long 
wavelength, the fine structure of which is hardly relevant. 

The operators that I am about to define create a sequence of views of the probability 
distribution of states of the system that is rather like what one would get if one 
looked at it first with a movie camera of perfect resolution and rapid response so 
that one could see all the atomic details, and then used a camera of lower 
magnification seeing only larger-scale features, then a still lower magnification, 
and so on up to the truly macroscopic scale. 

Mathematically, what one does is to follow three steps in succession. 

What one wants to do is to calculate the nature of this singular behavior of F near a 
critical point. 

Everyday perturbation approaches will not achieve this, because they usually give 
perturbed energies or free energies that are, to any finite order. analytic in the 
perturbing variables. 

What Wilson showed in his 1971 paper was that to calculate such things as critical 
exponents near a critical point, it would suffice to calculate the probability 
distributions of the long-wavelength Fourier coefficients of the microscopic 
physical variables in the limit of very long wavelengths, and that this limiting 
behavior could be calculated by performing a series of steps. each one 
corresponding to a modest change of magnification in the analogy of the optical 
observation that I mentioned a few minutes ago. 
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These steps, though they usually required some approximations, could be carried 
through with quite adequate accuracy using electronic computers of that era. 

I will describe the details of the procedure in a minute, but first it may help if I 
mention a rather remOle analogy which shows how step-by-step procedures can 
sometimes succeed in calculating a function for which a power series expansion is 
impossible. 

The example is the familiar process of analytic continuation of a function in a complex 
plane. 

Suppose we have a function Q(z) that is analytic everywhere except for a pole at 
z = -1. 

A simple example might be the function lI(l+z), as I have shown here. 

The Tay lor seri es for thi s function in powers of z converges only if the absolute value 
of z is less than the distance from the origin to the nearest singularity, in other 
words, only if z li es within this green circle. 

So one couldn 't use such a power series to calculate the behavior of the func tion Q 
near z :;;; 2, for example. 

But if would be quite practical to calculate the function near z :;;; 2 '1. summing for 
example three different power series in succession, as I have shown in the words 
over to the right. 

Namely. we use the power seri es in z to ca lculate Q and its deri vatives at the red point 
here, then another power seri es in (z -112), whose convergent circ le is the red one, 
to calculate Q and its derivatives at the purple point 1, and then a third power 
series, in (z - 1)to calculate the desired behavior near 2. 

Of course it would be ridicu lous to do so much work for such a simple function, but 
the point is that the same sort of thing can be done for a ll sorts of funct ions in all 
sorts of situations. 

Well now let me get back to the renOlmal ization. 

The first job wi ll be to get a mathematical expression for the probabi lity distribution of 
the long-wavelength Fourier coeffi cients of the physical variables, with the short 
wave length Fourier coefficients eliminated. 

Then we shall try to find a limiting behavior of these long-wavelength coefficients as 
the wavelengths approach infinity, fo r the special case where the externally 
imposed conditions correspond to having the system exactl y at its critical point. 
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Finally, we shaH examine how the behavior is altered when the conditions depart from 
criticality only very slightly. 

Let's see now how all this can be done mathematically. 

This next transparency shows the first step of the mathematica1 formalism, a step that 
can be called definition of the renonnalization-group operators. 

The start of this definition, which is very simple, takes care of the first of the physical 
goals I mentioned a minute ago, namely the construction of a probability 
distribution for the long-wavelength Fourier coefficients by themselves. 

One chooses, at will, a boundary value A to separate the wave numbers q that we call 
"long" from those that we call "short." 

Since this e-W here gives the probability distribution for all the Fourier coefficients, 
-wI>. 

we can get a new function, e , that depends only on the low frequency Fourier 
coefficients, and gives the correct probability distribution for these, by simply 
integrating out all the higher frequency ones, as I have shown here. 

Having done this, we can repeat the process. 

Namely, if we want to get the distribution function for only those frequencies whose 
wave numbers are less than Nb, where b is some number modestly greater than 1. 
we merely perfonn this integration here. 

You may well ask why should we take two steps to get this answer when we could do 
it with just one set of integrations? 

Well there are at least a couple of reasons for this. 

One is that the integrations are so numerous and so complicated that the best one can 
do is to use a computer to evaluate approximations to them, and try to bound the 
accuracy of these approximations. 

As in the analogy of analytic continuation that I showed a few minutes ago, it turns out 
that one can more easily get a reasonably accurate answer by perfonning the 
calculations in steps of the type I have shown than by doing them in one fell 
swoop. 

Another reason is that it will tum out that at a critical point, the changes in the W 
function due to shortening the cutoff wave number by successive factors of b will 
tum out to be identical except for the need to change the unit of length 
measurement by the factor b. 

\ 
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-w n -W n+l 
In other words, the functions e b and e b have identical shapes, just different 

sizes. 

For simplicity I've left out mention of a refinement that is often advantageous for 
mathematical reasons, although it doesn't really affect the basic physics as I have 
been presenting it. 

This is to make the probability functions smoother by replacing the sharp upper and 
lower limits in integrals like this one here by procedures that cut the magnitude of 
the integram down to zero at each limit gradually instead of abruptly. 

I think this is about all I need to say about the first of the three steps that are involved 
in the definition of what I am going to call the renonnalization group operator. 

This first step I have labeled decimation for the obvious reason that each time we 
perfonn integrations to eliminate the shorter-wavelength variables, we reduce the 
number of degrees of freedom that are left, and to push the scale of distances at 
which interesting things happen out to longer wavelengths. 

Since, as I mentioned a few minutes ago, we are going to be interested in the ultimate 
shapes of distribution functions without regard to the scale of variables examined, 
it will be convenient to modify the decimation operators so as to convert them into 
operators that take one probability distribution into another having the same 
number of variables and the same order of magnitude for at least the most 
important of these. 

The most obvious thing to do is to change the unit of length used for measuring 
wavelengths or wave vectors, and for measuring the diameter L of the 
quasimacroscopic regions used in defining the periodic boundary conditions. 

If, following a decimation step the factor of b, we make the unit of length b times 
smaller, then the cutoff vector will be lengthened from Alb to the original value A, 
the diameter of the fundamental volume will be increased from L to bL, so that the 
wave vectors remaining include all that are allowed in this range, and of course we 
should replace each D'jq by D'jq' with q' = bq. 

So much, then, for scale changes involving lengths, which are relatively trivial. 

There is an additional type of scale change that is however rather nontrivial and 
important. 

We have indeed derived transfonnations that can be applied to any probability 
distribution to create another one with more emphasis on long-range correlations, 
but we have yet no guarantee that a sequence of transfonnations of the type we 
have derived wil1lead us to the distribution corresponding to a critical point. 



51 

It turns out that if we keep repeating the transformaton we have derived so far. 
properties like the spec ific free energy, for example, can easi ly become and remain 
higher, or become and remain lower, than the correct value at the critical point. 

It turns out that adding one further modification to our definition of the recombination 
group operator nonnally makes it possible (0 focus on the critical poi nt by trial and 
error. 

.ea4 
-? The simplest prescription, which often works, is to take,.:a+t of the physical descriptors 

tl~~", ~ O'iqand rep lace it, in the transformed stat;by nOl just the O'iq , that we were talking 

about a minute ago , but by ab O"iq" where the coefficient ab is independent of i 

and q', but does depend on the ratio b by which the scale of lengths has been 
changed. 

To sum up, we have defined a family of operators Rb which, for any number b greater 
than 1, convert any W function into a W' function defined by the equation I have 
written here. 

The negat ive exponential of this W' function gives, after removing the re-scaling 
transformations on lengths and on physical variables, the correct un-normalized 
probabi li ty distribution for those Fourier coefficients of the physical variables 
whose wavelengths li e above the cut off fo r the arguments of W'. 

So let's go on now and look in a little more detai l at some of the properties of the 
renormalization group operator, and how we can make use of this operator in 
deriving useful results regarding the behavior of physical properties of systems 
near critical points. 

Naturally, the first th ing we want to do is to show how a renormalization group is 
connected to the critical points that occur in phase transitions. 

Having defined the renormalization group operator Rb that increases the cutoff 
wavelength by a factor b, it's natural to ask what happens if we repeat this 
operation many, many times, or, since the operators form a semi-group, if we 
simply allow b to become a very large number. 

In most cases, the spatial correlations in the physical quantities wi ll become quite 
uninteresting, such as ceasing to vary appreciably on the scale of the cutoff 

wavele~gth , but it may on the other hand happen that ,,-nproaches a limiting 
fortrlKthat yie lds non-trivial correlations and yet dbes not change with 
transformation by additional Rb's. 
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W$ 

----":lo) One especiall y important condition for the existence of such an 'If wi ll be to find by 
trial and error a value of the scale parameter ab for which a solution of thi s 

equation here is possible. 

One must also, of course, choose a va lue of the arbitrary parameter b, and an 
approximation procedure for carrying out the decimation integrations involved in 
calculating the effect of the renormali zation operator numerically, and the whole 
job of carrying them through repeatedly must be tolerably efficient. 

I think you can well imagine that the whole process requires considerable ingenuity 
and a lot of drudgery, so yOll can forgive me if I don't attempt to go through the 
details of a practical calculation. 

I only ask that you accept the statement that with the ingenuity of modern theorists and 
the tremendous calculating capacity of modem computers, it can in many cases be 
done. 

whJtl.. ~ 'Vol J.a~~",,'/;.I..J U ,,,1, Tn~ fl'1'~/ ,kl'J 
Actuall y, there is still more work to be done. , 

-7 As I hope I have indicated earlier, the principal goal of a renormalization group 
calculation is to calculate numerically the principal measurable physical properties 
of a system in the neighborhood of a critical point, starting from assumed values of 
the parameters describing a particular atomic model. 

Wr 
While if gives us the probability di stribution forthe fluctuating mesoscopic variables, 

whos~ stati stical expectations are the measurable macroscopic properties, it gives 
us these only exactly at the critical point, and what we need are the variations in 
these quantities as we go away from the critical point. 
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VANDE WAALS EQUATION OF STATE 

EQUATION: 

GRAPHS AT CONSTANT T: for one mole 

p 

T=T ------------- ------------- c 
Q R s 

v 

FREEENE GY: 

On any constant-T curve 
F = const. - f pdv 

For T < Tc' R any point between PI and P2, one can 
easily show that the free energy of a given mass and 
volume of material at R will always be lowered by 
dividing it into two parts with densities appropriate 
to Q and S, with conservation of total mass and 
volume. 

CONCLUS ON: 
To make above curves qualitatively OK one must 
replace portions QP1 P2S by straight roes QSo 
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KRAMERS-W ANNIER RELATION 

SYSTEM: 

Square lattice of classical "atoms" i in a 
single plane, each with a "spin" ~ i = ± 1. 
Energy of any configuration = -J ~~i· ~j 
No magnetic field ne~gh. 

• parrs 

THEOREM: 

In the limit of infinite height and width, the 
equilibrium free energy per spin A(T) at any 
temperature is related to that at a 
temperature T* defined by 

sinh(~T)Sinh(~T*) = 1 

. 
via 

A(T) _ A(T*) 

COSh(~T) - COSh(~T*) 

RELATION TO CURIE POINT: 

If A(T) has only one singularity in T, this 
must occur when T = T*, hence when 

sinh(~T) = 1, i.e., ?iTc = 0.8814 



COMMON CRITICAL EXPONENTS 

Let t = (T-Tc)/Tc 

Exponent Definition 

a 

y 

v 

temperature dependence of 
specific heat C ~ C±ltla 

(exception: in 2D, C ~ -C±log It I) 

I 

I 
I 

C /\ . 
'----!'-T 

temperature dependence of a long
range order parameter M below a 
critical point 
M ~ Mo Itl~ (t<O) 

temperature dependence of a 
susceptibility X 
x~x±ltl-Y X 

I 

~ L..--_==--_T 
Tc 

"dimensional anomaly in range 
dependence of correlation function 
F(r)=<G(r)G( 0» of a local order 
parameter G at criticality: F(r) ~D/rd-2+ 11 

temperature dependence of range; 
over which correlation function F decays: 
; ~; ± Itl-V 



SCALING 

FREE ENERGY: F can be separated uniquely: 

F(T,A) = FO(T,H)+ VkTf(t,h) 

~ ~ (T-T% Analytic in T and Not analytic in t = C T 
HnearTc,O HI C 

or h = ~B I kT ; 
f (0,0)=0 

SCALING HYPOTHESIS: f "" ltI2
-

a Q h 
holtlA 

Where ho is a system-dependent scale factor; Q, A 
are two exponents characterizing the universality 
class of the system and the function Q is also the 
same for all systems of the universality class. 

USE: 
All thermodynamic critical exponents can be 
expressed in terms of Q and A, while mesoscopic 
critical exponents can typically be derived from the 
thermodynamic ones by expressions for the latter as 
integrals of the former. 

Some exceptions: e.g. log terms needed when a = o. 

GENERALIZATIONS: 

Higher order, more degrees of freedom, Wegner 
derivation from renorm theory. 
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ENO MALIZATION-G OUP 0 E ATO S 

For a simple example consider a system with a single 
position-dependent order parameter 0 with Fourier 
coefficients Oq and energy / _ w( ,). Then 

ikT- OqS 

partition function = J exp( - w) n do q 

q<A 

= Jexp(-Wb) n dOq 
A 

q<b 

where exp(-Wb)=!exp(-W) n dOq 
A 
-<q<A 

This step,W --+ Wb is calledir-d-e-c-' - a- t-io----,r 

It reduces the number of q's (or Oq'S) on which W depends .. 

Replace each remain eng q by bq I q resca Ingo I 

Finally, to ensure that successive repetitions of our 0 erator 
take W to a limiting value, one can perform a a q rescaling 
by replacing each 0 q by t;o q with t; suitably chosen y rIa 
and error .. 

For any real b> lone can define the renormalization-group 
operator 

r---------------------------------, 

Rb = (d~::::~on) · (reSC:ling)- (reS:~ing) 
These have the semi-group property 

Itb1ltb2 = Itb1b2 



RELATIONS NEAR A FIXED POINT 

_ ;f: 

- ttl 

If for all fib' Rb W*.' W* is called a "fixed point" of 

W-space. 

In such case, for small b W, a scaling operation Rb will 
push (W* + bW) toward W* for some 
"directions" of 6W ("relevant" case), away 
from W* for others ("irrelevant" case). 

i\lso, if ~W is small 

Rb (W* + bW) ~ W* + R~ bW 

where R~ is a linear operator. Only ifR~ has a 
positive eigenvalue can successive operations of 
Rb move W far from W*. 
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KONDO EFFECT 
OBSERVED PUZZLES: 

Mag. imp. 

Magnetic 

imp. 
l.....;i~~~~~~ T 

MECHANISMS? 

imp. 
~~==~~~T 

Scattering of cond. el. by mag. imp. must 
be T -dependent at low T and change a 
lot in energy range -kT near EF • 

These properties cannot be reproduced by 
scattering in any potential field or by 
finite-order approximations to it. 

Spin-exchange scattering, if calculated to 
second order of perturbation theory, 
can give both properties, but diverges 
as T--'O. 

A calculation of spin-exchange scattering to 
third order of perturbation theory 
always diverges, at any T. 
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ANALYTIC CONTINUAT ON 

Q(z) = l/(l+z) 

-1 2 

3 

Pole at z = -1 limits convergence 
of power series in z to range Izl < 
1 (green circle)o 

How use Taylor series to get Q(z) 
near z = 2? For example: 

Calculate for z near 0,,5 by power . . 
series In z. 

Construct power series in (z-0,,5) 
from this (converges inside red 
circle). 

Calculate this series for z near 1. 

Construct power series in (z-l) 
from this (converges inside 
purple circle). 

Calculate this series for z near 2. 
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RELATIONS NEAR A FIXED POINT 

:::W'; 
If for all 3tb, Rb W:' W* is called a ''fixed point" of 

W-space. 

In such case, for small ~W, a scaling operation Rb will 
push (W* + ~W) toward W* for some 
"directions" of ~W ("relevant" case), away 
from W* for others ("irrelevant" case). 

Also, if ~W is small 

Rb (W* +~W) ~W* + R~~W 

whereR~ is a linear operator. Only ifR~ has a 
positive eigenvalue can successive operations of 
Rb move W far from W*. 
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VAN DER WAALS EQUATION OF STATE 

EQUATION: 

GRAPHS AT CONSTANT T: for one mole 

p 

Q R 

v 

FREE ENERGY: 

On any constant-T curve 
F = const. - f pdv 

For T < Tc' R any point between PI and P2, one can 
easily show that the free energy of a given mass and 
volume of material at R will always be lowered by 
dividing it into two parts with densities appropriate 
to Q and S, with conservation of total mass and 
volume. 

CONCLUSION: 
To make above curves qualitatively OK one must 
replace portions QP 1 RP 2S by straight lines QS. 



KRAMERS-W ANNIER RELATION 

SYSTEM: 

Square lattice of classical "atoms" i in a 
single plane, each with a "spin" IJ. i = ± 1. 
Energy of any configuration = -J ~ lJ.i olJ.j 
No magnetic field ne~gh. 

• paIrs 

THEOREM: 

In the limit of infinite height and width, the 
equilibrium free energy per spin A(T) at any 
temperature is related to that at a 
temperature T* defined by 

sinh(~T)Sinh(~T*) = 1 

• A(T) _ A(T*) 

VIa COSh(~T) -COSh(~T*) 

RELATION TO CURIE POINT: 

If A(T) has only one singularity in T, this 
must occur when T = T*, hence when 

sinh(~T) = 1, i.e., l'Tc _ 0.8814 
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ANALYTIC CONTINUATION 

Q(z) = 1/(1 +z) 

2 

3 

Pole at z = -1 limits convergence 
of power series in z to range Izl < 
1 (green circle). 

How use Taylor series to get Q(z) 
near z = 2? For example: 

Calculate for z near 0.5 by power 
series in z. 

Construct power series in (z-O.5) 
from this (converges inside red 
circle). 

Calculate this series for z near 1. 

Construct power series in (z-l) 
from this (converges inside 
purple circle). 

Calculate this series for z near 2. 



SCALING 

FREE ENERGY: F can be separated uniquely: 

F(T,A) = FO(T,H)+ VkTf(t,h) 

Analytic :;::d ~ (T - T}( 
H near Te, ° Not analytic in t = C T 

% C 
or h = I-tB • 

kT ' 
f (0,0)=0 

SCALING HYPOTHESIS: f ""lt I2-
a Q h 

holtlA 

Where ho is a system-dependent scale factor; a, A 
are two exponents characterizing the universality 
class of the system and the function Q is also the 
same for all systems of the universality class. 

USE: 
All thermodynamic critical exponents can be 
expressed in terms of a and ii, while mesoscopic 
critical exponents can typically be derived from the 
thermodynamic ones by expressions for the latter as 
integrals of the former. 

Some exceptions: e.g. log terms needed when a = o. 
GENERALIZATIONS: 

Higher order, more degrees of freedom, Wegner 
derivation from renorm theory. 



RENORMALIZATION-GROUP OPERATORS 

For a simple example consider a system with a single 
position-dependent order parameter 0 with Fourier 
coefficients 0 and energy / _ w( ,). Then 

q I kT - Oq S 

partition function = f exp( - W) IT do q 

q<A 

= f exp(-Wb) IT dO q 
A 

q<b 

where exp( - Wb) = f exp( - W) IT do q 
A 
- <q<A 

.--------,b 

This step,W ~ Wb is called decimation 

It reduces the number of q's (or Oq'S) on which W depends. 

Replace each remaining q by bq I q rescaling. I 

Finally, to ensure that successive repetitions of our 0 era tor 
take W to a limiting value, one can perform a a q rescaling 
by replacing each 0 q by ~o q with ~ suitably chosen y rIa 
and error. 

For any real b> lone can define the renormalization-group 
operator 

r----------------~ 

Rb = (de::::~~on)_(resC~ing)_(res:a1ing) 
These have the semi-group property 



COMMON CRITICAL EXPONENTS 

Let t = (T-Tc)/Tc 

Exponent Definition 

a 

y 

v 

temperature dependence of 
specific heat C ~ C±ltlQ 
(exception: in 2D, C ::=: -C±log Itl) 

temperature dependence of a long
range order parameter M below a 
critical point 
M ~ Mo ItlP (t<O) M 

temperature dependence of a 
susceptibility X 
x~x±ltl-Y X 

L--_~_T 
Tc 

"dimensional anomaly in range 
dependence of correlation function 
F(r)-(G(r)G(o» of a local order 
parameter G at criticality: F(r) ::=:D/rd- 2+ 11 

temperature dependence of range ~ 
over which correlation function F decays: 
~ ~ ~ ± Itl-V 
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mean-field averages over 
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1 Bethe 1935 1 
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PHASE TRANSITIONS: 

NEW RULES FROM EXPERIMENT 

AND THEORY 

Critical exponents I'" I Domb 1960 

Relation between J Fisher 1959-64 ........ 

critical exponents 
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