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Abstract

Given a moduli problem, two important questions one can ask are the following: Is there an algebraic
stack representing the moduli problem? If so, does it have a coarse space? A necessary step to
answering these questions in the post-GIT era is to prove an algebraization result akin to formal
GAGA for proper schemes. In this dissertation, we will present two such results. The first result
(Chapter 2) is Grothendieck’s existence theorem for relatively perfect complexes on an algebraic
stack. This generalizes work of Lieblich in the setting of algebraic spaces. The second result (Chapter
3) is coherent completeness of BG (with G a split reductive group) and [SLd\Ad]. The results of
this chapter are joint work with Jack Hall and are an important step to extending the étale slice
theorem of Alper-Hall-Rydh to positive characteristic. Finally, in future work with Jack Hall and
Jarod Alper, we prove that an arbitrary [G\ SpecA] with G reductive is coherently complete.
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Chapter 1

Introduction

Modern algebraic geometry is an extremely technical subject. It is very easy to lose sight of the
forest for the trees. As a result, the primary focus of this introduction will be on a particular
philosophy of doing things in algebraic geometry, at the cost of mathematical rigor. Consequently,
many mathematical statements in this introduction are only true up to some ε > 0. We hope that
this enables a much broader audience to have a taste of the modern perspective on moduli theory.

1.1 The beginning of time

I always say that algebraic geometry - despite all the highfalutin stuff like derived categories and
stacks - is fundamentally about the study of curves or surfaces defined by polynomial equations.
Therefore, we will start with the example of elliptic curves, the theory of which is central to so many
of the most exciting ideas in number theory and algebraic geometry.

Let C denote the complex numbers. An elliptic curve E over C is the zero locus of an equation
in Legendre form

Eλ : y2 = x(x− 1)(x− λ),

for some λ ∈ C−{0, 1}. Now given the description of an elliptic curve in terms of a single parameter
λ, it is only natural to ask the following question: How can we classify all elliptic curves? A starting
guess would be that they are simply classified by the parameter λ. Unfortunately, this is not true
because an elementary change of variables shows that Eλ is always isomorphic to Eµ, where µ is
any of the six values {

λ,
1
λ
, 1− λ, 1

1− λ,
λ

1− λ,
1− λ
λ

}
. (1.1.1)

This suggests that a second, more refined approach to classifying all elliptic curves is to find a function
of λ that is invariant under those six symmetries above. Thankfully, there is such a function, namely

1



CHAPTER 1. INTRODUCTION 2

the j-invariant

j(λ) = 28 (λ2 − λ+ 1)3

λ2(λ− 1)2 .

The j-invariant has been studied since the 1800s and arose from the work of Felix Klein on tessel-
lations of the upper half-plane H.

Now we claim that the assignment

{Elliptic curves Eλ} → C (1.1.2)

Eλ 7→ j(λ)

is bijective. We establish this as follows. Suppose two elliptic curves Eλ and Eµ have j(λ) = j(µ).
Then µ must lie in the fiber over j(λ). Since j is a rational function of degree 6 that satisfies the
symmetry (1.1.1), it follows that µ must be equal to one of the six values (1.1.1). Consequently,
Eλ ' Eµ which establishes that (1.1.2) is injective. To show it is surjective, we must show for any
z0 ∈ C that there exists an elliptic curve Eλ0 with j(λ0) = z0. This amounts to solving a degree
6 polynomial equation in C, always possible by the deep and beautiful fundamental theorem of
algebra.

Thus, it appears that elliptic curves should be classified by the complex numbers, or in algebro-
geometric terms the affine line A1. Unfortunately, this is not true because the bijection (1.1.2) is
only true at the level of C-valued points, i.e. the j-invariant is only a pointwise criterion for checking
isomorphy between elliptic curves. In other words, there exists a family of elliptic curves E over
C∗ whose fibers all have the same j-invariant, but which is not the trivial family. For a concrete
example of such a family, consider

Et : y2 = x3 + t

where t ∈ C∗ is allowed to vary. The fibers of this family have the same j-invariant because they
are all isomorphic to y2 = x3 + 1. Therefore, if Et is trivial, we would have Et ' E′t, where E′t is
the family

E′t : {y′2 = x′3 + 1} ×C∗.

What must such an isomorphism look like? At the very least, being an isomorphism of families
of elliptic curves, it must preserve the point at infinity. Therefore, the rational function x′ ∈ K(E′t)
with a double pole at infinity must pullback to a rational function in K(Et) with a double pole
at infinity. By the Riemann-Roch theorem, the space of such functions is spanned by 1 and x,
and therefore the isomorphism Et ' E′t sends x′ to ax + b for some a, b ∈ C[t, t−1]. Similarly,
y′ ∈ K(E′t) has a triple pole at infinity and must pullback to a linear combination cy + dx + e for
some c, d, e ∈ C[t, t−1].

We now deduce a contradiction as follows. First, the function y′ is sent to its negative under the
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standard involution on E′t. Since the isomorphism Et ' E′t must commute with this involution, it
follows that d = e = 0. Second, the equations y2 = x3 + t and (cy)2 = (ax+ b)3 + 1 must be equal
up to a unit in C[t, t−1]. In other words, there exists u ∈ C[t, t−1]× such that

y2 − x3 − t = u(cy)2 − u(ax+ b)3 − u.

Now expand the right hand side above and compare coefficients. We get

uc2 = 1, (1.1.3)

ua3 = 1, (1.1.4)

3ua2b = 0, (1.1.5)

3uab2 = 0, (1.1.6)

ub3 + u = t. (1.1.7)

Equation (1.1.4) implies that a 6= 0, and hence by (1.1.5) that b = 0. Then, by (1.1.7) we deduce
that u = t. In turn, (1.1.3) and (1.1.4) read respectively as

tc2 = 1,

ta3 = 1.

In other words, t must admit a 6-th root in C[t, t−1] which is evidently impossible.

In fact, the family Et above shows there is is no scheme M1,1 that parametrizes all elliptic curves.
What does it mean for M1,1 to parametrize all elliptic curves? Well, by Grothendieck’s relative point
of view, this means for every scheme S that

Hom(S,M1,1) = {Families of elliptic curves E → S}.

Suppose for the moment that such a scheme M1,1 exists. Then by Yoneda’s Lemma, the identity
morphism M1,1 →M1,1 would give rise to a family of elliptic curves E →M1,1 which is universal
in the following sense: For any family of elliptic curves E → S, there exists a unique map S →M1,1

such that the diagram
E E

S M1,1

is Cartesian. In particular, the family of elliptic curves Et → C∗ above gives rise to a map C∗ →M1,1

which is constant because all the fibers of Et → C∗ are isomorphic. Thus Et is isomorphic to the
pullback of E along a constant map, contradicting the fact that it is not trivial.
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Having established that there is no scheme representing M1,1, the moduli problem of elliptic
curves, in what sense then is it an algebro-geometric object? There are two ways we can try to make
sense of M1,1:

1. Find a scheme U with a smooth surjective map U →M1,1.

2. Find a scheme M1,1 which admits a map M1,1 →M1,1 that is a bijection on C-points.

A positive answer to (1) would enable us to ask questions of geometry about M1,1. For instance,
we could say that M1,1 is smooth over Spec C, if the same is true of U . A positive answer to
(2) would give us the “best approximation” to M1,1 by a scheme, in the sense that even though
M1,1(S)→M1,1(S) is not a bijection on arbitrary S-valued points, it will be when S = Spec C. We
now sketch why (1) and (2) have a positive answer.

Theorem 1.1.1. There exists a scheme U with a smooth surjective morphism U →M1,1.

Proof. Consider the Legendre family y2 = x(x − 1)(x − λ) over the λ-line A1
λ := A1 − {0, 1}. By

definition of M1,1, this gives a map
A1
λ →M1,1

which we claim is smooth and surjective. The surjectivity of this map can be shown as follows.
Let π : E → S be a family of elliptic curves, i.e. a proper flat morphism of schemes whose fibers
are elliptic curves together with a section e : S → E. By Riemann-Roch and the theorem on
cohomology and base change, the sheaves π∗O(e), π∗O(2e) and π∗O(3e) are locally free of ranks 1,
2 and 3 respectively. Thus Zariski locally on S, we can find bases for these vector bundles

1 ∈ π∗O(e), 1, x,∈ π∗O(2e), 1, x, y ∈ π∗O(3e).

A standard argument [Har77, Theorem 4.6] now shows that using these sections, we can embed
E as a closed subscheme of P2

S cut out by a Legendre equation y2 = x(x − 1)(x − λ) for some
λ ∈ Γ(S,OS) satisfying the condition that λ, λ − 1 ∈ Γ(S,OS)×. This says that locally on S, the
point (E π→ S) ∈M1,1 comes from a point of A1

λ, proving that A1
λ →M1,1 is surjective.

Finally, the morphism A1
λ → M1,1 is not just smooth, but moreover étale. To see this, it is

sufficient to show that the map on tangent spaces (at any point λ0 : Spec C[ε]→ A1
λ)

A1
λ(C[ε])→M1,1(C[ε])

is an isomorphism. By a deformation theory calculation, both of these C-vector spaces are 1-
dimensional, and thus it is enough to show that the map on tangent spaces is non-zero. This follows
from the fact that the pullback of the Legendre family along λ0 : Spec C[ε] → A1

λ, i.e. the family
y2 = x(x− 1)(x− λ∗0(λ)) over Spec C[ε], is not the trivial family.
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Theorem 1.1.2. There exists a scheme M1,1 with a map M1,1 → M1,1 that is a bijection on
C-points.

Proof. Let E → S be a family of elliptic curves. We know that Zariski locally on S, E admits
a description as a Legendre equation y2 = x(x − 1)(x − λ) for some λ ∈ Γ(S,OS) satisfying the
condition that λ, λ−1 ∈ Γ(S,OS)×. The j-invariant of such a Legendre equation is compatible with
intersections between different open neighborhoods, and thus glues to give well-defined morphism
M1,1 → A1. The statement that this is a bijection on C-valued points is exactly the fact that over
C, j(E) = j(E′) if and only if E ' E′, and that for any complex number z0, there is an elliptic
curve E0 with j(E0) = z0.

In the terminology of modern algebraic geometry, (1) says that the moduli stack of elliptic curves
M1,1 is algebraic, while (2) says that M1,1 admits a coarse moduli space, namely the j-line A1. The
reader will note that in showing (1) and (2), we used very particular properties of elliptic curves,
such as the fact that an elliptic curve is described by an explicit Legendre equation. It is not at all
clear how (1) and (2) should be answered in the case of an arbitrary moduli problem.

We now state two questions that will serve as our guide for the rest of this dissertation.

Question 1.1.3. Let X be a moduli stack. Does there exist a scheme U with a smooth surjective
morphism U →X ? In other words, is X algebraic?

Question 1.1.4. Suppose now that X is also algebraic. Does X admit a coarse moduli space? In
other words, does there exist an algebraic space X with a morphism π : X → X satisfying:

(i) π is universal for maps to algebraic spaces.

(ii) For every algebraically closed field k, π induces a bijection on k-points.

The outline for the rest of this introduction is as follows. We first review a general philosophy
pioneered by Grothendieck for proving theorems in algebraic geometry. Then, we explain briefly at
a high level how the “reverse” of this philosophy enables us to answer Questions 1.1.3 and 1.1.4.
We then turn to a particular step in this philosophy (algebraization) that is the central theme of
everything in this dissertation. Next, we show how algebraization is used to prove that stacks are
algebraic (Question 1.1.3), or to construct coarse moduli spaces (Question 1.1.4). We then arrive
at the beef of this dissertation, i.e. our results. Finally, we compare our work with that of Jack
Hall [Hal18] and explain why his methods do not apply to our situation.

1.2 Soaking the walnut

Suppose we view the act of proving a theorem as opening a walnut. À la Grothendieck, there are two
ways to do this. We may keep hitting it with a hammer until it ultimately cracks. Alternatively, we
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could soak it in water and let the shell soften over time.1 Eventually, we arrive at the point where
the shell is so soft that our bare hands are enough to open it. This second approach is Grothendieck’s
philosophy: Keep making a series of small reductions, each step being relatively trivial, until the
result to be proven “falls out.”

In practice, this translates to the following. Let f : X → S be a morphism of Noetherian schemes,
satisfying certain hypotheses such as being finite type or separated. Under these hypotheses, suppose
we wish to prove something about f . For instance, we may suppose that f is proper and quasi-
finite, and we wish to prove that it is actually finite (Zariski’s main theorem). Alternatively, we may
suppose that f is proper, and we wish to prove that f∗ preserves coherence. Then the analogy of
soaking a walnut translates to repeatedly “shrinking” S until we arrive at the situation where S is
the spectrum of a field, in which case everything is clear.

More precisely, we perform the following series of reductions. First, the statement that we wish
to prove is usually Zariski local on S. Then, because the local ring at any point on S is a direct
limit of the Zariski open neighborhoods around it, by spreading out we may assume that S is the
spectrum of a Noetherian local ring A. Now the scheme S consists of a single closed point. However,
it is not “small” enough in the sense the point might be non-reduced, or that S might have other
non-closed points. Thus the question is: How do we shrink S further?

To this end, consider the following types of points, each of which is “smaller” than an arbitrary
Noetherian local ring.

Figure 1.1: Three types of points in algebraic geometry

On the left, we have a bona fide point, namely the spectrum of a field. In the middle, we have
a point with order n fuzz around it. This is the spectrum of an Artinian local ring. Finally on
the right, we have a disk. In the land of schemes, these points correspond respectively to Spec C,
Spec C[εn] and Spec CJxK, where εn is nilpotent of order n. Note that there is a canonical relation

1A fellow grad student, Felipe Hernandez, tried this in his office. Unfortunately the walnut turned moldy in about
a week and had to be thrown away.
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between these points, expressed by the fact that we have maps

Spec C→ Spec C[εn]→ Spec CJxK

which correspond geometrically to the fact that Spec C is the origin in the disk Spec CJxK, while
Spec C[εn] is the origin with fuzz of order n around it. We also make the very important observation
that if we let n → ∞, then eventually our fuzz will fill out the disk. This is true because CJxK is
the inverse limit of its thickenings C[εn], and therefore we have Spec CJxK ' lim−→ Spec C[εn].

Now recall that our goal is to shrink S until it is an honest to God point. How can we leverage
our discussion above on types of points? Suppose for the moment that we can shrink S to a disk
Spec CJxK. Then because Spec CJxK ' lim−→ Spec C[εn], we hope that by some kind of limit argument,
reduce to the case of a single Spec C[εn], i.e. a fuzzy point. We will explore this idea of “taking
a limit” more rigorously when we introduce the concept of algebraization later. Finally, to shrink
from a fuzzy point to an actual point, we will use deformation theory. In summary, we perform the
following series of reductions:

1. Any scheme S = SpecA with A Noetherian local admits a canonical map from a disk, namely
the completion morphism Spec Â→ SpecA.2 Since this morphism is faithfully flat, by descent
theory we may assume that A is a complete Noetherian local ring.

2. If (A,m) is a complete Noetherian local ring, then A ' lim←−nA/m
n+1. Therefore, by an

algebraization result such as formal GAGA (see Section 1.4), we may assume that A is an
Artinian local ring.

3. Finally, use deformation theory to reduce from the case of an Artinian local ring to the case
of a field.

We illustrate this “soaking the walnut” strategy with a brief proof of Zariski’s main theorem.

Theorem 1.2.1. A proper, quasi-finite morphism of Noetherian schemes f : X → S is finite.

Proof. As usual, we easily reduce to the case that S is affine, in which case it is now enough to prove
that X must be affine. Indeed, by [AM69, Exercise 3.35] we deduce that f is integral, a fortiori finite
as desired. To this end, we use Serre’s criterion for a scheme to be affine. Let F be a coherent sheaf
on X. We must show that R1f∗F is zero. The condition of being zero can be checked on stalks,
and therefore we may assume that S is the spectrum of a Noetherian local ring A.

Now we do Step 1. The formation of R1f∗F commutes with any flat base change S′ → S. Since
Spec Â→ SpecA is faithfully flat, it follows that the vanishing of R1f∗F can be checked after base

2It is not true that any complete Noetherian local ring is the spectrum of a power series ring in one variable.
Nonetheless, if the ring in question is the completion at a point of a smooth curve over C, then this is true.
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change to Spec Â, and thus we may assume that A is complete local with maximal ideal m. For Step
2, we invoke the following algebraization result. If Xn denotes the base change X ×A A/mn+1, the
theorem of formal functions [EGA, III1, 4.1.5] states that

R1f∗F = lim←−
n

H1(Xn,F |Xn).

If we can prove for every n that H1(Xn,F |Xn) is zero, then we are done. However, Xn is a scheme
over the Artinian local ring A/mn+1, and therefore we may assume that A itself is Artinian local.
For Step 3, let X0 denote the special fiber X ×A A/m. Observe that |X| ' |X0| and that a scheme
whose underlying topological space is a finite discrete set is affine. Hence, it suffices to show that
|X0| is a finite discrete set. This is trivial since X0 is a quasi-finite scheme over a field.

1.3 Unsoaking the walnut

In the 1970s, Michael Artin [Art69] [Art70] realized by analyzing the local behavior of moduli about
a point that he could provide necessary and sufficient conditions for a stack to be algebraic (Question
1.1.3). At its heart, Artin’s idea is very simple and is based on what we call the “unsoaking the
walnut” strategy. Recall that in Grothendieck’s “soaking the walnut” strategy, we solve a problem
by repeatedly shrinking the size of the problem until we arrive at the situation of a point. However,
in Artin’s case, we start from a point instead and then repeatedly “expand outwards” to get the
result that we want. Here is a sketch of Artin’s idea:

1. Let k be a field, X /k a moduli stack and x a k-point of X . Since X often parametrizes
geometric objects, we should think of x as say an elliptic curve or surface over k. The goal is
to prove that X is algebraic, which is equivalent to producing a smooth neighborhood U →X

about x.

2. “Expand x outwards” to produce a family of deformations xn ∈ X (An) that is formally
versal. Here {An} is an increasing sequence of Artinian local rings with transition maps
nilpotent thickenings. The condition of formal versality roughly means “contains” all possible
deformations of x.

3. “Take the limit” or algebraize to produce an object x̃ := lim←−xn of X . This object x̃ now lives
over a complete Noetherian local ring A := lim←−An, which by Yoneda’s Lemma is exactly a
morphism x̃ : SpecA→X .

The three step procedure outlined above is very close to producing a smooth neighborhood about
x, in the sense that x̃ : SpecA→X is only formally smooth but not “legit” smooth.3 However, we

3The morphism x̃ : Spec A→ X is formally smooth because the family {xn} is formally versal. To get smoothness,
one needs to apply Artin approximation and use the fact that versality is an open condition.
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will not be concerned with this difference in this dissertation. This is because from our perspective,
the core of Artin’s idea is the three step procedure above to produce a “smooth” neighborhood of
x: Start at a point x, “expand x outwards” (Step 2), and then take a “limit” (Step 3). For those
familiar with the literature, we remark that Step 2 is exactly the Schlessinger-Rim condition, while
Step 3 is the condition that formal deformations are effective.

More recently, the same idea has been applied by Jarod Alper, Jack Hall and David Rydh [AHR20]
to address the existence of coarse moduli spaces (Question 1.1.4).4 Their strategy is almost mutatis
mutandis the same: Start at a closed point x of a stack X /k. Does x (or technically the residual
gerbe at x) admit a coarse space? Well yes, namely just Spec k. Now let xn be the n-th thickening
of the closed point x. By deformation theory, argue that each xn will admit a coarse space. Finally,
algebraize or take a limit to produce a stack x̃ := lim←−xn which admits a coarse space. This stack x̃
also admits an “étale” morphism x̃→X , and hence we have proven that X (étale-locally) admits
a coarse space.

Unfortunately, Houston, we have two problems. The first problem is that old grasshopper Ben
reading this in the year 2070 is confused. He cannot understand what Artin or Alper-Hall-Rydh have
done, because young grasshopper Ben has given no details above! Our message to old grasshopper
Ben is this: Fear not, for you will soon be out of the shroud of confusion and doubt. In the
next section, we carry out the three step procedure in Artin’s strategy in the case of the moduli
space of elliptic curves. Then in the following section, we will provide most of the details of the
Alper-Hall-Rydh strategy in the case of a smooth point of a stack.

The second problem is this. Old grasshopper Ben has heard us handwave about soaking walnuts,
expanding points outwards and algebraization. None of these topics have been defined rigorously.
Well ok, we have talked about soaking walnuts, so we only need to elaborate on the last two.
Unfortunately, the margin in this dissertation is too small to write about both of them, so we can
only choose one. We will choose algebraization, because it appears in the title of this dissertation.
So what is algebraization?

4Technically for good moduli spaces, and even then only étale locally, but we will worry about this later.
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1.4 Algebraization

Time to turn it up to eleven. Let (A,m) be a complete Noetherian local ring, and let {Fn} be a
system of “objects” over A/mn+1. For instance, each Fn might be an elliptic curve or a coherent
sheaf on Xn := X ×A A/mn+1, for some fixed scheme X over A. Furthermore, suppose that this
system of objects is compatible, i.e. an inverse system.

Definition 1.4.1. An inverse system {Fn} is algebraizable if there exists an object F over A that
pulls back to Fn over A/mn+1. An algebraization theorem is a theorem that gives sufficient conditions
for an inverse system {Fn} to be algebraizable.

The first example of an algebraization theorem is the deus ex machina that is formal GAGA
[EGA, III1, 5.1.4]:

Theorem 1.4.2. Let X be a proper scheme over a complete Noetherian local ring (A,m). Define
Xn := X ×A A/mn+1. Then there is an equivalence of categories

Coh(X) ∼→ lim←−Coh(Xn).

In other words, any inverse system of coherent sheaves {Fn} is algebraizable

The abbreviation GAGA refers to “Géometrie Algébrique ét Géometrie Analytique”, the title of
a famous paper of Serre [Ser55] that compares the cohomology of coherent sheaves on a projective
scheme X/C and its analytification Xan. Formal GAGA is thus a “formal” version of this theorem,
where “formal” refers to the fact we compare coherent sheaves on a scheme and its formal completion
X̂, rather than analytification Xan. For the moment, the reader unfamiliar with the theory of
formal schemes may take X̂ to mean “a space whose category of coherent sheaves is isomorphic to
lim←−Coh(Xn).”

Now we alluded to algebraization previously as the idea of “taking a limit.” Therefore, why is
formal GAGA not just trivial? Given F ∈ Coh(X), by pullback we get Fn ∈ Coh(Xn). Conversely,
given {Fn} ∈ lim←−Coh(Xn), the coherent sheaf to construct on X is surely lim←−Fn, the inverse limit in
the category of ringed spaces. However, this is false because the inverse limit is almost never quasi-
coherent! Consider the most basic situation where X = Spec Zp and each Fn = (Zp/pn+1Zp)˜.
Then lim←−Fn is not quasi-coherent because its global sections are Zp while it is zero at the generic
point.

This points to two things. First, the equivalence in formal GAGA is more subtle than just taking
an inverse limit. How do we prove that an abstract pullback functor is essentially surjective, without
explicitly constructing the desired sheaf? The answer lies in the method of proof of formal GAGA.
It uses a kind of Noetherian induction on the category of coherent sheaves - or in Grothendieck’s
terminology dévissage - to reduce to the case of projective space, where the equivalence is proven
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“by hand.” We refer the reader to the excellent survey article of Illusie [FGI+05, Chapter 8] for more
details.

Second, observe in the example above with Spec Zp that even though lim←−Fn is not quasi-coherent,
the tilde of its global sections trivially is. In fact, when X is equal to the base SpecA, it is always
true that taking the tilde of global sections is the inverse equivalence lim←−Coh(Xn)→ Coh(X). The
experienced reader will note that when X is affine, the functor sending an OX -module to the tilde
of its global sections is exactly the mysterious right adjoint to the inclusion QCoh(X) ↪→ Mod(X),
the quasi-coherator QX . This suggests that it is possible to construct the inverse equivalence by
hand in the global situation, i.e. if F is a formal coherent sheaf on X̂, then the sheaf it algebraizes
to is QX(F). We will revisit this idea in Subsection 1.7.3 at the end of this introduction.

We now illustrate the usefulness of formal GAGA through two examples. The first example is
elementary and gives a nice simple application of the theorem. The second, though proven in a more
complicated way, is also a warm up to the Tannakian duality result [HR19] that is crucial to the
étale slice theorem of [AHR20].

Example 1.4.3. Let A be a complete Noetherian local ring and X a family of curves over SpecA,
i.e. a proper flat morphism of schemes X → SpecA with 1-dimensional fibers. Then X → SpecA is
projective.

Proof. The special fiber X0 is projective since it is a proper curve over a field. In particular, there
exists an ample line bundle L0 ∈ Coh(X0). By deformation theory, the obstruction to lifting L0 to
a coherent sheaf L1 ∈ Coh(X1) lies in H2(X,OX) which is zero since X is a curve. Hence, there is
a L1 ∈ Coh(X1) such that L ⊗OX1

OX0 = L0. Continuing this procedure for every Xn, we arrive
at an inverse system of coherent sheaves {Ln} which algebraizes to L on X by formal GAGA. The
reader may check that L is in fact a line bundle, and that it is ample (by openness of the ample
locus [EGA, III1, 4.7.1]).

Example 1.4.4. Let A be a complete Noetherian local ring and X a proper, flat scheme over
SpecA. Suppose the special fiber X0 is isomorphic to Pd

k, where k is the residue field of A. Then
X ' Pd

A.

Proof. Let Xn denote the base change X×AA/mn+1. First, we will show that any inverse system of
morphisms Xn → Pd

A/mn+1 gives rise to a morphism X → Pd
A. To do this, we will use the Tannakian

duality theorem of Hall and Rydh [HR19, Theorem 1.1], which implies that for Noetherian schemes
X and Y ,

Hom(X,Y ) = Hom(Coh(Y ),Coh(X)). (1.4.1)
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Hence:

Hom(X,Pd
A) = Hom(Coh(Pd

A),Coh(X)) (by 1.4.1)

= Hom(Coh(Pd
A), lim←−

n

Coh(Xn)) (formal GAGA for X)

= lim←−
n

Hom(Coh(Pd
A),Coh(Xn))

= lim←−
n

Hom(Xn,Pd
A) (by 1.4.1)

= lim←−
n

Hom(Xn,Pd
A/mn+1)

as desired. Now by assumption the special fiber X0 is isomorphic to Pd
k. Furthermore, projective

space has no infinitesimal deformations. Therefore, we obtain that Xn ' Pd
A/mn+1 for all n ≥ 0.

By the algebraization result for morphisms above, this gives rise to a morphism X → Pd
A. Since

the special fiber X0 → Pd
k is an isomorphism and X is flat over A, by [DR73, 7.4] the morphism

X → Pd
A is an isomorphism as desired.

Remark 1.4.5. The experienced reader will note that the use of Tannakian duality here is overkill.
Indeed, the example above follows from the following corollary of formal GAGA: Let X be a proper
A-scheme and Y a finite type and separated A-scheme. Then the completion map

HomSpecA(X,Y )→ HomSpf A(X̂, Ŷ )

is bijective. The surjectivity follows from formal GAGA: For any morphism f : X̂ → Ŷ , consider
the graph of f as a closed formal subscheme of X̂ ×A Y . It is closed because Y is separated over
A, and hence is cut out by a formal coherent ideal I which we then algebraize using formal GAGA.
Nonetheless, we use Tannakian duality as a warm up to the proof of the local quotient structure
theorem of Alper-Hall-Rydh, where Tannakian duality is used to algebraize a morphism between
formal algebraic stacks X̂ → Ŷ . In that situation, Tannakian duality is absolutely necessary because
the target stack Y is highly non-separated. In particular, the trick of algebraizing a morphism X̂ → Ŷ

by considering it as a closed substack of X̂ ×A Y will not work, because the graph will not be closed
by non-separatedness.

We now explain exactly how algebraization plays an important role in answering Questions 1.1.3
(algebraicity) and 1.1.4 (existence of coarse moduli spaces), following the “unsoaking the walnut”
strategy of Subsection 1.3.
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1.5 Algebraization and the algebraicity of moduli stacks

Let us carry out three steps outlined in the “unsoaking the walnut” in the case of the moduli space
of elliptic curves M1,1. So fix a point Spec C→M1,1, i.e. an elliptic curve E0 over C. We want to
produce a “smooth” disk about this point.

Now the obstruction to deforming E0/C to an elliptic curve E1 over Spec CJxK/(x2) is given by
H2(E0, TE0), which is zero since E0 is a curve. Repeating this process for all higher thickenings, we
get for all n an elliptic curve En over CJxK/(xn+1) that reduces to E0 on the special fiber. This is
the “formally versal” family of objects {En} in the “expand outwards” step of Artin’s strategy.

We now algebraize the family {En} as follows. Let e0 be the point at infinity in E0. By
Riemann-Roch, the line bundle L0 := O(3e0) is very ample and embeds E0 as a closed subscheme of
P2

C defined by a cubic polynomial. Furthermore, by arguing mutadis mutandis as in Example 1.4.3,
we arrive at an inverse system of very ample line bundles Ln ∈ Pic(En), i.e. a compatible family of
closed immersions

E0 E1 E2 . . .

P2
C P2

CJxK/(x2) P2
CJxK/(x3) . . .

Let In be the coherent ideal defining the closed immersion En ↪→ P2
CJxK/(xn+1). The family {In}

is compatible since each En is flat over the base, and thus by the deus ex machina that is formal
GAGA (Theorem 1.4.2), gives rise to a coherent ideal I on P2

CJxK. It is readily checked that
E := V (I ) is a genus 1 curve over CJxK whose reduction mod xn+1 is exactly En. Finally, the
section e0 : Spec C → E0 lifts to a section e : Spec CJxK → E by smoothness and the fact that
CJxK is Henselian. Hence E is a family of elliptic curves over the disk Spec CJxK, i.e. a “smooth”
neighborhood Spec CJxK→M1,1.

1.6 Algebraization and the existence of coarse moduli spaces

Let X be an algebraic stack over an algebraically closed field k. Then every point x ∈ X has a
stabilizer group, which is either finite or infinite. A very important point about stacks with infinite
stabilizers is that the coarse moduli space need not exist. For example, let X := [Gm\A1], where
Gm acts on A1 via t · x = tx. Then one can show a coarse space for X - if it exists - would have
to be the GIT quotient Gm \\A1 = Spec k. However, X consists of two points, namely 0 and the
orbit of 1. This contradicts the fact that the coarse moduli space must have the same points as X ,
and thus no such space can exist.

We will answer Question 1.1.4 by replacing the notion of a coarse moduli space with that of a
good moduli space. The notion of a good moduli space was introduced by Jarod Alper [Alp13] in
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order to deal with stacks with infinite - albeit linearly reductive - stabilizers. For the moment, the
reader may take the canonical example of a good moduli space to be the following. Let A/k be an
affine variety with the action of a linearly reductive group G/k. Then π : [G\ SpecA]→ SpecAG is
a good moduli space. We now reformulate Question 1.1.4 as:

Question 1.6.1. Let X be an algebraic stack over k with linearly reductive stabilizers. Does there
exist an algebraic space X with a good moduli space π : X → X?

It turns out that the question of the existence of a good moduli space is intimately related to
the question of whether an algebraic stack X is étale locally a quotient stack. For example, if we
know that X admits an étale local description as a quotient [G\ SpecA], then we can make the
good moduli space locally as [G\ SpecA] → SpecAG. We then hope to be able to glue these to a
global good moduli space for X . The miracle from God is that every “reasonable” algebraic stack
with linearly reductive stabilizers is étale-locally a quotient stack. This is the étale slice theorem of
Alper-Hall-Rydh [AHR20].

Theorem 1.6.2. Let X be a quasi-separated algebraic stack, locally of finite type over k with linearly
reductive stabilizers. For every point x ∈X (k), there exists an affine scheme SpecA with the action
of the stabilizer Gx, a k-point w ∈ SpecA fixed by Gx, and an étale morphism

([Gx\ SpecA], w)→ (X , x).

In our opinion, the hardest part about Theorem 1.6.2 is the existence of just some morphism from
a quotient [Gx\ SpecA] to X . Therefore, we now show how the “unsoaking the walnut” strategy of
Section 1.3 produces such a morphism. We will assume (for simplicity) that x ∈ X (k) is a smooth
point. Let Nx be the normal space to the point x and Gx the stabilizer of x. The stabilizer Gx
acts on Nx, and we can view Nx as an affine scheme via Spec SymN∨x . In particular, there is a
distinguished point 0 ∈ Nx. Define:

X [n] = n-th thickening of the residual gerbe BGx,

N [n] = n-th thickening of the origin 0 ∈ [Gx\Nx].

By smoothness of x ∈ X and a simple deformation theory argument (crucially using the fact that
Gx is linearly reductive!), we obtain compatible isomorphisms X [n] ' N [n], i.e. a diagram

X [0] X [1] X [2] . . .

N [0] N [1] N [2] . . .

' ' '



CHAPTER 1. INTRODUCTION 15

or more succinctly, an element of
lim←−
n

Hom(N [n],X ).

This is the “expand outwards” step in the soaking the walnut strategy: We have shown that every
n-th thickening of the residual gerbe at x admits a map from a quotient (in fact is a quotient!). We
now use the datum of a morphism from an inverse system of quotients {N [n]} to X , to produce a
morphism from a legitimate quotient Y to X .

To this end, let Gx \\Nx denote the GIT quotient for the action of Gx on Nx, and let N̂ be the
fiber product of the diagram below:

N̂ [Gx\Nx]

Spec ÔGx\\Nx,0 Gx \\Nx.

Then we claim that Y := N̂ has a morphism to X . To see why this is the case, we first invoke
the algebraization or coherent completeness result [AHR20, Theorem 1.3]: There is an equivalence
of categories

Coh(N̂ ) ∼→ lim←−
n

Coh(N [n]). (1.6.1)

Second, we will need to invoke the Tannakian duality theorem of Hall and Rydh [HR19, Theorem
1.1]: For any excellent, Noetherian algebraic stacks X and Y with affine stabilizers,

Hom(X ,Y ) = Hom(Coh(Y ),Coh(X )). (1.6.2)

Hence,

lim←−
n

Hom(N [n],X ) = lim←−
n

Hom(Coh(X ),Coh(N [n])) (from 1.6.2)

= Hom(Coh(X ), lim←−
n

Coh(N [n]))

= Hom(Coh(X ),Coh(N̂ )) (from 1.6.1)

= Hom(N̂ ,X ) (from 1.6.2)

and we win! The data of a compatible family of morphisms N [n] to X is exactly the data of a
morphism from the legitimate quotient N̂ to X as desired.
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1.7 Results

People often ask me: “Ben, what did you do during your 5 years in math grad school?” My de facto
answer is that I spent 5 years (and 10 if you count undergrad) in front of a blackboard staring at
abstract symbols. Seriously, I proved two results:

1.7.1 Algebraization for complexes

In my second year of graduate school, I became interested in the story of the Tate conjecture for
K3 surfaces in characteristic p. In particular, I was fascinated by the result of Lieblich-Maulik-
Snowden [LMS14] that reduced this to a finiteness statement about the number of Fourier-Mukai
partners a K3 surface has. Now by classical work of Mukai [Muk87], the study of Fourier-Mukai
partners of a K3 surface X/C is intimately related to the study of the moduli space of sheaves on X.
However, in the situation of [LMS14], it is necessary to consider a more general version of this, i.e.
a moduli space of sheaves on a gerbe X over X. Typically, X corresponds to an `-torsion element
(for ` 6= p) in the Brauer group H2(X,Gm), and therefore is Deligne-Mumford.

In my third year of graduate school, my advisor Jarod Alper posed to me the broad question of
studying the moduli of sheaves on an arbitrary gerbe X over a surface X. Naturally, the question
of the existence of a moduli of objects in the derived category of X came up. As an arbitrary gerbe
is typically not Deligne-Mumford or tame, I arrived at my first problem in graduate school: Let X

be an algebraic stack that is proper and flat over an algebraic space S. Is the moduli of complexes
X /S algebraic? I was not able to verify all of Artin’s axioms, the chief problem being I did not
know how to construct a tangent-obstruction theory for complexes on a stack. The reader may refer
to the introduction of Chapter 2 for why this is the case.

However, I was able to prove algebraization theorems for pseudo-coherent, perfect, and relatively
perfect complexes on an algebraic stack. Let X be an algebraic stack that is proper over an I-
adically complete Noetherian ring A, and let X̂ denote the formal completion of X with respect
to this ideal. I proved:

Theorem 1.7.1 (Lim, 2018). There is a natural equivalence of (triangulated) categories of pseudo-
coherent complexes

D−coh(X ) ∼→ D−coh(X̂ ) (1.7.1)

which restricts to an equivalence of categories of perfect complexes

Perf(X ) ∼→ Perf(X̂ ).

In addition, if X is also flat over A, then (1.7.1) also restricts to an equivalence of categories of
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relatively perfect complexes
RPerf(X ) ∼→ RPerf(X̂ ).

We refer the reader to Chapter 2 for the proof of this result. In the case of relatively perfect
complexes on an algebraic space, this result was proven by Lieblich [Lie06]. In fact, he checked the
rest of Artin’s axioms and proved the algebraicity of the moduli space of complexes on a proper
flat morphism of algebraic spaces. I am optimistic that in the near future, the algebraicity of the
stack of complexes on a proper flat morphism of algebraic stacks will be within reach of the broader
mathematical community on earth. Finally, we remark in the derived setting that Halpern-Leistner
and Preygel [HP14] have proven the algebraicity of the moduli of complexes on a morphism of
derived algebraic stacks.

1.7.2 Algebraization in characteristic p

During the summer of 2018, Jarod and I attended a conference in Salerno, Italy. One night at dinner,
he brought up the idea of extending his étale slice theorem [AHR20] to the more general situation
of stacks with reductive stabilizers. The reason this is more general than the setup in [AHR20] is
the following.

• By the Lie-Kolchin theorem, any linearly reductive group is reductive. Recall that a k-group
G is linearly reductive if every linear representation of G on a finite-dimensional k-vector space
is completely reducible, and reductive if the unipotent radical of Gk is trivial.

• In characteristic zero, the converse is also true: Any reductive group is linearly reductive.

• In characteristic p, a group G is linearly reductive if and only if G0 is a torus and |G/G0| has
order prime to p [Nag62]. On the other hand, classical groups such as GLd are still reductive.

The third point above is the main reason to want to generalize [AHR20] to stacks with reductive
stabilizers: It says that in characteristic p, [AHR20] applies to an extremely narrow class of stacks!
Damn, so we need to generalize the two ingredients that go into [AHR20]: (1) A deformation theory
argument to show that every nilpotent thickening of the residual gerbe of a stack with linearly
reductive stabilizers is also a quotient. (2) An algebraization argument to turn a morphism from an
adic system of quotients to a morphism from a legitimate quotient.

Unfortunately, for stacks with reductive stabilizers in characteristic p, there are serious obstruc-
tions to extending both of these arguments. The deformation theory argument crucially relies on
the fact that if G is linearly reductive, RΓ(BG, LBG/k) is concentrated in [0, 1], where LBG/k is
the cotangent complex of BG. This is false if G is only assumed to be reductive. The algebraiza-
tion argument uses two ingredients, namely the Tannakian duality result (1.6.2) and the coherent
completeness result (1.6.1). The good news is that Tannakian duality is true independent of the
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characteristic of the ground field. The bad news is that the proof of the coherent completeness
result crucially relies on the fact that the higher (coherent) cohomology of a quotient by a linearly
reductive group scheme is zero - again false for G reductive.

Given these issues, Jarod suggested that I try to prove the coherent completeness of quotients
by reductive groups. Indeed, in joint work with Jack Hall, I was able to prove the following results:

Theorem 1.7.2 (Hall-Lim, 2018). Let k be a field, G a split reductive group over k, and R a
Noetherian k-algebra that is complete with respect to an ideal I. Let Z denote the fiber over SpecR/I
in BGR.

• The stack BGR is cohomologically proper over SpecR.

• The pair (BGR, Z) satisfies formal functions.

• The pair (BGR, Z) is coherently complete.

Theorem 1.7.3 (Hall-Lim, 2019). Let k be a field and consider the standard action of SLd on Ad.
Let Z denote the closed substack defined by the origin in [SLd\Ad].

• The stack [SLd\Ad] is cohomologically proper over Spec k.

• The pair ([SLd\Ad], Z) satisfies formal functions.

• The pair ([SLd\Ad], Z) is coherently complete.

The reader may refer to Chapter 3 for a proof of these theorems and the relevant definitions
involved in their statements. We remark that the first result above for BG was already known
in the derived setting by Halpern-Leistner and Preygel [HP14]. However, the second result for the
standard action of SLd on Ad is new. I believe that this is the first result on the formal geometry of a
non-trivial quotient by a reductive group that is independent of the characteristic of the ground field.
In any case, the algebraization results for BG and [SLd\Ad] above are a consequence of Theorems
3.3.1, 3.4.1, and 3.5.1 on descending properties of formal geometry along a universally submersive
morphism of Noetherian algebraic stacks.

Now given the generality of Theorems 3.3.1, 3.4.1, and 3.5.1, the reader may wonder why Jack
and I only proved algebraization for a very specific quotient stack. The reason for this is that we
only knew how to construct hypercovers in the [SLd\Ad] case and not in general. However, thanks
to the blessing of the mathematical gods, moduli man Jarod Alper came along and provided the
missing piece to the puzzle. Before stating our result, we need to recall an important fact. Let
G/k be a reductive group acting on an affine k-scheme of finite type SpecA. Then the structure
morphism [G\ SpecA]→ SpecAG is an adequate moduli space [Alp14, Theorem 9.1.4]. Therefore if
AG = k, by [Alp14, Theorem 5.3.1] the stack [G\ SpecA] will contain a unique closed point. Our
result is the following:
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Theorem 1.7.4 (Alper-Hall-Lim, 2020). Let k be a field and A a finite type k-algebra. Let G/k be
a reductive group acting on SpecA with the property that AG = k. Define X := [G\ SpecA] and let
Z be the unique closed point in X.

• The stack X is cohomologically proper over Spec k.

• The pair (X,Z) satisfies formal functions.

• The pair (X,Z) is coherently complete.

We make two remarks about Theorem 1.7.4. First, note that Theorem 1.7.4 is not a full gen-
eralization of [AHR20, Theorem 1.3] to characteristic p because our result contains the additional
assumption that AG = k. At present, we do not know how to handle the case when the ring of
invariants is a general complete Noetherian local ring. The reason for this is that when AG is not
a field, our approach constructs hypercovers of [G\SpecA] that are not necessarily universally sub-
mersive, and therefore the descent theorems of Chapter 3 cannot be applied. However, we have good
reason to believe that the general complete Noetherian local case is true (and will be proven soon).
For instance, in the particular example of [SLd\Ad], the proof over a field almost surely generalizes
to any complete Noetherian local ring, though I have not checked all the details.

Second, Theorem 1.7.4 in the case that AG is complete Noetherian local has applications beyond
moduli theory. One such application is the work of Mitya Kubrak and Artem Prikhodko [KP20]
which we now explain. Let Cp denote the completion of the algebraic closure of Qp. Recall a result
of Burt Totaro [Tot18, Theorem 12.1] that says for G = Spin(11) and p = 2,

dimF2 H
32
dR(B Spin(11)F2/F2) > dimF2 H

32
ét (B Spin(11)C2 ,F2).

Given this, it is only natural to ask if the inequality above holds for any reductive group G. The
answer is indeed yes and is the following result of Kubrak and Prikhodko.

Theorem 1.7.5. Let G be a split reductive group over Zp. Then

dimFp H
i
dR(BGFp/Fp) ≥ dimFp H

i
ét(BGCp ,Fp).

We now explain briefly why this inequality holds in the case of a smooth proper scheme. Then,
we say how Kubrak and Prikhodko extend this to the case of BG, proving Theorem 1.7.5. Consider
the diagram below:
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RΓdR(XFp/Fp) RΓét(XCp ,Fp)

RΓAinf(X̂) RΓét(X̂Cp
,Fp).

Bhatt-Morrow-Scholze

(a)

(b) (c) Huber

Bhatt-Morrow-Scholze

(1.7.2)

Dashed arrow (a) points to the two cohomology complexes that are of interest. As the diagram
indicates, the way (a) is established is by first introducing an intermediate object X̂Cp , namely
the Raynaud generic fiber of the formal scheme X̂OCp

→ Spf OCp . Then, arrow (b) is established
using the groundbreaking work of Bhatt-Morrow-Scholze [BMS18] that relates RΓdR(XFp/Fp) and
RΓét(X̂Cp

,Fp) via a cohomology theory with values in Fontaine’s period ring Ainf. Finally, arrow
(c) follows from a base change theorem of Huber [Hub96, Theorem 3.8.1], noting crucially that since
X is proper, the canonical morphism of rigid spaces from X̂Cp to the rigid-analytification (XCp)rig

is an isomorphism. [Con99, Theorem A.3.1].

Now Kubrak and Prikhodko (building on [BMS18]) prove Theorem 1.7.5 by first establishing
arrow (b) in (1.7.2) for a class of stacks that they call “Hodge-proper”. Since BG for G reductive
is Hodge-proper, this establishes arrow (b) for BG. However, in order to establish arrow (c) for
BG, they cannot appeal to a generalization of [Hub96, Theorem 3.8.1] for stacks because BG is not
proper, and therefore the Raynaud generic fiber B̂GCp

is very different from the rigid-analytification
(BGCp

)rig. Instead, they prove arrow (c) by a careful reduction to the case of BGm, in which case
the result can be deduced from the fact that BGm and ind-projective space P∞ have the same étale
cohomology.

Thus, given that arrow (c) is true for BG, Kubrak and Prikhodko ask if it is also true for other
cohomologically proper stacks satisfying formal GAGA.

Conjecture 1.7.6. Let K be a local field, OK its ring of integers and C the completion of the
algebraic closure of K. Let X be an algebraic stack that is smooth and cohomologically proper over
Spec OK . Suppose that X satisfies formal GAGA. Then for any torsion ring Λ,

RΓét(XC ,Λ) ∼→ RΓét(X̂C ,Λ),

where X̂C is the Raynaud generic fiber of X̂OC → Spf OC .

Now we see how my work is intertwined with that of Kubrak and Prikhodko: In order for
Conjecture 1.7.6 to not be meaningless, they need to know that there are interesting examples of
cohomologically proper stacks over Spec OK that satisfy formal GAGA! This is how Mitya became
interested in my algebraization theorems for quotients by reductive groups (albeit only over a field
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currently). Conversely, I too have benefited extremely from mathematical conversations with Mitya:
The results of Chapter 3 would never have been possible without a 3 hour conversation we had at
San Francisco State University in November 2018.

Ok everybody, that’s a wrap. One last thing though. Jack Hall [Hal18] has a unified approach to
proving all GAGA theorems for schemes and algebraic spaces. So couldn’t I just have generalized
his methods to the case of stacks? No! In the next subsection, we will see exactly where this fails.
The basic reason is that stacks can have unbounded cohomological dimension, which cannot happen
for schemes or algebraic spaces. Weird, huh?

1.7.3 Young grasshopper Ben vs GAGA genius Jack Hall

This subsection will be the final and most technical part of the introduction. We first describe Jack’s
approach to proving formal GAGA in the special case of an algebraic space that is proper and flat
over a DVR. Then, we say exactly where his proof breaks down for stacks.

Let X be an algebraic space that is separated and of finite type over an I-adically complete
Noetherian ring A. Let Z denote the fiber over V (I), and let X̂ be the formal completion of X with
respect to the closed subspace Z. There is a morphism of ringed sites

ι : X̂ → X

which induces a functor on the unbounded derived categories of modules

Lι∗ : D(X)→ D(X̂).

Furthermore, since ι is flat, we note that Lι∗ = ι∗, and that this restricts to a functor on the full
triangulated subcategories of bounded complexes with coherent cohomology

ι∗ : Db
Coh(X)→ Db

Coh(X̂). (1.7.3)

Now we are interested in the question of when (1.7.3) is an equivalence of categories. As we will
see later, this is true if X is proper over SpecA. However, for now, let us not assume properness
and instead try to guess what a candidate inverse to ι∗ might be. Recall that we always have an
adjoint pair

ι∗ : D(X) � D(X̂) : Rι∗.

Therefore, we might guess that Rι∗ is the inverse to ι∗. Unfortunately, this is wrong: The functor
Rι∗ does not even restrict to a functor

Rι∗ : Db
Coh(X̂)→ Db

Coh(X),
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because Rι∗ does not preserve quasi-coherence! To see why this is the case, recall again the simple
example of X = Spec Zp and F := lim←−(Z/pn+1Z)˜. Then F is a coherent sheaf on Spf Zp that is
not quasi-coherent when pushed forward to Spec Zp.

Sigh, so Rι∗ cannot be the inverse to ι∗. Jack’s idea to fix the problem (which goes back to
Johan de Jong/Bhargav Bhatt) is this: Just force it to be quasi-coherent! How? Consider the
quasi-coherator

RQX : D(X)→ DQcoh(X),

i.e. the mysterious right adjoint to the inclusion DQcoh(X) ↪→ D(X) [Stacks, Tag 0CQZ]. Then, he
defines a functor

Rιqc,∗ : D(X̂)→ DQcoh(X)

as the composition Rιqc,∗ := RQX ◦Rι∗. The functor Rιqc,∗ is right adjoint to ι∗ and evidently solves
the problem of quasi-coherence. However, we want more: we want coherence.

Aha! We claim that if X is proper, then Rιqc,∗ does indeed restrict to a functor

Rιqc,∗ : Db
Coh(X̂)→ Db

Coh(X).

Jack’s insight to proving this fact is the following realization.

Mental Ninja Leap 1.7.1. Suppose that the functor RΓ: D(X) → D(A) restricts to a functor
RΓ: Db

Coh(X)→ Db
Coh(A). Then Rιqc,∗ restricts to a functor

Rιqc,∗ : Db
Coh(X̂)→ Db

Coh(X).

Moreover, the adjunction
ι∗ : DQcoh(X) � D(X̂) : Rιqc,∗.

restricts to an adjunction
ι∗ : Db

Coh(X) � Db
Coh(X̂) : Rιqc,∗.

Mental Ninja Leap 1.7.1 above is really a lot more powerful than just properness. Indeed, the only
thing we need to know is that RΓ preserves coherence and boundedness. Note that if X is proper,
then the former is a consequence of the proper mapping theorem, while the latter that algebraic
spaces have bounded cohomological dimension. We refer the reader to [Hal18, Proposition 4.1] for
the proof of Mental Ninja Leap 1.7.1. A very important fact that it relies on though is:

Yoda’s Coherence Lemma 1.7.1. Let M be a complex in DQcoh(X). If RHom(P,M) ∈ Db
Coh(A)

for every perfect complex P , then M ∈ Db
Coh(X).

https://stacks.math.columbia.edu/tag/0CQZ
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We call it Yoda’s Coherence Lemma because it is kinda like Yoneda’s lemma, in the sense that if
the Hom from every doodad is coherent, then the original doodad is also coherent.5 Now granting
Mental Ninja Leap 1.7.1, let us prove that when X is proper, (1.7.3) is fully faithful. In order to
simplify ideas, we will assume that A is a DVR with maximal ideal I = ($) and that X is flat over
A. As we will see, the proof is essentially just “tensoring with a perfect complex” (at least that’s
what GAGA genius Jack Hall told me in a Google Hangouts call).

Theorem 1.7.7. Let X be an algebraic space that is proper and flat over a discrete valuation ring
A with maximal ideal ($). Then

ι∗ : Db
Coh(X)→ Db

Coh(X̂)

is fully-faithful, where the completion is taken with respect to Z = V ($).

Proof. By Mental Ninja Leap 1.7.1, the adjoint pair

ι∗ : DQcoh(X) � D(X̂) : Rι∗

restricts to an adjoint pair
ι∗ : Db

Coh(X) � Db
Coh(X̂) : Rιqc,∗.

We must show for any N ∈ Db
Coh(X) that the adjunction map

ηN : N → Rιqc,∗ι
∗N

is a quasi-isomorphism. In fact, since N is bounded, it is enough to show this for N concentrated
in degree 0, i.e. a coherent sheaf. Let KN be the cone of this morphism. It is sufficient to show
that KN ⊗L

OX
j∗OZ ' 0. The reason for this is the following. Nakayama’s Lemma implies that

KN is zero in a Zariski open neighborhood U of Z. If U 6= X, the complement X \ U would be a
non-empty closed subspace of X whose image in SpecA is closed (by properness) and disjoint from
V ($), contradicting the fact A is complete with respect to ($).

Now we make a very careful observation: The sheaf j∗OZ is a perfect complex. Indeed, since X
is flat over A, j∗OZ is quasi-isomorphic to the complex [OX

$·→ OX ] and thus is perfect as claimed.
Hence, by abstract highfalutin nonsense [Hal18, Lemma 6.4], the projection map

(Rιqc,∗ι
∗N)⊗L

OX j∗OZ → Rιqc,∗ι
∗(N ⊗L

OX j∗OZ)

is a quasi-isomorphism. But this means that KN ⊗L
OX

j∗OZ ' KN⊗L
OX

j∗OZ and hence we reduce to

5Amazingly, if for all P ∈ Perf(X) we have RHom(P, M) ∈ Db
Coh(A), then in fact for all K ∈ Db

Coh(X),
RHom(K, M) ∈ Db

Coh(A). This follows from the fact that any K ∈ DQcoh(X) can be “approximated” by perfect
complexes.
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showing that
ηN⊗L

OX
j∗OZ : N ⊗L

OX j∗OZ → Rιqc,∗ι
∗(N ⊗L

OX j∗OZ)

is a quasi-isomorphism.

To this end, consider the exact sequence

0→ Ntors → N → N/Ntors → 0

where Ntors is the $-torsion in N . We reduce to showing that

ηNtors⊗L
OX

j∗OZ , (1.7.4)

ηN/Ntors⊗L
OX

j∗OZ , (1.7.5)

are quasi-isomorphisms. For (1.7.4), observe that Ntors admits a (finite) filtration by subsheaves of
the form j∗N

′ for some N ′ ∈ Coh(Z). Therefore, without loss of generality we may assume that
Ntors ' j∗N ′ for some N ′ ∈ Coh(Z), in which case by abstract highfalutin nonsense again,

Ntors ⊗L
OX j∗OZ ' j∗N

′ ⊗L
OX j∗OZ ' j∗(N

′ ⊗L
OZ Lj∗j∗OZ).

But the complex N ′ ⊗L
OZ

Lj∗j∗OZ is bounded since Lj∗j∗OZ is perfect, and therefore we reduce to
proving that ηj∗M is a quasi-isomorphism for M ∈ Coh(Z).

Similarly, for (1.7.5), observe that N/Ntors is a torsion-free $-module, a fortiori A-flat. Hence

N/Ntors ⊗L
OX j∗OZ ' N/Ntors ⊗OX j∗OZ ' j∗j∗(N/Ntors).

Therefore, in any case, we reduce to showing that ηj∗M is a quasi-isomorphism for M ∈ Coh(Z).
But now this is trivial:

Rιqc,∗ι
∗(j∗M) ' (RQX ◦ Rι∗)(ι∗j∗M)

' (RQX ◦ ι∗)(ι∗j∗M)

' RQX(ι∗ι∗j∗M)

' RQX(j∗M)

' j∗M.

The first line is just the definition of Rιqc,∗, while the second line follows from the fact that ι∗ is
exact on formal coherent sheaves. The fourth line follows from the fact that for coherent sheaves
pushed forward from Z, the adjunction map idX → ι∗ι

∗ is an isomorphism. The final line follows
from the fact that j∗M is already quasi-coherent.
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Ok young grasshopper Ben, so where does the approach of GAGA genius Jack Hall fail in your
situation? Recall that the two types of stacks we care about are proper algebraic stacks and stacks
with reductive stabilizers. Then Jack’s approach does not work for us because there are examples
of such stacks with unbounded cohomological dimension. In particular, the hypotheses of Mental
Ninja Leap 1.7.1 are not satisfied. In addition, in the case of stacks with reductive stabilizers, the
method of proof of Mental Ninja Leap 1.7.1 fails because Yoda’s Coherence Lemma 1.7.1 is false.

Counterexample 1.7.8. There exists a proper algebraic stack X /Fp such that RΓ: D(X ) →
D(Fp) does not restrict to a functor RΓ: Db

Coh(X )→ Db
Coh(Fp).

Proof. Let X = BZ/pZ. Then for every i ≥ 0, Hi(RΓ(BZ/pZ,OBZ/pZ)) = Hi(Z/pZ,Fp) = Fp.
Hence RΓ does not preserve bounded complexes.

Counterexample 1.7.9. Let X be an algebraic stack of finite type over Fp, and x ∈ |X | a closed
point whose stabilizer Gx is reductive but not linearly reductive. Then RΓ: D(X ) → D(Fp) does
not restrict to a functor RΓ: Db

Coh(X )→ Db
Coh(Fp).

Proof. Since Gx is reductive but not linearly reductive, there exists a coherent sheaf F ∈ Coh(BGx)
such that RΓ(BGx, F ) has cohomology in arbitrarily high degree. Let i∗ : BGx ↪→ X denote the
canonical closed immersion. Then RΓ(X , i∗F ) ' RΓ(BGx, F ) and therefore RΓ: D(X ) → D(Fp)
does not preserve boundedness.

Counterexample 1.7.10. There exists an algebraic stack X /Fp with reductive stabilizers such
that Yoda’s Coherence Lemma 1.7.1 is false.

Proof. Let X = BGm. For every positive integer n, let Mn be the quasi-coherent sheaf on BGm

corresponding to the irreducible representation Gm → F×p given by x 7→ xn. Consider the complex
M :=

⊕
n≥0Mn[−n]. We claim for every perfect complex P that RHom(P,M) is bounded with

coherent cohomology. Indeed, it is enough to check this with P = Mk for some k ∈ Z. Then

RHom(P,M) ' RHom(Mk,M)

' RHom
(
Mk,

⊕
n≥0

Mn[−n]
)

'
∏
n≥0

RHom (Mk,Mn[−n])

'
∏
n≥0

Hom (Mk,Mn) [−n]

' Fp[−k]

by Schur’s Lemma. However, M is not bounded because it has cohomology in every positive degree.



Chapter 2

Grothendieck’s Existence Theorem
for Relatively Perfect Complexes
on Algebraic Stacks

The results in this chapter appear in [Lim19].

2.1 Introduction

Recently, pioneering work of Bridgeland [Bri07] has shown that it is possible to define a notion of
stability for objects in any triangulated category, vastly generalizing the notion of stability of vector
bundles as considered in GIT. However, unlike moduli of vector bundles in GIT, it is a subtler
question to construct a moduli stack of objects in Db(Coh(X)), the bounded derived category of
coherent sheaves on a scheme X. At the very least, such a stack should be algebraic in order to ask
geometric questions.

In [Art74], building on the seminal papers [Art69] and [Art70], Artin gave a list of sufficient
axioms for a stack to be algebraic. One of these axioms is that formal deformations of objects
can be algebraized, i.e., that Grothendieck’s existence theorem is satisfied. Therefore, in order to
construct an algebraic stack parametrizing objects in Db(Coh(X)), we must at least be able to
prove Grothendieck’s existence theorem for such objects. The first result of this nature is that of
Lieblich [Lie06, Proposition 3.6.1]. He proves that if one restricts to relatively perfect complexes
(see Definition 2.7.1) on an algebraic space X, proper and flat over a complete local Noetherian
ring, then Grothendieck’s existence theorem holds. In fact, he checks the rest of Artin’s axioms and
proves that if X → S is a proper flat morphism of algebraic spaces, the moduli space of relatively

26
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perfect and universally gluable complexes DX/S is represented by an algebraic stack, locally of finite
type over S [Lie06, Theorem 4.2.1].

The goal of this article is to establish an important first step towards constructing a moduli
of relatively perfect objects on an algebraic stack. More precisely, we extend Lieblich’s result on
Grothendieck’s existence theorem for relatively perfect complexes to the setting of algebraic stacks.
This will be done by way of two more general results, namely formal GAGA and Grothendieck’s
existence theorem for pseudo-coherent complexes (c.f. Definition 2.4.1 and Remark 2.4.6).

Theorem 2.1.1 (Formal GAGA for pseudo-coherent complexes). Let X be an algebraic stack that
is proper over an I-adically complete Noetherian ring A. Then there is a natural equivalence of
triangulated categories

D−coh(X ) ∼→ D−coh(X̂ )

of pseudo-coherent complexes.

Theorem 2.1.2 (Grothendieck existence for pseudo-coherent complexes). Let X be an algebraic
stack that is proper over an I-adically complete Noetherian ring A. Define Xn := X ×A A/In+1.
Then any adic system of pseudo-coherent complexes on Xn algebraizes to a pseudo-coherent complex
on X .

Using these results, we can prove formal GAGA and Grothendieck’s existence theorem for perfect
complexes on algebraic stacks:

Theorem 2.1.3 (Formal GAGA for perfect complexes). Let X be an algebraic stack that is proper
over an I-adically complete Noetherian ring A. Then there is a natural equivalence of triangulated
categories

Perf(X ) ∼→ Perf(X̂ )

of perfect complexes.

Theorem 2.1.4 (Grothendieck existence for perfect complexes). Let X be an algebraic stack that
is proper over an I-adically complete Noetherian ring A. Define Xn := X ×A A/In+1. Then any
adic system of perfect complexes on Xn algebraizes to a perfect complex on X .

Finally, using Grothendieck’s existence theorem for pseudo-coherent complexes, we deduce a gener-
alization of [Lie06, Proposition 3.6.1] to the setting of algebraic stacks. Note that unlike the case of
pseudo-coherent or perfect complexes, we need a flatness hypothesis here.

Theorem 2.1.5 (Grothendieck existence for relatively perfect complexes). Let X be an algebraic
stack that is proper and flat over an I-adically complete Noetherian ring A. Define Xn := X ×A
A/In+1. Then any adic system of relatively perfect complexes on Xn algebraizes to a relatively
perfect complex on X .
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Remark 2.1.6. The reader may wonder if the triangulated category D−coh(X̂ ) can be described as
some kind of inverse limit of triangulated categories limD−coh(Xn). At present, we do not know if
there is an appropriate definition for such an inverse limit that does not use the language of ∞-
categories. One issue is the definition of what morphisms should be in this category. For example,
given two systems {Pn} and {Qn}, defining Hom({Pn}, {Qn}) := lim Hom(Pn, Qn) is not the right
definition. This is because if we suppose that Pn, Qn are the reductions of P,Q to Xn, the natural
surjective map

Hom(P,Q)→ lim Hom(Pn, Qn)

has kernel R1 lim Hom(Pn, Qn[−1]) which may not vanish. Since it is not necessary to deal with
inverse limits of triangulated categories to state our theorems, we will avoid the issue completely.

2.1.1 Comparison of Lieblich’s result with ours

The classical form of Grothendieck’s existence theorem asserts that given a scheme X proper over
an I-adically complete Noetherian ring A, any adic system of coherent sheaves Fn on Xn := X ×A
A/In+1 can be algebraized to a coherent sheaf on X. The theorem has been extended to the case of
algebraic spaces by [Knu71, Theorem 6.3] and most recently by [Ols05, Theorem 1.4] and [Con05,
Theorem 4.1] for algebraic stacks. In all these cases, the proofs rely on Chow’s Lemma and standard
dévissage techniques.

Lieblich’s proof of [Lie06, Proposition 3.6.1] ultimately reduces to the case of coherent sheaves
on algebraic spaces [Knu71, Theorem 6.3]. Therefore, given the results of [Ols05, Theorem 1.4]
and [Con05, Theorem 4.1], it is reasonable to ask if the proof of [Lie06, Proposition 3.6.1] generalizes
verbatim to the case of algebraic stacks. We now give a rough idea for why this is not the case.
Suppose that XA is an algebraic space, proper and flat over an Artinian local ring A. Let A→ A0

be a square-zero thickening, E0 an object of Db(Coh(XA0)) that is relatively perfect over A0, and
E ∈ Db(Coh(XA)) such that E ⊗L

A A0
∼→ E0. Lieblich constructs a tangent-obstruction theory for

deformations of objects in the derived category [Lie06, Theorem 3.1.1], crucially relying on the fact
that the (small) étale site is invariant under infinitesimal thickenings. Lieblich uses this to show
that E0 is quasi-isomorphic to a bounded above complex J•0 that lifts to a complex J• satisfying
J• ⊗A A0 = J•0 .

The upshot of this procedure is that if X is an algebraic space over a now complete Noetherian
local ring A, any adic system of relatively perfect objects {En} ∈ Db(Coh(Xn)) can be replaced
by an adic system of complexes {J•n}. In other words, the transition maps J•n → J•n−1 are maps of
complexes such that J•n ⊗An An−1 = J•n−1. Lieblich then completes the proof by algebraizing the
inverse limit lim J•i to a relatively perfect complex on X using [Knu71, Theorem 6.3]. However, if
we now wish to work on an algebraic stack X , Lieblich’s proof does not generalize for the following
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reason: The lisse-étale site is not invariant under infinitesimal thickenings and therefore Lieblich’s
tangent-obstruction theory cannot be applied to replace an adic system of objects in the derived
category with an adic system of complexes. It follows that any attempt to generalize Lieblich’s result
to algebraic stacks must either develop a deformation theory of complexes on the lisse-étale site, or
avoid any recourse to deformation theory completely.

We will take the latter route in this article and show that it is not necessary to represent an
adic system of relatively perfect objects in Db(Coh(Xn)) by an adic system of relatively perfect
complexes. Instead, given an adic system of relatively perfect objects Pn, we will directly construct
a pseudo-coherent object on X̂ (the derived limit R limPn) that recovers each Pn at the finite level.
This object will then be algebraized to a pseudo-coherent object P on X by formal GAGA. Finally,
we use the fact that X → SpecA is flat, and the fact that P0 is relatively perfect over SpecA/I to
prove that the algebraized object P is relatively perfect over SpecA.

The outline of this article is as follows. First, in Section 2.3 we provide a very general criterion for
when a morphism of ringed sites f : (Y,OY )→ (X,OX) gives rise to an equivalence of triangulated
categories f∗ : D−AX

(X) → D−AY
(Y ) (see Section 2.3 for notation). This will be done using a slight

variant of [LO08, Lemma 2.1.10]. We apply this criterion to prove formal GAGA for pseudo-coherent
complexes in Section 2.4. As a corollary of formal GAGA, we prove Grothendieck’s existence theorem
for pseudo-coherent complexes in Section 2.5. In Section 2.6, we apply the preceding results to prove
formal GAGA and Grothendieck’s existence theorem for perfect complexes. Finally, in Section 2.7
we prove Grothendieck’s existence theorem for relatively perfect complexes.

2.1.2 Recent results in the literature

Hall [Hal18] has proven an existence theorem for pseudo-coherent complexes in a non-Noetherian
setting. Unlike previous proofs of the existence theorem, Hall’s proof does not rely on dévissage
to the projective situation. Instead, he proves a very general result [Hal18, Theorem 6.1] that is
sufficient to imply all existing GAGA results in the setting of C-analytic spaces, rigid-analytic spaces,
Berkovich spaces or formal algebraic spaces [Hal18, Examples 7.5, 7.7 and 7.8]. At this point, we
make the important remark that our work is not a generalization of [Hal18, Example 7.8] to the
setting of algebraic stacks because we assume Noetherian hypotheses. Conversely, Hall’s method
does not generalize to algebraic stacks because a key hypothesis of [Hal18, Theorem 6.1] fails in
this setting, namely that RΓ(X ,−) preserves pseudo-coherence. Indeed, the algebraic stack BZ/pZ
is proper over Spec Fp, but RΓ(BZ/pZ,OBZ/pZ) has non-zero cohomology in all positive degrees.
Therefore, any generalization of Hall’s method to prove non-Noetherian GAGA for stacks should
at least include the hypothesis that X is tame, or admits a good moduli space in the sense of
Alper [Alp13, Definition 4.1]. In summary, Hall’s results are essentially orthogonal to ours.

Finally we mention results of Halpern-Leistner–Preygel [HP14]. They have established various
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GAGA results for algebraic stacks in the context of derived algebraic geometry, with a focus on those
with affine diagonal. Since the diagonals of the algebraic stacks considered in the present paper are
proper, our results only overlap in the case of finite diagonals.
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2.3 A preliminary result

The goal of this section is to establish a very general result (Theorem 2.3.7) that we will use to
deduce formal GAGA for pseudo-coherent complexes. Roughly, given a flat morphism of ringed sites
f : (Y,OY )→ (X,OX), we are interested in sufficient conditions for there to exist an equivalence of
categories

f∗ : D−AX
(X) ∼→ D−AY

(Y ).

The notation D−AX
(X) refers to the following. Write D(X) for the unbounded derived category

of OX -modules, D(Mod(OX)). Fix a weak Serre subcategory AX ⊆ Mod(OX). Then D−AX
(X) is

the full triangulated subcategory of D(X) consisting of bounded above objects whose cohomology
sheaves lie in AX ⊆ Mod(OX) (here we use the fact that AX is a weak Serre subcategory in order that
D−AX

(X) be a full triangulated subcategory of D(X)). Analogously, we can define D−AY
(Y ). Before

we can state our result, we will need a rather technical lemma which is basically [LO08, Lemma
2.1.10]. We will include a proof of it here because the proof in [LO08] relies on [Spa88, Lemma 0.11]
whose proof is light on details. In addition, our hypotheses are a little different than [LO08, Lemma
2.1.10].

Definition 2.3.1. Let X be a (Grothendieck) site. A prebasis for the topology on X is a subclass
BX ⊆ Ob(X) such that every covering {Vi → V } can be refined to a covering by elements of BX .

Example 2.3.2. If X is an algebraic stack, we can take affines with a smooth morphism to X as a
prebasis for the lisse-étale topology on X.

Lemma 2.3.3. Let F be a presheaf of abelian groups on a site X with a prebasis BX . Let F#

denote the sheafification of F . Suppose for every U ∈ BX that F (U) = 0. Then F# = 0.
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Proof. By the universal property of sheafification, it is enough to prove for any sheaf G and morphism
of presheaves ϕ : F → G that ϕ = 0. Choose any V ∈ Ob(X) and section s ∈ F (V ). By assumption,
there exists a cover {Ui → V } with Ui ∈ BX such that s|Ui = 0. Then ϕ(s)|Ui = ϕ(s|Ui) = 0. Since
G is a sheaf, ϕ(s) = 0. We conclude that ϕ = 0 as desired.

Let f : (Y,OY )→ (X,OX) be a morphism of ringed sites. Recall that f is said to be flat if the ring
map f−1OX → OY is flat. In particular, this implies that the pullback f∗ : Mod(OX)→ Mod(OY )
is an exact functor. The technical lemma that we need is this:

Lemma 2.3.4. Let f : (Y,OY )→ (X,OX) be a flat morphism of ringed sites which admit prebases
BX and BY respectively. Let AY ⊆ Mod(OY ) be a weak Serre subcategory and fix G ∈ D(Y ).
Suppose the following conditions hold:

1. For any object U in BX , uf (U) is in BY where uf : Ob(X)→ Ob(Y ) is the functor on objects
associated to the morphism of sites f .

2. For any V ∈ BY and G ∈ AY , Hp(V,G) = 0 for all p > 0.

3. For any q ∈ Z, Hq(G ) ∈ AY .

Choose any integer n ∈ Z. Then for any non-negative integer j0 such that n + j0 ≥ 0, the natural
map

Hn(Rf∗G )→ Hn(Rf∗τ≥−j0G )

is an isomorphism.

Proof. The exact triangle
Rf∗τ<−j0G → Rf∗G → Rf∗τ≥−j0G

gives rise to an exact sequence in cohomology

Hn(Rf∗τ<−j0G )→ Hn(Rf∗G )→ Hn(Rf∗τ≥−j0G )→ Hn+1(Rf∗τ<−j0G ).

We need to show that the left and right-most terms are zero. To do this, first recall that If (C,OC) is a
ringed site and K an object of D(OC), the n-th cohomology sheaf of K, Hn(K), is the sheafification
of the presheaf U 7→ Hn(U,K), where Hn(U,K) is the n-th cohomology group Hn(RΓ(U,K)).
Therefore, by this and Lemma 2.3.3, it is enough to show for any object U ∈ BX that the following
is true.

Claim 2.3.5. The map
Hi(U,Rf∗G )→ Hi(U,Rf∗τ≥−j0G )

has the following properties. It is:
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• Surjective for i = n− 1.

• An isomorphism for i = n.

• Injective for i = n+ 1.

We show the i = n case is an isomorphism as follows. First, using assumptions (2) (3) we can
apply [Stacks, Tag 0D6P] (which relies on the techniques of [Spa88] on K-injective resolutions) to
conclude that the natural map

G → R lim τ≥−jG

is an isomorphism, where j runs through all positive integers. Then, since derived pushforward
commutes with derived limits [Stacks, Tag 0A07],

Hn(U,Rf∗G ) ∼→ Hn(U,R limRf∗τ≥−jG ).

It is now sufficient to prove that

Hn(U,R limRf∗τ≥−jG ) ∼→ Hn(U,Rf∗τ≥−j0G ).

To get a hold on the derived limit, we use the Milnor exact sequence

0→ R1 limHn−1(U,Rf∗τ≥−jG )→ Hn(U,R limRf∗τ≥−jG ))→ limHn(U,Rf∗τ≥−jG )→ 0.

We will show that

R1 limHn−1(U,Rf∗τ≥−jG ) = 0,

limHn(U,Rf∗τ≥−jG ) = Hn(U,Rf∗τ≥−j0G ).

To this end, consider the exact triangle

H−(j0+k)(G )[j0 + k]→ τ≥−(j0+k)G → τ≥−(j0+k)+1G ,

where k is a positive integer that we will allow to vary. Applying RΓ(U,−) and then taking coho-
mology, we get an exact sequence

Hn+j0+k(U,Rf∗H−(j0+k)(G )) Hn(U,Rf∗τ≥−(j0+k)G ) Hn(U,Rf∗τ≥−(j0+k)+1G )

Hn+j0+k+1(U,Rf∗H−(j0+k)(G ).

https://stacks.math.columbia.edu/tag/0D6P
https://stacks.math.columbia.edu/tag/0A07
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The key observation now is that for k ≥ 1,

Hn+j0+k(U,Rf∗H−(j0+k)(G )) def≡ Hn+j0+k(RΓ(U,Rf∗H−(j0+k)(G )))

= Hn+j0+k(uf (U), H−(j0+k)(G ))

= 0.

Indeed by (1), uf (U) ∈ BY and the fact that k ≥ 1 implies n + j0 + k > 0. The vanishing of the
above cohomology group then follows from assumptions (2) and (3). Similarly,

Hn+j0+k+1(U,Rf∗H−(j0+k)(G )) = 0

for k ≥ 1 as well. The conclusion is that

G−j := Hn(U,Rf∗τ≥−jG )

is an inverse system of abelian groups such that G−(j0+k)
∼→ G−(j0+k)+1 for all k ≥ 1. By Lemma

2.3.6 (c) below, we conclude that

limHn(U,Rf∗τ≥−jG ) = Hn(U,Rf∗τ≥−j0G ).

Reasoning similarly using Lemma 2.3.6 (a),

R1 limHn−1(U,Rf∗τ≥−jG ) = 0.

This finishes the i = n case of Claim 2.3.5. The rest of the aforementioned claim is proven similarly.

Lemma 2.3.6. Let {G−j}j∈N be an inverse system of abelian groups

. . .→ G−3 → G−2 → G−1.

Suppose there exists j0 ≥ 1 such that for all k ≥ 1, G−(j0+k) → G−(j0+k)+1 is surjective. Then the
following hold:

(a) The system {G−j}j is Mittag-Leffler.

(b) The natural map limG−j → G−j0 is surjective.

(c) In addition, if the transition maps G−(j0+k) → G−(j0+k)+1) are injective (a fortiori isomor-
phisms) for k ≥ 1, then limG−j → G−j0 is an isomorphism.
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Proof. Statement (a) follows from the fact that the transition maps are all eventually surjective. For
(b), we must show that any x ∈ G−j0 can be lifted to G−j0+k for all k ≥ 1. This follows from the
assumption that all transition maps G−(j0+k) → G−(j0+k)+1 are surjective. Finally, suppose that
G−(j0+k) → G−j0 is an isomorphism for all k ≥ 1. If an element

−→x := (. . . , x−(j0+1), x−(j0), x−(j0−1), . . . , x−1) ∈ limG−j

maps to zero in G−j0 , then necessarily x−j0 = 0. By definition of the inverse limit,

x−(j0−1) = . . . = x−1 = 0.

By injectivity, x−(j0+k) = 0 for all k ≥ 1 and therefore −→x = 0.

Here is the main result of this section:

Theorem 2.3.7. Let f : (Y,OY )→ (X,OX) be a flat morphism of ringed sites which admit prebases
BY and BX respectively. Fix weak Serre subcategories AY ⊆ Mod(OY ) and AX ⊆ Mod(OX).
Suppose that the following conditions hold:

(i) The pullback map f∗ : Mod(OX)→ Mod(OY ) restricts to an equivalence of categories

f∗ : AX
∼→ AY .

(ii) For every F, F ′ ∈ AX and n ∈ Z, the natural map

ExtnOX (F, F ′)→ ExtnOY (f∗F, f∗F ′)

is an isomorphism of abelian groups.

(iii) For any object U in BX , uf (U) is in BY where uf : Ob(X)→ Ob(Y ) is the functor associated
to the morphism of sites f .

(iv) For every G ∈ AY and V ∈ BY , Hp(V,G) = 0 for all p > 0.

Then the pullback f∗ : D−(X)→ D−(Y ) restricts to an equivalence of categories

f∗ : D−AX
(X) ∼→ D−AY

(Y ).

Proof. We will first prove that f∗ restricts to a fully faithful functor

f∗ : Db
AX

(X)→ Db
AY

(Y ).
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The fact that f∗ sends bounded objects to bounded objects is clear because f is flat, a fortiori
commutes with cohomology. Fix F ∈ Db

AX
(X). It is enough to prove for any F ′ ∈ Db

AX
(X) that

RHomOX (F ,F ′) = RHomOY (f∗F , f∗F ′). (2.3.1)

Let us first assume that F ′ is concentrated in a single degree, so in particular is in AX . We will
prove the equality above by induction on the length of F . If F is concentrated in a single degree,
then this is condition (ii) above. Now suppose that F is a bounded complex concentrated in the
interval [a, b]. Consider the exact triangle

Ha(F )[−a]→ F → τ≥a+1F .

Applying f∗ and then RHomOY (−, f∗F ′) gives a diagram

RHomOX (τ≥a+1F ,F ′) RHomOX (F ,F ′) RHomOX (Ha(F )[−a],F ′)

RHomOY (f∗τ≥a+1F , f∗F ′) RHomOY (f∗F , f∗F ′) RHomOY (f∗Ha(F )[−a], f∗F ′).

By induction, the left vertical arrow is an isomorphism. Since all the cohomology sheaves of F

are in AX , the right vertical arrow is an isomorphism. Therefore the middle vertical arrow is an
isomorphism. This shows (2.3.1) in the case that F ′ is concentrated in a single degree, and repeating
the same argument above shows (2.3.1) in general. Therefore f∗ : Db

AX
(X)→ Db

Y (Y ) is fully faithful.

We now prove that
f∗ : Db

AX
(X)→ Db

AY
(Y ).

is essentially surjective, a fortiori an equivalence of categories. Fix G ∈ Db
AY

(Y ). Suppose that G is
concentrated in the interval [a, b]. Consider the exact triangle

(τ≥a+1G )[−1]→ Ha(G )[−a]→ G .

By (i) and the inductive hypothesis, there exists F ,F ′ so that

f∗F = (τ≥a+1G )[−1],

f∗F ′ = Ha(G )[−a].

By full faithfulness, the morphism (τ≥a+1G )[−1]→ Ha(G )[−a] is equal to f∗ϕ for some f : F → F ′.
It follows that G ∼= f∗Cone(F → F ′) and so we have the equivalence on bounded derived categories
as claimed.
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Finally, we will use Lemma 2.3.4 to reduce to the bounded case as follows. We must show for
any G ∈ D−AY

(Y ) and F ∈ D−AX
(X) that the counit f∗Rf∗G → G and unit F → Rf∗f

∗F are
isomorphisms. Equivalently, for any n ∈ Z that

Hn(f∗Rf∗G )→ Hn(G ) and Hn(F )→ Hn(Rf∗f∗F )

are isomorphisms. Consider first the case of the counit. Fix n ∈ Z and choose a non-negative
integer j0 ≥ 0 such that n+ j0 ≥ 0. We want to show that the arrow (1) in the diagram below is an
isomorphism.

Hn(f∗Rf∗G ) Hn(G )

f∗Hn(Rf∗G )

f∗Hn(Rf∗τ≥−j0G )

Hn(f∗Rf∗τ≥−j0G ) Hn(τ≥−j0G )

(1)

(4)(2)

(3)

The displayed equalities follow from flatness and arrow (2) is an isomorphism from Lemma 2.3.4.
Furthermore, the object τ≥−j0G is bounded and therefore (3) is an isomorphism. Arrow (4) is
trivially an isomorphism and therefore (1) is an isomorphism as desired. Reasoning similarly with
the diagram

Hn(F ) Hn(Rf∗f∗F )

Hn(Rf∗τ≥−j0f∗F )

Hn(τ≥−j0F ) Hn(Rf∗f∗τ≥−j0F )

allows us to conclude that the unit is an isomorphism. This completes the proof of Theorem 2.3.7.

2.4 Formal GAGA for pseudo-coherent complexes

2.4.1 Preliminary definitions

Let R be a ring. Recall that an R-module M is said to be finitely presented if there exists an exact
sequence Rn−1 → Rn0 → M → 0. Alternatively, thinking of M as being the complex M [0], there
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exists a morphism of complexes

. . . 0 Rn−1 Rn0 0 . . .

. . . 0 0 M 0 . . .

with the following properties.

• The map on cohomology is an isomorphism in degree 0.

• The map on cohomology is surjective in degree −1.

This motivates the following definition:

Definition 2.4.1 ( [Stacks, Tag 064Q]). Let R be a ring. A complex of R-modules P • is said to
be m-pseudo coherent (for some m ∈ Z) if there exists a bounded complex of finite free modules F •

and a morphism of complexes F • → P • such that the following hold:

• Hi(F •)→ Hi(P •) is an isomorphism for i > m.

• Hi(F •)→ Hi(P •) and surjective for i = m.

A complex P • is pseudo-coherent if it is m-pseudo-coherent for every m ∈ Z. An object P ∈ D(R)
is pseudo-coherent if it is quasi-isomorphic to a pseudo-coherent complex.

Example 2.4.2. An R-module M is finite if and only if M [0] ∈ D(R) is 0-pseudo-coherent, and
finitely presented if and only if M [0] is −1-pseudo-coherent. This is clear from the definition above.

Remark 2.4.3. Let P be an object of D(R). Then P is pseudo-coherent if and only if there exists a
quasi-isomorphism F • → P , where F • is a bounded above complex of finite free R-modules. This
is [Stacks, Tag 064T].

We will let D−pc(R) denote the full triangulated subcategory of D(R) consisting of objects of D(R)
quasi-isomorphic to a pseudo-coherent complex. The category D−pc is triangulated by [Stacks, Tag
064V] and [Stacks, Tag 064X]. The definition for rings generalizes to the following situation:

Definition 2.4.4 ( [Stacks, Tag 08FT]). Let (C,OC) be a ringed site. An object P ∈ D(C) is
said to be m-pseudo-coherent, if every U ∈ Ob(C) admits a covering {Uj → U}, and morphisms
αj : F •j → P |Uj (with each F •j a bounded complex of finite projective modules) such that the
following hold:

• Hi(αj) is an isomorphism for all i > m.

• Hi(αj) is surjective for i = m.

https://stacks.math.columbia.edu/tag/064Q
https://stacks.math.columbia.edu/tag/064T
https://stacks.math.columbia.edu/tag/064V
https://stacks.math.columbia.edu/tag/064V
https://stacks.math.columbia.edu/tag/064X
https://stacks.math.columbia.edu/tag/08FT
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We say that an object P ∈ D(C) is pseudo-coherent if it is m-pseudo-coherent for all m ∈ Z. As
in the case of rings, we will let D−pc(C) denote the full triangulated subcategory of D(C) of objects
quasi-isomorphic to a bounded above pseudo-coherent complex. We need an important permanence
property of pseudo-coherent objects:

Lemma 2.4.5. Let f : (Y,OY )→ (X,OX) be a morphism of ringed sites. Then Lf : D(X)→ D(Y )
restricts to a functor D−pc(X)→ D−pc(Y ).

Proof. See [Stacks, Tag 08H4].

Remark 2.4.6. If (C,OC) is a ringed site with coherent structure sheaf, then D−pc(C) = D−coh(C),
where the latter is the full subcategory of D(C) of objects quasi-isomorphic to a bounded above
complex of OC-modules with coherent cohomology [SGA6, Exposé 1, Corollary 3.5]. As all the
ringed sites we consider in this article have coherent structure sheaf, we will henceforth take pseudo-
coherent to mean “bounded above with coherent cohomology”.

2.4.2 The GAGA theorem

Let X be a locally Noetherian scheme and I ⊆ OX a coherent ideal defining a closed subscheme
X0 ⊆ X. The formal completion of X along X0 (denoted X̂formal,Zar) is the topologically ringed site
(X0, ÔX,formal), where ÔX,formal is the sheaf of rings

ÔXformal(U0) := limH0(Un,OUn).

Here Un is the unique lifting of the Zariski open U0 → X0 to a Zariski open Un → Xn. For example,
if X = SpecA, then X̂formal,Zar is nothing more than Spf Â, where Â is the I-adic completion
of A. To state our GAGA theorem, we will need an analogous notion of formal completion for
stacks. However, the definition above for schemes does not generalize because the lisse-étale site is
not invariant under infinitesimal deformations. Instead, we will work with a surrogate definition of
formal completion.

Definition 2.4.7. [Con05, Definition 1.2] The ringed site X̂ is the lisse-étale site of X equipped
with the sheaf of rings

ÔX := lim OX /I n+1,

where the limit is taken in the category of lisse-étale OX -modules.

There is a canonical morphism of ringed sites

ι : X̂ →X

https://stacks.math.columbia.edu/tag/08H4
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which on objects is simply the identity functor. Furthermore, ι is flat by [GZB15, Lemma 3.3]. We
now recall the main result of [Con05].

Theorem 2.4.8. Let X be an algebraic stack that is proper over an I-adically complete Noetherian
ring A. Let I denote the pullback of I to X and X̂ the ringed site as defined above with respect
to I . Define Xn := X ×A A/In+1. Then there are natural equivalences of categories

Coh(X ) ∼→ Coh(X̂ ) ∼→ lim Coh(Xn).

The first arrow is given by sending a coherent sheaf F on X to ι∗F ' lim F/I n+1F , while
the second arrow is given by sending a coherent sheaf G on X̂ to the adic system (G /I n+1G )n.

Remark 2.4.9. In the case that X = SpecA, we have Coh(ŜpecA) = Coh(Spf A) by [Con05, Remark
1.6]. Therefore, the proposition above says that

Coh(SpecA) ∼→ Coh(Spf A) ∼→ lim Coh(SpecA/In+1).

It is tempting to think that given an adic system of finite A/In+1-modules Mn, the corresponding
coherent sheaf on SpecA is lim M̃n. This however is false. Let A be a complete DVR with uniformizer
$. The sheaf lim Ã/$n on SpecA is not quasi-coherent because its global sections are A while its
value on the basic open D($) is zero. The issue is that the functor sending an A-module M to its
associated quasi-coherent sheaf M̃ does not commute with limits. However, notice that lim Ã/$n

is a coherent sheaf on Spf A.

We can now prove the following theorem:

Theorem 2.4.10 (Formal GAGA for pseudo-coherent complexes). Let X be an algebraic stack that
is proper over an I-adically complete Noetherian ring A. The flat morphism of sites ι : X̂ → X

induces an equivalence of categories

ι∗ : D−coh(X ) ∼→ D−coh(X̂ ).

Proof. We will apply Theorem 2.3.7 to the morphism of sites ι : X̂ → X . We will take smooth
morphisms U → X , where U is affine as a prebasis for the topology on X , and similarly for X̂

(the underlying sites of X and X̂ are the same). The weak Serre subcategories in question are
Coh(X̂ ) [Con05, Corollary 1.7] and Coh(X )1. Conditions (i) and (ii) are respectively Theorem
2.4.8 above and [Con05, Lemma 4.3]. Condition (iv) is Lemma A.0.2 below. Condition (iii) is trivial
because the functor on objects uι : Ob(X )→ Ob(X̂ ) is the identity functor. All the conditions of
Theorem 2.3.7 are satisfied and we are done.

1The careful reader will note here that it is important to use the lisse-étale topology. In the big fppf site, the
inclusion functor Coh(X ) ⊆ Mod(OX ) is not exact.
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2.5 Grothendieck’s existence theorem for pseudo-coherent
complexes

2.5.1 Preparations

Let j : Y → X be a morphism of algebraic stacks. For any sheaf F on Y and object U of Xlis-ét,
recall that j∗F is the sheaf on Xlis-ét whose value on an object U of Xlis-ét is F (Y ×X U). In
addition, also recall that for any sheaf G on Xlis-ét, j−1G is the sheafification of the presheaf whose
value on V ∈ Ylis-ét is

lim−→
V→U

F (U),

where the limit is taken over all U ∈Xlis-ét that fit into a commutative square

V U

Y X .

The functor j−1 is left adjoint to j∗. However, it was observed by Gabber and Behrend that the
functor j−1 is not exact (even if X and Y are schemes!) and therefore j does not induce a morphism
of ringed sites Ylis-ét →Xlis-ét. Hence, it is a subtle question to construct a derived pullback on the
level of derived categories of sheaves of modules

Lj∗ : D(X )→ D(Y ).

On the other hand, the derived pushforward

Rj∗ : D(Y )→ D(X ) (2.5.1)

always exists for formal reasons. Indeed,

j∗ : Mod(OY )→ Mod(OX )

is a left exact functor between Grothendieck abelian categories, and therefore Rj∗ exists by [Ser03,
Corollary 3.14]. Of course, work must be done to show that Rj∗ has good properties such as a Leray
spectral sequence for cohomology, precisely because we do not know that j∗ preserves injectives2.
Indeed, this is the content of [Ols07].

To remedy the issue of the non-functoriality of the lisse-étale site, Hall and Rydh [HR17] (building
2If j−1 were exact, then j∗ would be right adjoint to an exact functor and therefore preserve injectives.
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on work of [LO08] on unbounded cohomological descent) have defined a surrogate functor

L(jqc)∗ : Dqcoh(X )→ Dqcoh(Y ).

We briefly recall the construction of this functor in the case that j is representable, as this is the only
situation we need. The general situation is no more difficult. Let j : Y → X be a representable
morphism of algebraic stacks. Let p : V → X be a smooth surjection from an algebraic space.
Define U := V ×X Y (which is an algebraic space by representability of j), and let q : U → Y

denote the corresponding smooth surjective morphism. Let p• : V• → X and q• : U• → Y denote
the corresponding morphisms of simplicial algebraic spaces. Associated to each of these simplicial
algebraic spaces are certain ringed topoi U+

•,ét and V +
•,ét [HR17, Section 1.1]. Similarly, in the lisse-

étale topology we have U+
•,lis-ét and V +

•,lis-ét. These ringed topoi, together with the original X and
Y sit in a 2-commutative diagram

Y U+
•,lis-ét U+

•,ét

X V +
•,list-ét V +

•,ét.

j

q+
•

j+•,lis-ét

resU

j+•,ét

p+
•

resV

(2.5.2)

The key idea to defining L(jqc)∗ now is the following. By [LO08, Ex. 2.2.5], we have equivalences
of categories

Dqcoh(Y ) Dqcoh(U+
•,lis-ét) Dqcoh(U+

•,ét)
(q+
• )∗ (resU )∗ (2.5.3)

Dqcoh(X ) Dqcoh(V +
•,lis-ét) Dqcoh(V +

•,ét).
(p+
• )∗ (resV )∗ (2.5.4)

On the other hand, functoriality of the étale topos gives a pullback L(j+
•,ét)∗ : D(V +

•,ét) → D(U+
•,ét)

which restricts to L(j+
•,ét)∗ : Dqcoh(V +

•,ét)→ Dqcoh(U+
•,ét). This allows us to define the functor L(jqc)∗

as
L(jqc)∗ := R(q+

• )∗ ◦ L(resU )∗ ◦ L(j+
•,ét)

∗ ◦R(resV )∗ ◦ L(p+
• )∗.

It is readily checked that the definition of L(jqc)∗ is independent of the choice of smooth cover of
X . We mention two important properties of this functor. The first property is that if j is flat,
then given any object P ∈ Dqcoh(X ) and integer n ∈ Z, we have Hn(L(jqc)∗P ) ∼= j∗Hn(P ). The
second property is the following. Suppose that Y ,X are Deligne-Mumford stacks. The étale topos
is functorial and therefore there is a pullback Lj∗ : D(Xét)→ D(Yét). Since the lisse-étale and étale
topoi agree for Deligne-Mumford stacks, it follows we have a pullback Lj∗ : D(X ) → D(Y ). This
pullback restricts to Dqcoh(X )→ Dqcoh(Y ) and agrees with L(jqc)∗.
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The following results will be used to prove the existence theorem in the next subsection.

Proposition 2.5.1. Let j : Y → X be a morphism of locally Noetherian algebraic stacks. Then
the functor L(jqc)∗ : Dqcoh(X )→ Dqcoh(Y ) restricts to a functor on pseudo-coherent complexes

L(jqc)∗ : D−coh(X )→ D−coh(Y ).

Proof. From the construction of L(jqc)∗, we see that it is constructed “locally" at the level of the
étale topology, where it is given as a pullback arising from a morphism of ringed topoi. Since
pseudo-coherent complexes are preserved under arbitrary pullback, we are done.

Proposition 2.5.2. Let j : Y → X be a representable, quasi-compact and quasi-separated mor-
phism of algebraic stacks. Then the restriction of Rj∗ to Dqcoh(Y ) factors through Dqcoh(X ).
Furthermore in this situation, Rj∗ = R(jqc)∗ where Rj∗ is the derived pushforward (2.5.1), and
therefore we have an adjoint pair

L(jqc)∗ : Dqcoh(Y ) � Dqcoh(X ) : Rj∗.

Proof. A representable morphism is concentrated by [HR17, Lemma 2.5 (3)]. The result follows
from [HR17, Theorem 2.6 (2)].

Proposition 2.5.3. Let j : Y → X be a closed immersion of locally Noetherian algebraic stacks.
Then there is a natural equivalence of categories

j
∗ : D−coh(X , j∗OY ) ∼→ D−coh(Y )

Proof. Pick a a diagram as in (2.5.2). Then the morphism of ringed topoi j+
•,ét : U+

•,ét → V +
•,ét factors

as
U+
•,ét

j
+
•,ét−→ (V +

•,ét, (j
+
•,ét)∗OU+

•,ét
)
k+
•,ét−→ V +

•,ét.

Now in [HR17, Corollary 2.7], it is shown that

(j+
•,ét)∗ : Dqcoh(V +

•,ét, (j
+
•,ét)∗OU+

•,ét
)→ Dqcoh(U+

•,ét)

is an equivalence of categories. Therefore by (2.5.3) and (2.5.4) this induces an equivalence j∗ of
triangulated categories

j
∗ : Dqcoh(X , j∗OY ) ∼→ Dqcoh(Y ).

To complete the proof, we must show that j∗ descends to an equivalence at the level of pseudo-
coherent complexes. From the construction of j, it is clear that it restricts to a fully faithful functor

j
∗ : D−coh(X , j∗OY )→ D−coh(Y ).
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The formation of j∗ commutes with cohomology and therefore to conclude it is enough to show the
following. Let F be any quasi-coherent sheaf on (X , j∗OY ). If j∗F is coherent, then the same is
true of F . Now the question of coherence is local and therefore we may reduce to the case that
X ,Y are affine schemes with the lisse-étale topology. By descent, we reduce to the setting of the
Zariski topology from which the result is clear.

2.5.2 Grothendieck’s existence theorem for pseudo-coherent complexes

Let X be a scheme that is proper over an I-adically complete Noetherian ring A. Recall in this case
that the existence theorem for coherent sheaves follows immediately from formal GAGA. Indeed,
the theory of formal schemes tells us that the reduction map from Coh(X̂) to the category of adic
systems of coherent sheaves Fn on Xn := X ×A A/In+1 is an equivalence of categories. However,
in the situation of complexes on an algebraic stack X , the non-functoriality of the lisse-étale site
means that extra care must be taken. There are three issues we must clarify:

1. The notion of an adic system of complexes on Xn.

2. The notion of an adic system of complexes on Xn algebraizing to a complex on X .

3. The definition of a reduction functor D−coh(X̂ )→ D−coh(Xn).

We address these as follows:

1. For X an algebraic stack over an I-adically complete Noetherian ring A, define Xn := X ×A
A/In+1. Let

in,n+1 : Xn ↪→Xn+1

jn : Xn ↪→X

denote the canonical closed immersions of algebraic stacks. By Proposition 2.5.2 L(in,n+1,qc)∗

is left adjoint to R(in,n+1)∗. A system of pseudo-coherent complexes Pn on Xn is the data for
every n ≥ 0 an object Pn ∈ D−coh(Xn) with maps

Pn+1 → R(in,n+1)∗Pn. (2.5.5)

The system is said to be adic if (2.5.5) is adjoint to an isomorphism

L(in,n+1,qc)∗Pn+1
∼→ Pn.

2. We say that an adic system of pseudo-coherent complexes Pn on Xn algebraizes to a pseudo-
coherent complex P on X if there exists an object P ∈ D−coh(X ) such that L(jn,qc)∗P ' Pn.
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3. By Proposition 2.5.3 that there is a natural equivalence of categories

j
∗
n : D−coh(X , jn,∗OXn

) ∼→ D−coh(Xn).

Therefore, it is enough to define a functor

D−coh(X̂ )→ D−coh(X , jn,∗OXn
).

However, because the underlying sites of X̂ and (X , jn,∗OXn) are the same, we can simply
define this functor by extension of scalars. In summary, we define D−coh(X̂ ) → D−coh(Xn) as
the composition

D−coh(X̂ ) D−coh(X , jn,∗OXn
) D−coh(Xn).

Q 7→Q⊗L

ÔX

jn,∗OXn j
∗
n (2.5.6)

The proposition below makes precise the relationship between (2.5.6) and the pullback

L(jn,qc)∗ : D−coh(X )→ D−coh(Xn).

obtained from [HR17].

Proposition 2.5.4. Let j : Y → X be a closed immersion of locally Noetherian algebraic stacks.
There is a 2-commutative diagram

Dqcoh(X ) Dqcoh(Y )

D−coh(X ) D−coh(X , ÔX ) D−coh(X , j∗OY ) D−coh(Y )

L(jqc)∗

j
∗

where ÔX is the completion of OX with respect to the coherent ideal defining Y , and the functor j∗

is an equivalence by Proposition 2.5.3. The functor D−coh(X )→ D−coh(X , ÔX ) is given by extending
scalars P 7→ P⊗OX ÔX . Similarly, D−coh(X , ÔX )→ D−coh(X , j∗OY ) is given by Q 7→ Q⊗L

ÔX

j∗OY .

Proof. Pick a a diagram as in (2.5.2). Then we know that L(jqc)∗ is given locally as j+
•,ét : U+

•,ét →
V +
•,ét. As observed in Proposition 2.5.3, this factors as

U+
•,ét

j
+
•,ét−→ (V +

•,ét, (j
+
•,ét)∗OU+

•,ét
)
k+
•,ét−→ V +

•,ét.

The result follows.
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Theorem 2.5.5 (Grothendieck existence for pseudo-coherent complexes). Let X that be an al-
gebraic stack that is proper over an I-adically complete Noetherian ring A. Define Xn := X ×A
A/In+1. Let Pn ∈ D−coh(Xn) be an adic system of pseudo-coherent complexes. Then there exists a
pseudo-coherent complex P ∈ D−coh(X ) such that L(jn,qc)∗P ' Pn.

Proof. By formal GAGA (Theorem 2.4.10), Proposition 2.5.3 and Proposition 2.5.4, we reduce to
showing the following. Let Qn ∈ D−coh(X , jn,∗OXn) be an adic system of pseudo-coherent complexes.
Then there exists a pseudo-coherent complex Q on D−coh(X̂ ) such that

Q⊗L
ÔX

jn,∗OXn = Qn.

Motivated by Remark 2.4.9, we construct Q as the derived limit R limQk. First, we show that
R limQk is bounded above with coherent cohomology as follows. As the question of coherence is
local, we may assume that X = SpecB equipped with the lisse-étale topology. By Proposition A.0.5,
Corollary A.0.6 and Remark A.0.7, we may assume that each Qk is a pseudo-coherent object on the
ringed site (SpecB, jk,∗OSpecBk) in the Zariski topology. In fact, since Coh(SpecB, jk,∗OSpecBk) '
Coh(SpecBk), we may reduce to the following situation. We have an adic system of pseudo-coherent
objects Qk on SpecBk and we must prove that R limQk is pseudo-coherent on (SpecB, ÔSpecB).

Choose a bounded above complex of finite free OB0 -modules F •0 and a quasi-isomorphism F •0 →
Q0. By [Stacks, Tag 0BCB] there is a bounded above complex of finite free OB1 -modules F •1 , a
quasi-isomorphism F •1 → Q1 and a map of complexes(!) F •1 → F •0 lying over Q1 → Q0 such that
F •1 ⊗B1 B0 = F •0 . Continuing this procedure, we get an adic system of complexes {F •k } such that

R limQk
∼→ R limF •k

in D(SpecB, ÔSpecB). For a fixed index i, the proof of Lemma A.0.2 shows that R limF ik = limF ik

and therefore R limQk = limF •k . Now F •0 is bounded above and by Nakayama’s lemma, the co-
homology of each F •k lives in the same interval as F •0 . This proves that limF •k is bounded above.
Furthermore for each i, {F ik} is adic and therefore limF ik is a coherent sheaf on (SpecB, ÔSpecB) by
the theory of formal schemes. It follows that limF •k has coherent cohomology sheaves and therefore
R limQk is pseudo-coherent.

Finally, we must show that R limQk ⊗L
ÔX

jn,∗OXn

∼→ Qn. By Corollary B.0.5 it is enough to
prove for every smooth morphism SpecB →X that

RΓ(SpecB,R limQk)⊗L
B̂
Bn

∼→ RΓ(SpecB,Qn).

Now RΓ commutes with R lim and therefore the result follows from [Stacks, Tag 0CQF].

https://stacks.math.columbia.edu/tag/0BCB
https://stacks.math.columbia.edu/tag/0CQF
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2.6 Formal GAGA and Grothendieck’s existence theorem for
perfect complexes

2.6.1 Preliminary definitions

Definition 2.6.1. Let R be a Noetherian ring. A complex of R-modules P • is said to be strictly
perfect if it is bounded with each P i a finite projective module. Furthermore, we say that an object
P ∈ D(R) is perfect if it is quasi-isomorphic to a strictly perfect complex.

Definition 2.6.2. Let R be a ring. An object K ∈ D(R), is said to have finite Tor dimension if it
has Tor-amplitude in some interval [a, b]. That is, for any R-module M , Hi(K ⊗L

R M) = 0 for all
i /∈ [a, b].

Remark 2.6.3. An object P ∈ D(R) is perfect if and only if it is pseudo-coherent and of finite Tor
dimension [Stacks, Tag 0658].

As in the case of pseudo-coherence, the notions of being perfect and having finite Tor-dimension
generalize to any ringed site (C,OC). A complex P • of OC-modules is said to be perfect if for
any object U there is a cover {Ui → U}, strictly perfect complexes P •i and quasi-isomorphisms of
complexes αi : P •i → P •|Ui . An object P ∈ D(OC) is perfect if it is quasi-isomorphic to a perfect
complex. Similarly, an object K ∈ D(OC) has finite Tor-dimension if there is an interval [a, b] such
that Hi(K ⊗L

OC
F ) = 0 for all OC-modules F .

Remark 2.6.4. In the case that C is the Zariski site of an affine scheme, andK an object ofDqcoh(OC),
the two notions of being of finite Tor dimension (rings and ringed sites) agree [Stacks, Tag 08EA].
This is not a priori obvious because in the definition of finite Tor dimension for sites, the test module
F is any OC-module, not necessarily quasi-coherent.

2.6.2 Affine formal GAGA for perfect complexes

The goal of this subsection is to prove a theorem comparing perfect complexes on the Zariski and
formal spectra of a J-adically complete Noetherian ring B. This will be used in the next subsection
where we prove the formal GAGA theorem for perfect complexes on a proper algebraic stack X . In
order to state this theorem precisely, we need to recall some facts about coherent sheaves on affine
formal schemes. Let B be a Noetherian ring, J an ideal of B and B̂ the J-adic completion of B. It
is a fact that the canonical flat map of ringed spaces i : Spf B̂ → Spec B̂ gives rise to an equivalence
of categories

i∗ : Coh(Spec B̂) ∼→ Coh(Spf B̂).

Furthermore, the inverse to i∗ is given by the global sections functor Γ(Spf B̂,−) (by abuse of
notation we identify Coh(Spec B̂) with finitely generated B̂-modules). Now given coherent sheaves

https://stacks.math.columbia.edu/tag/0658
https://stacks.math.columbia.edu/tag/08EA
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F, F ′ on Spec B̂, the canonical map

Extn
Spec B̂

(F, F ′) ∼→ Extn
Spf B̂

(i∗F, i∗F ′)

is an isomorphism for all n ≥ 0 by [EGA, III, 4.5.2]. Therefore, the functor

i∗ : D−coh(Spec B̂) ∼→ D−coh(Spf B̂) (2.6.1)

is an equivalence of categories following the method of proof of Theorem 2.4.10.

Theorem 2.6.5 (Affine formal GAGA for perfect complexes). The equivalence of categories (2.6.1)
restricts to an equivalence of categories

i∗ : Perf(Spec B̂) ∼→ Perf(Spf B̂).

The theorem above will follow from Corollary 2.6.8 below, which morally asserts that the property
of being perfect can be detected by base change to the residue field. Note it is important that
we work with perfect complexes rather than just vector bundles, for otherwise the result is false.
Indeed, over a Noetherian local ring R, the (ordinary) base change of any finite R-module M to the
residue field is finite free, but obviously not every finite module is projective. Corollary 2.6.8 follows
from [Stacks, Tag 068V] in the non-Noetherian case. Nonetheless, since we are in the Noetherian
situation, we feel compelled to give a more intuitive proof, in the sense that we use standard dévissage
techniques.

Lemma 2.6.6. Let (R,m) be a Noetherian local ring and P an object of D(R). If the Tor amplitude
of P ⊗L

R R/m (as an object of D(R/m)) lies in [a, b], then for any R-module N of finite length,

Hi(P ⊗L
R N) = 0

for all i /∈ [a, b].

Proof. We will induct on the length of N , denoted `(N). When `(N) = 1, necessarily N ∼= R/m

and the result is clear. When `(N) > 1, we can find a submodule N0 ⊆ N such that `(N0) < `(N)
and `(N/N0) = 1. The result follows by considering the cohomology of the exact triangle

P ⊗L
R N0 → P ⊗L

R N → P ⊗L
R N/N0.

Proposition 2.6.7. Let (R,m) be a complete Noetherian local ring and P a pseudo-coherent object
in D(R). Suppose that P ⊗L

R R/m has Tor amplitude in [a, b]. Then P has Tor amplitude in [a, b].

https://stacks.math.columbia.edu/tag/068V
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Proof. Choose a quasi-isomorphism F • → P where F • is a bounded above complex of finite free
modules (such a F • exists because P is pseudo-coherent). The complex F • is K-flat (in the sense
of [Spa88]) and therefore can be used to compute derived tensor products. In other words, for any
R-module M ,

P ⊗L
RM = F • ⊗RM

in D(R). We must now show that Hi(F • ⊗R M) = 0 for all i /∈ [a, b]. The formation of the
(underived) tensor product commutes with direct limits and similarly for cohomology. Therefore,
we may suppose that M is finite, a fortiori complete and so

F • ⊗RM = F • ⊗R lim(M/mkM) = lim(F • ⊗RM/mkM).

On the other hand, by [Stacks, Tag 091D] we have

R lim(F • ⊗RM/mkM) = lim(F • ⊗RM/mkM)

and so we can consider the Milnor exact sequence

0→ R1 limHi−1(F • ⊗RM/mkM)→ Hi(limF • ⊗RM/mkM)→ limHi(F • ⊗RM/mkM)→ 0.

For every k, M/mkM is a finite length R-module and therefore the previous lemma implies the right
term vanishes for all i /∈ [a, b] independent of k and the module M . The same is true of the left term
for i /∈ [a+ 1, b+ 1].

To finish the proof, we have to show that R1 limHb(F •⊗RM/mkM) = 0. There is a short exact
sequence of complexes

0→ F • ⊗R mk−1M/mkM → F • ⊗RM/mkM → F • ⊗RM/mk−1M → 0

which upon taking cohomology gives a short exact sequence

Hb(F • ⊗RM/mkM) Hb(F • ⊗RM/mk−1M) Hb+1(F • ⊗R mk−1M/mkM).

The right term is zero by the previous lemma since mk−1M/mkM is an R-module of finite length.
We have shown the inverse system {Hb(F • ⊗R M/mkM)}k has all transition maps surjective and
therefore

R1 limHb(F • ⊗RM/mkM) = 0.

https://stacks.math.columbia.edu/tag/091D
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Corollary 2.6.8. Let (R, I) be a Zariski pair, i.e., a Noetherian ring R and an ideal I contained in
the Jacobson radical of R. Let P a pseudo-coherent object of D(R). If P ⊗L

RR/I has Tor amplitude
in [a, b] then P has Tor amplitude in [a, b].

Proof. The assumption on the Tor amplitude of P ⊗L
R R/I implies for any maximal ideal m of R,

the Tor amplitude of (P ⊗L
R R/I)m = Pm ⊗L

Rm
Rm/Im is in [a, b]. Therefore, the same is true of

(Pm ⊗L
Rm

Rm/Im)⊗L
Rm/Im

Rm/mRm = Pm ⊗L
Rm

Rm/mRm

and hence also of
Pm ⊗L

Rm
R̂m/mR̂m = (Pm ⊗L

Rm
R̂m)⊗L

R̂m
R̂m/mR̂m,

where R̂m is the m-adic completion of Rm. By Proposition 2.6.7 we conclude that Pm ⊗L
Rm

R̂m has
Tor amplitude in [a, b]. By faithful flatness, Pm has Tor amplitude in [a, b]. Since m was any maximal
ideal of R, we are done.

Proof of Theorem 2.6.5. It is clear that

i∗ : Perf(Spec B̂)→ Perf(Spf B̂)

is fully faithful. To prove essential surjectivity, by equivalence (2.6.1) it is enough to show the
following. Let P be an object of D−coh(Spec B̂). If i∗P is perfect, then P is perfect. To this end,
consider the 2-commutative diagram

D−coh(Spec B̂) D−coh(Spf B̂)

D−coh(Spec B̂/Ĵ) D−coh(Spf B̂/Ĵ).

Notice that Spec B̂/Ĵ and Spf B̂/Ĵ are canonically isomorphic as ringed spaces. Therefore, it is
enough to show that if P is a pseudo-coherent object of D(Spec B̂) such that P ⊗L

B̂
B̂/Ĵ is perfect,

then P is perfect. Since (B̂, Ĵ) is a Zariski pair, Corollary 2.6.8 applies and we win.

Finally, we record a consequence of Theorem 2.6.5 that will be used in the next subsection.
Keeping with the notation above, let B be a Noetherian ring, J ⊆ B an ideal and B̂ the J-adic
completion of B. There are canonical flat morphisms of ringed spaces i : Spf B̂ → Spec B̂ and
j : Spec B̂ → SpecB which induce pullback maps

i∗ : D−coh(Spec B̂)→ D−coh(Spf B̂) and j∗ : D−coh(SpecB)→ D−coh(Spec B̂).
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Corollary 2.6.9. Let P be an object of D−coh(SpecB) and define ι to be the composition

ι ≡ j ◦ i : Spf B̂ → Spec B̂ → SpecB.

Then ι∗P is perfect if and only if j∗P is perfect.

Proof. The non-trivial direction to prove is ι∗P perfect implies that j∗P is perfect. However, ι∗P =
i∗(j∗P ) and therefore the result follows immediately from the proof of Theorem 2.6.5 above.

2.6.3 Formal GAGA for perfect complexes

Theorem 2.6.10. Let X → SpecA be an algebraic stack that is proper over an I-adically complete
Noetherian ring A. The equivalence

ι∗ : D−coh(X ) ∼→ D−coh(X̂ )

of Theorem 2.4.10 restricts to an equivalence

ι∗ : Perf(X ) ∼→ Perf(X̂ ).

Proof. It is clear that the restriction ι∗ : Perf(X ) → Perf(X̂ ) is fully faithful. To show essential
surjectivity, by Theorem 2.4.10 this amounts to showing that if an object P of D−coh(X ) maps into
Perf(X̂ ), then P is perfect. Without loss of generality, we may assume that the pullback of I to X

is not the unit ideal, for otherwise X = X̂ and there is nothing to prove.

Let U = SpecB →X be a smooth surjection from an affine scheme. First we will show for any
maximal ideal m containing IB that the restriction of P to SpecBm in the Zariski topology is perfect
(The reader that prefers a more deformation-theoretic viewpoint may interpret this as saying for
any closed point x0 in X , the restriction of P to a versal ring of X at x0 is perfect). The object
ι∗P is perfect on X̂ and therefore ι∗(P |SpecBm,lis-ét) is a perfect object of D−coh(ŜpecBm,lis-ét). On
the other hand, the equivalence

(ε̂ ◦ δ̂)∗ : D−coh(ŜpecBm,Zar)
∼→ D−coh(ŜpecBm,lis-ét)

given by Proposition A.0.5 restricts to the full subcategories of perfect complexes by Proposition
A.0.8. Therefore, we may work with the Zariski topology and must show that if Q ∈ D−coh(SpecBm)
satisfies the property that ι∗Q is perfect, then Q is perfect.

By Corollary 2.6.9, we deduce that j∗Q is perfect where (keeping with the notation in the previous
subsection) j∗ is the pullback

j∗ : D−coh(Spec B̂m)→ D−coh(SpecBm).
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Now the ideal IB is contained in the maximal ideal m and therefore the map Bm to the I-adic
completion B̂m is faithfully flat. We conclude that Q is perfect by [Stacks, Tag 068T]. This completes
the claim that P |SpecBm

is perfect in the Zariski topology.

The preceding argument shows that the restriction of P to the (Zariski) local ring at any closed
point of U0 := U ×A A/I is perfect. By spreading out, there is a Zariski open V containing U0 such
that P |V is perfect. Therefore to show that P is perfect, it is enough to show that the composition
V → U → X is surjective. Let W denote the image of this morphism. It is an open substack of
X containing X0. If the complement |X | − |W | is non-empty, by properness its image in SpecA
is a non-empty closed set disjoint from SpecA/I, contradicting the adic property of A. Therefore
|W | = |X | and so V →X is surjective by [Stacks, Tag 04XI].

2.6.4 Grothendieck’s existence theorem for perfect complexes

Theorem 2.6.11 (Grothendieck Existence). Let X be an algebraic stack that is proper over an
I-adically complete Noetherian ring A. Define Xn := X ×AA/In+1. Let {Pn} be an adic system of
perfect complexes on Xn. Then there exists a perfect complex P ∈ Perf(X ) such that L(jn,qc)∗P ∼=
Pn.

Proof. By formal GAGA for perfect complexes (Theorem 2.6.10) and arguing as in Theorem 2.5.5,
it is enough to show the following. Let Qk be an adic system of perfect complexes with each
Qk ∈ Perf(X , jk,∗OXk

). Then
Q := R limQk

is perfect on X̂ .

As the question of being perfect is local, just as in the proof of Theorem 2.5.5 we may reduce
to the situation that X = SpecB and Qk are perfect on (SpecBk,OSpecBk) in the Zariski topol-
ogy. Furthermore, by the proof of Theorem 2.5.5, we know that Q := R limQk is an object of
D−coh(SpecB, ÔSpecB) ' D−coh(Spf B̂) such that its pullback to SpecB0 is isomorphic to Q0. Now
recall by (2.6.1) that there is an equivalence of categories

ι∗ : D−coh(Spec B̂)→ D−coh(Spf B̂).

It follows that Q is the image of a pseudo-coherent object Q′ on Spec B̂ with the property that
Q′ ⊗L

B̂
B̂/IB̂ is perfect. By Corollary 2.6.8, Q′ is perfect and therefore Q is perfect.

https://stacks.math.columbia.edu/tag/068T
https://stacks.math.columbia.edu/tag/04XI


CHAPTER 2. GROTHENDIECK EXISTENCE FOR COMPLEXES ON STACKS 52

2.7 Grothendieck’s existence theorem for relatively perfect
complexes

Definition 2.7.1. Let S be an algebraic space and f : X → S an algebraic stack over S that is flat
and locally of finite presentation. An object P ∈ D(Xlis-ét) is said to be relatively perfect over S if
it is pseudo-coherent as an object of D(Xlis-ét) and locally has finite Tor dimension as an object of
D(f−1OSlis-ét).

Remark 2.7.2. Let X → Spec k be the nodal cubic curve. Then the structure sheaf of the node is
relatively perfect over Spec k, but is not perfect on X. This shows that the notion of being relatively
perfect does not mean perfect on fibers.

Proposition 2.7.3. Let X be an algebraic stack that is proper and flat over an I-adically complete
Noetherian ring A. Define Xn := X ×A A/In+1 and let jn : Xn ↪→ X denote the canonical
closed immersion of stacks. Let Pn ∈ D(Xn) be an adic system of relatively perfect objects over
SpecA/In+1. Then there is an object P ∈ D(X ) that is relatively perfect over SpecA such that
L(jn,qc)∗P = Pn.

Proof. Let SpecB → X be a smooth cover by an affine scheme. The restriction of L(jn,qc)∗ to
the (small) étale site of SpecB agrees with the étale pullback L(jn,ét)∗. Therefore, as the question
of being relatively perfect over A is local on X , we may assume that X = SpecB with the étale
topology. Furthermore, just as in the proof of Theorem 2.6.10, by [Stacks, Tag 0DK7] and [Stacks,
Tag 0DHY] we may work in the Zariski topology and prove the following. Let SpecB → SpecA
be a flat morphism of finite type, with A an I-adically complete Noetherian ring A. Let P be a
pseudo-coherent object of D(SpecB) and suppose that P ⊗L

B B/IB has finite Tor dimension as an
A/I-module. Then P has finite Tor dimension as an A-module. To prove this, observe by flatness
that the natural map

B ⊗L
A A/I → B/IB

is a quasi-isomorphism. Therefore,

P ⊗L
B B/IB = P ⊗L

B (B ⊗L
A A/I)

= P ⊗L
A A/I.

Since A→ B is finite type, P is a pseudo-coherent object of D(A). The result follows from Corollary
2.6.8.

https://stacks.math.columbia.edu/tag/0DK7
https://stacks.math.columbia.edu/tag/0DHY
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Comparison between topologies on
a scheme

Let X be a locally Noetherian scheme and X0 ⊆ X a closed subscheme defined by a coherent ideal
I. Previously, recall that we defined the ringed site

X̂ := (Xlis-ét, ÔXlis-ét).

Let XZar and Xét denote respectively the Zariski and (small) étale sites of X. Analogously, we
may define X̂Zar and X̂ét. In this appendix, we will record comparison results between the the
categories of pseudo-coherent objects on X̂Zar, X̂ét and X̂. Similarly, we will also record a result
comparing Tor dimensions of pseudo-coherent objects on these three sites. We let ε̂ : X̂ét → X̂Zar

and δ̂ : X̂lis-ét → X̂ét the canonical flat morphisms of ringed sites.

Proposition A.0.1. The pullback maps ε̂∗ and δ̂∗ induce equivalences of categories

Coh(X̂Zar)
ε̂∗→ Coh(X̂ét)

δ̂∗→ Coh(X̂lis-ét).

Proof. See [Con05, Remark 1.6].

Lemma A.0.2. Let X be an affine Noetherian scheme, I a coherent ideal on X. For any coherent
sheaf G on X̂ét, Hi(X̂ét, G) = 0 for all i > 0.

Proof. Define Gn := G/In+1G. First we prove that the natural map G → R limGn is an isomor-
phism. Since G ∼= limGn, it is enough to show Hi(R limGn) = 0 for all i > 0. Now Hi(R limGn)
is the sheafification of the presheaf Û 7→ Hi(Û , R limGn) for Û ∈ Ob(X̂ét). Therefore we reduce to
showing for Y = SpecA that

Hi(Ŷét, R limGn) = 0

53
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for all i > 0. Define Yn := SpecA/In+1. The Milnor exact sequence gives

0→ R1 limHi−1(Ŷét, Gn)→ Hi(Ŷét, R limGn)→ limHi(Ŷét, Gn)→ 0. (A.0.1)

We have

Hi(Ŷét, Gn) = Hi((Yn)ét, Gn)

= Hi((Yn)Zar, Gn)

by [Stacks, Tag 03DW]. Therefore by (A.0.1),

Hi(Ŷét, R limGn) = 0

for all i ≥ 2. To show vanishing when i = 1, we must show that

R1 limH0(Ŷét, Gn) = 0. (A.0.2)

Now Y is affine and therefore H0(Ŷét, Gn)→ H0(Ŷét, Gn−1) is surjective. Hence (A.0.2) follows and
so G ∼→ R limGn. Repeating exactly the same argument, we get that

Hi(X̂ét, G) = 0

for all i > 0 as desired.

Corollary A.0.3. Let X be a locally Noetherian scheme and G a coherent sheaf on X̂ét. Then
Riε̂∗G = 0 for all i > 0.

Corollary A.0.4. Let X be a locally Noetherian scheme and F a coherent sheaf on X̂Zar. Then

Hi(X̂Zar, F ) = Hi(X̂ét, ε̂
∗F )

for all n ≥ 0.

Proof. We have Hi(X̂ét, ε̂
∗F ) = Hi(X̂Zar, Rε̂∗ε̂

∗F ). By the coherence of ε̂∗F , Corollary A.0.3 and
the full-faithfulness of ε̂∗ (Proposition A.0.1) we have Rε̂∗ε̂∗F = ε̂∗ε̂

∗F = F . The result follows.

Proposition A.0.5. We have natural equivalences of categories

D−coh(X̂Zar)
ε̂∗→ D−coh(X̂ét)

δ∗→ D−coh(X̂lis-ét).

Proof. We first prove that ε̂∗ is an equivalence using Theorem 2.3.7. Condition (i) is Proposition
A.0.1 above. Condition (iv) is Lemma A.0.2 above and condition (iii) is true because an open

https://stacks.math.columbia.edu/tag/03DW
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immersion is an étale morphism. It remains to check Condition (ii). Choose F, F ′ ∈ Coh(X̂Zar).
Then following [EGA, 0III, 12.3.3, 12.3.4], one proves that

ε̂∗Extn
X̂Zar

(F, F ′) ∼→ Extn
X̂ét

(ε̂∗F, ε̂∗F ′)

is an isomorphism. Now argue using this isomorphism, Corollary A.0.4 and the local-to-global
spectral sequence as in [EGA, III1, 4.5.2] that

Extn
X̂Zar

(F ,G ) ∼→ Extn
X̂ét

(ε̂∗F , ε̂∗G ).

All the conditions of Theorem 2.3.7 are satisfied and therefore

ε̂∗ : D−coh(X̂Zar)→ D−coh(X̂ét)

is an equivalence. Finally, the equivalence

δ̂∗ : D−coh(X̂ét)
∼→ D−coh(X̂lis-ét) (A.0.3)

is similarly shown. We leave this to the reader; the key point being [LMB00, Proposition 12.7.4]
which states that δ̂ induces an equivalence of ringed topoi

(Sh(Xét), ÔXét)
∼→ (Sh(Xlis-ét), ÔXlis-ét).

Corollary A.0.6. Let Pn be an inverse system of objects in D−coh(X̂Zar) such that R limPn ∈
D−coh(X̂Zar). Then the canonical morphism

ε̂∗R limPn → R lim ε̂∗Pn

is an isomorphism in D(X̂ét).
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Proof. Let Ûét be any object of X̂ét. Then we have

RΓ(Ûét, ε̂
∗R limPn) = RHomO

Ûét
(O

Ûét
, ε̂∗R limPn)

= RHomO
Ûét

(ε̂∗O
ÛZar

, ε̂∗R limPn)

= RHomO
ÛZar

(O
ÛZar

, R limPn) (Proposition A.0.5)

= R limRHomO
ÛZar

(O
ÛZar

, Pn)

= R limRHomO
Ûét

(ε̂∗O
ÛZar

, ε̂∗Pn) (Proposition A.0.5)

= RHomO
Ûét

(ε̂∗O
ÛZar

, R lim ε̂∗Pn)

= RHomO
Ûét

(O
Ûét
, R lim ε̂∗Pn)

= RΓ(Ûét, R lim ε̂∗Pn).

We used the fact that R limPn ∈ D−coh(X̂Zar) to pass from the second to third equality. Since Ûét

was arbitrary, we are done.

Remark A.0.7. Let Pn be an inverse system of objects in D−coh(X̂ét). Consider the morphism of sites
δ̂ : X̂lis-ét → X̂ét. This morphism is cocontinuous by [Stacks, Tag 0788]. It follows the canonical
morphism δ̂∗R limPn → R lim δ̂∗Pn is an isomorphism D(X̂lis-ét).

Proposition A.0.8. Let X be a locally Noetherian scheme and let ε̂ : X̂ét → X̂Zar, δ̂ : X̂lis-ét → X̂ét

denote the canonical morphisms of sites. An object P ∈ D(X̂ét), has finite Tor dimension if and
only if the same is true of ε̂∗P . Similarly, Q ∈ D(X̂lis-ét) has finite Tor dimension if and only if the
same is true of δ̂∗Q.

Proof. Follows analogously as in [Stacks, Tag 08HF].

https://stacks.math.columbia.edu/tag/0788
https://stacks.math.columbia.edu/tag/08HF
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Derived tensor product and
sheafification

Let A be an abelian category. Recall that a complex I• is said to be K-injective if for any acyclic
complex A•,

HomK(A )(A•, I•) = 0,

where K(A ) is the homotopy category. Recall also that a complex F • is said to be K-flat if for any
acyclic complex A•, the complex

Tot(A• ⊗ F •)

is acyclic. It is a fact that if A = Mod(OX), the category of sheaves of modules on a ringed site
(X,OX), then every complex has a quasi-isomorphism to a K-injective one [Stacks, Tag 01DU], and
a quasi-isomorphism from a K-flat one [Stacks, Tag 06YS]. The same is true for the category of
presheaves, PMod(OX).

There is an adjoint pair

(−)# : PMod(OX) � Mod(OX) : Fgt

where Fgt is the forgetful functor and (−)# denotes sheafification. The forgetful functor is left exact,
while sheafification is exact. Since Mod(OX) is a Grothendieck abelian category, by [Ser03, Corollary
3.14] this extends to an adjoint pair

(−)# : D(PMod(OX)) � D(Mod(OX)) : RFgt .

Lemma B.0.1. Let (X,OX) be a ringed site and F • → J• a quasi-isomorphism of complexes of
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https://stacks.math.columbia.edu/tag/01DU
https://stacks.math.columbia.edu/tag/06YS
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OX-modules. Then for any K-injective complex I•, the canonical morphism

Hom•(Fgt(J•),Fgt(I•))→ Hom•(Fgt(F •),Fgt(I•))

is a quasi-isomorphism in the homotopy category K(PMod(OX)).

Proof. We begin by recalling the following fact. Any additive functor between abelian categories
A → B induces an exact functor K(A )→ K(B). Now let C• be the cone of F • → J•. Applying
Fgt(−) and then Hom•(−,Fgt(I•)), we get the following exact triangle in K(PMod(OX)):

Hom•(Fgt(C•),Fgt(I•))→ Hom•(Fgt(J•),Fgt(I•))→ Hom•(Fgt(F •),Fgt(I•)).

To prove the lemma, we must show for every object j : U → X and integer n ∈ Z that

Hn(Γ(U,Hom•(Fgt(C•),Fgt(I•)))) = 0. (B.0.1)

We have

Hn(Γ(U,Hom•(Fgt(C•),Fgt(I•)))) = HomK(PMod(OU ))(Fgt(j∗C•),Fgt(j∗I•)[n])

= HomK(PMod(OU ))(Fgt(j∗C•),Fgt(j∗I•[n]))

= HomK(Mod(OU ))(Fgt(j∗C•)#, (j∗I•[n]))

= HomK(Mod(OU ))(j∗C•, j∗I•[n])

= HomK(Mod(OU ))(j!j∗C•, I•[n]).

We used adjunction between Fgt and (−)# in the third equality. In the fourth equality, we used the
fact that forgetting and then sheafifiying is the same as the identity! Now j!j

∗C• is acyclic since
j∗, j! are exact and C• is acyclic. It follows by definition of being K-injective that

HomK(Mod(OU ))(j!j∗C•, I•[n]) = 0.

Therefore (B.0.1) is zero and we win.

Lemma B.0.2. Let (X,OX) be a ringed site and F ,G any two objects of D(Mod(OX)). Then:

RFgtRHom(F ,G ) = RHom(RFgt(F ), RFgt(G ))

in D(PMod(OX)).

Proof. Let F • → F be a K-flat resolution of F and G → I• a K-injective resolution of G . Then
the object RHom(F ,G ) can be represented in D(Mod(OX)) by the complex Hom•(F •, I•), with
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n-th term of the form
Homn(F •, I•) =

∏
n=p+q

Hom(F−q, Ip)

with differential given by d(f) = dF ◦ f − (−1)nf ◦ dI . Furthermore, given any acyclic complex A•,
we have

HomK(Mod(OX))(A•,Hom•(F •, I•)) = HomK(Mod(OX))(Tot(A• ⊗ F •), I•)

= 0

since F • isK-flat and I• isK-injective. The upshot is that Hom•(F •, I•) isK-injective and therefore

RFgtRHom(F ,G ) = Fgt (Hom•(F •, I•)) (B.0.2)

in D(PMod(OX)).

On the other hand, let F • → J• be a K-injective resolution of F •. By the previous lemma, we
have

Hom•(Fgt(F •),Fgt(I•)) = Hom•(Fgt(J•),Fgt(I•))

in the derived category D(PMod(OX)). Now recall that Fgt is right adjoint to the exact functor
(−)# and thus commutes with arbitrary limits, hence

Fgt (Hom•(F •, I•)) = Fgt (Hom•(J•, I•)) . (B.0.3)

By assumption that I•, J• are K-injective, we have

RFgt(G ) = Fgt(I•),

RFgt(F ) = RFgt(F •) = Fgt(J•)

in D(PMod(OX)) 1. Furthermore, RFgt(I•) is K-injective because Fgt preserves K-injectives and
therefore

Hom•(Fgt(J•),Fgt(I•)) = RHom(RFgt(F ), RFgt(G )) (B.0.4)

in D(PMod(OX)). Now combine (B.0.2), (B.0.3) and (B.0.4) to deduce the result.

Remark B.0.3. The reader may question the necessity of Lemma B.0.1 to conclude that (B.0.3) is
true. Indeed, it is tempting to argue that because Hom•(C•, I•) is quasi-isomorphic to zero that
the same is true of Fgt(Hom•(C•, I•)). This however is absolutely false because an exact sequence
of sheaves need not be exact on sections.

1The careful reader will note it is important these equalities are in the derived category and not the homotopy
category.
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Proposition B.0.4. Let F ,G be any two objects of D(Mod(OX)). Then

F ⊗L G = (RFgt(F )⊗L RFgt(G ))#.

Proof. Let H be any object of D(Mod(OX)). Then we have

HomD(Mod(OX))((RFgt(F )⊗L RFgt(G ))#,H ) = HomD(PMod(OX))(RFgt(F )⊗L RFgt(G ), RFgt(H ))

= HomD(PMod(OX))(RFgt(F ), RHom(RFgt(G ), RFgt(H )))

= HomD(PMod(OX))(RFgt(F ), RFgtRHom(G ,H ))

= H0(Γ(X,RHom(RFgt(F ), RFgtRHom(G ,H ))))

= H0(Γ(X,RFgtRHom(F , RHom(G ,H ))))

= H0(RΓ(X,RHom(F , RHom(G ,H ))))

= HomD(Mod(OX))(F , RHom(G ,H ))

= HomD(Mod(OX))(F ⊗L G ,H ).

By Yoneda’s Lemma, F ⊗L G = (RFgt(F )⊗L RFgt(G ))#.

Corollary B.0.5. For any F ,G ∈ D(Mod(OX)), F ⊗L G is the (derived) sheafification of the
(derived) presheaf

U 7→ RΓ(U,F )⊗L
OX(U) RΓ(U,G ).

Proof. By Proposition B.0.4, it is enough to note that the diagram

D(Mod(OX)) D(PMod(OX))

D(Ab)

RFgt

RΓ
Γ

is commutative, and to prove the following fact. For any F ,G ∈ D(PMod(OX)), the derived category
of presheaves,

Γ(U,F ⊗L G) = Γ(U,F)⊗L Γ(U,G).

Let K• be a K-flat complex that is quasi-isomorphic to F , and G• any complex representing G. The
complex Tot(K• ⊗ G•) represents F ⊗L G in D(PMod(OX)). Note that the formation of the total
complex commutes with taking sections in the category of presheaves. Therefore,

Γ(U,F ⊗L G) = Γ(U,Tot(K• ⊗G•))

= Tot(Γ(U,K• ⊗G•))

= Tot(Γ(U,K•)⊗ Γ(U,G•)).
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To complete the proof, we must show that if K• is a K-flat complex of presheaves, then Γ(U,K•)
is a K-flat complex of modules. To this end, let M• be an acyclic complex of modules, and M• the
constant complex of presheaves associated to M•. Then

Tot(Γ(U,K•)⊗M•) = Tot(Γ(U,K• ⊗M•) (B.0.5)

= Γ(U,Tot(K• ⊗M•)). (B.0.6)

Since M• is acyclic, M• is acyclic. By assumption that K• is K-flat, Tot(K• ⊗M•) is acyclic.
The functor Γ(U,−) is exact (in the category of presheaves!) and thus commutes with cohomology.
Therefore (B.0.6) is acyclic which shows that Γ(U,K•) is a K-flat complex of modules.



Chapter 3

Coherent Completeness in Positive
Characteristic

The results in this chapter are joint work with Jack Hall. In forthcoming work with Jarod Alper
and Jack Hall, we generalize the results of this chapter to arbitrary [G\ SpecA] with G reductive.

3.1 Introduction

Let π : X → SpecR be a proper morphism where X is a scheme and R an I-adically complete
Noetherian R. There are three important theorems that govern the formal geometry of X, analogous
to Serre’s GAGA theorems in the setting of complex analytic geometry:

• (Finiteness of Cohomology). For any F ∈ Coh(X) and non-negative integer n, Hn(X,F ) is
a finite R-module.

• (Formal Functions). Define Z := π−1(SpecR/I). For any F ∈ Coh(X) and non-negative
integer n,

Hn(X,F ) = Hn(X̂Z , ι
∗
X̂Z

F ).

• (Formal GAGA). Define Z := π−1(SpecR/I). There is an equivalence of categories

ι∗
X̂Z

: Coh(X) ∼→ Coh(X̂Z).

The notation X̂Z refers to the formal scheme obtained by completing X along the closed subscheme
Z ⊆ X, while ι

X̂Z
refers to the canonical morphism of ringed spaces from the formal scheme X̂Z to

X.
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Formal GAGA (and its extension to the case of proper algebraic stacks by Conrad [Con05] and
Olsson [Ols05]) is an extremely powerful tool in modern algebraic geometry. For example, it is
used to answer lifting questions about schemes to characteristic zero, or to prove the proper base
change theorem in étale cohomology. In the context of moduli theory, the work of Artin [Art69]
and [Art70] has also shown that a necessary step to proving algebraicity of moduli stacks is to
establish algebraization for the objects (schemes, sheaves, etc) in question. In practice, this reduces
to checking some incarnation of formal GAGA above.

In recent years, the work of Alper-Hall-Rydh [AHR20] and [AHR19] on the étale local structure
of algebraic stacks has crucially relied on an algebraization theorem for coherent sheaves on quotient
stacks. Their theorem is very similar in spirit to the formal GAGA theorems of Conrad and Olsson,
albeit with several crucial differences. We state their theorem first and explain these differences
after: If A is a finite type k-algebra, where k is a field, and G/k is a linearly reductive affine group
scheme acting on SpecA such that there is a k-point fixed by G and the ring of invariants AG is
a complete local ring, then [G\ SpecA] is coherently complete (Definition 3.2.11 below) along the
residual gerbe of its unique closed point [AHR20, Theorem 1.3].

The algebraization theorem of Alper-Hall-Rydh above differs from formal GAGA in two ways.
First, when G is not finite (as is the situation considered in [AHR20]), the morphism of algebraic
stacks [G\ SpecA] → SpecAG is not separated, let alone proper. Second, in formal GAGA, the
completion is taken with respect to the pullback of the maximal ideal from the base, whereas the
completion in [AHR20] is taken with respect to the smaller closed substack defined by the residual
gerbe at the unique closed point. To illustrate this difference, consider the standard action of SL2 on
A2 = Spec C[x, y]. The reader may readily verify that 0 ∈ A2 is the unique closed, C-fixed point,
and that that the ring of invariants C[x, y]SL2 = C. Since the ring of invariants is a field, completing
with respect to the maximal ideal yields no new information. On the other hand, [AHR20, Theorem
1.3] yields the non-trivial result that [SL2\A2] is coherently complete along the residual gerbe at
the origin 0 ∈ A2.

The main goal of this article will be to extend [AHR20, Theorem 1.3] of Alper-Hall-Rydh to the
case of BG, where G is an arbitrary reductive group, and to the case of the quotient stack [SLd\Ad],
without assuming any hypothesis on the characteristic of the ground field. We remind the reader
that in characteristic zero, the notion of being reductive and linearly reductive coincide. However,
in characteristic p, it is a theorem of Nagata that a reductive group G over an (algebraically closed
field) k is linearly reductive if and only if G◦ is a torus and |G/G◦| has order prime to p [Nag62].
Therefore, our result only differs from [AHR20, Theorem 1.3] in the situation where the base field
is of characteristic p. We state our results precisely in the next subsection below.
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3.1.1 Results

In order to state our results, we will need to work in the more general situation where the completion
is taken with respect to an arbitrary closed substack, and not just the closed fiber as in formal GAGA.
Recall the following notions (compare with Definitions 3.2.7, 3.2.9 and 3.2.11 respectively):

1. Let X be a Noetherian algebraic stack over a Noetherian ring R. We say that X is cohomo-
logically proper over SpecR if for every F ∈ Coh(X), RΓ(X,F ) ∈ D+

Coh(R).

2. Let X be a Noetherian algebraic stack and Z ⊆ X a closed substack. We say that the pair
(X,Z) satisfies formal functions if for every F ∈ Coh(X),

RΓ(X,F ) = RΓ(X̂Z , F̂Z).

3. Let X be a Noetherian algebraic stack and Z ⊆ X a closed substack. We say that the pair
(X,Z) is coherently complete if

ι∗
X̂Z

: Coh(X)→ Coh(X̂Z)

is an equivalence of categories.

Theorem 3.1.1 (Cohomological Properness for BG). Let k be a field and R a Noetherian k-algebra
R. Then BGR is cohomologically proper over SpecR.

Theorem 3.1.2 (Formal Functions for BG). Let k be a field and R an I-adically complete Noethe-
rian k-algebra. Then the pair (BGR, Z) with Z := π−1

R (SpecR/I) satisfies formal functions.

Theorem 3.1.3 (Coherent Completeness for BG). Let k be a field and R an I-adically complete
Noetherian k-algebra. Then the pair (BGR, Z) with Z := π−1

R (SpecR/I) is coherently complete.

Theorems 3.1.1, 3.1.2, 3.1.3 appear in [HP14] in the setting of derived algebraic geometry.
Nonetheless, our method is different as we do not use any derived techniques. Furthermore, consider
the quotient stack [SLd\Ad] where the action of SLd on Ad is the standard one. By constructing
a suitable proper covering of this stack, we prove cohomological properness, formal functions and
coherent completeness, previously only known in characteristic 0 by [GZB15] and [AHR20]. We
believe our result is the first in the literature on the geometry of non-trivial quotient stacks with
reductive stabilizers in characteristic p.

Theorem 3.1.4 (Cohomological Properness for [SLd\Ad]). Let k be a field. Then [SLd\Ad] is
cohomologically proper over Spec k.

Theorem 3.1.5 (Formal Functions for [SLd\Ad]). Let Z be the closed substack of [SLd\Ad] defined
by the origin. Then the pair ([SLd\Ad], Z) satisfies formal functions.
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Theorem 3.1.6 (Coherent completeness for [SLd\Ad]). Let Z be the closed substack of [SLd\Ad]
defined by the origin. Then the pair ([SLd\Ad], Z) is coherently complete.

3.1.2 Strategy of proof

We give a sketch for the proof of Theorem 3.1.1. As in [HP14], the strategy is to use the fact that
a split reductive group G has a Borel subgroup B that contains a split maximal torus T . On the
level of classifying stacks, this gives representable morphisms

BT
(2)→ BB

(1)→ BG.

The morphism (1) is smooth and proper. Therefore, for every n ≥ 1, the n-fold fiber product
(BB/BG)n = BB ×BG . . . ×BG BB is proper over BB, and thus cohomological properness for
BG reduces to the case of BB by Theorem 3.3.1. Now cohomological properness is known for BT
as BT → Spec k is a good moduli space. However, unlike (1), the morphism (2) is not proper.
Nonetheless, the key observation of ours is that for any n ≥ 1, the n-fold fiber product (BT/BB)n

is a good moduli space, and therefore satisfies cohomological properness. The result follows from
Theorem 3.3.1 again.

Given that this observation is crucial to our proof, we show why in the simple case that G = SL2,
the 2-fiber product BT ×BB BT is a good moduli space. We take B and T to be the standard
subgroups of upper triangular and diagonal matrices respectively. In coordinates,

B =
(
a b

0 a−1

)

T =
(

t 0
0 t−1

)
.

To show that BT ×BB BT is a good moduli space, observe that we may write

BT ×BB BT ' [T\B/T ].

We must show that the GIT quotient T \\ (B //T ) is isomorphic to Spec k. The right and left actions
of T on B are given respectively by

t · (a, b) = (at, bt−1) (right action) (3.1.1)

t · (a, b) = (at, bt) (left action). (3.1.2)
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Therefore,
B // T ' Spec k[a, b, a−1]〈t〉 ' Spec k[ab].

On the other hand, by (3.1.2) above, the left T -action on B // T ' Spec k[ab] ' k[x] is given by
t · x = t2x. Therefore,

T \\ (B // T ) ' Spec k[x]〈t〉 = Spec k

as desired.
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3.2 Preparations

We recall some preliminary material concerning algebraic groups, good moduli spaces and comple-
tions of algebraic stacks.

3.2.1 Algebraic groups

Let k be a field. By a k-group G, we mean a (possibly disconnected) k-group scheme of finite type.
In this article, we will only be concerned with those k-groups G that are affine. There are two
important classes of affine k-groups, namely the linearly reductive and reductive ones.

Definition 3.2.1. Let G be a smooth affine k-group. It is a fact that there exists a unique maximal
unipotent, normal, smooth and connected k-subgroup of G, namely the unipotent radical Ru,k(G).
We say that G is reductive if the base change Ru,k(Gk) = 1.

Definition 3.2.2. Let G be a smooth affine k-group. We say that G is linearly reductive if every
finite-dimensional representation of G is completely reducible.

In general, a linearly reductive group G is reductive. In characteristic zero, it turns out that any
connected reductive group G is also linearly reductive. However, in characteristic p there are very
few linearly reductive groups, in the sense that if k is algebraically closed, G is linearly reductive if
and only if G0 is a torus and |G/G0| has order prime to p [Nag62]. However, all of the classical groups
(GLn,SLn, etc) that are linearly reductive in characteristic zero are still reductive in characteristic
p.
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3.2.2 Good moduli spaces

The following definition was introduced in the thesis of Jarod Alper [Alp13]. It is a replacement
for the notion of a coarse moduli space when the moduli problem in question has infinite, linearly
reductive stabilizers.

Definition 3.2.3. Let π : X → Y be a morphism from an algebraic stack to an algebraic space. We
say that f is a good moduli space morphism if:

1. The morphism f is cohomologically affine, i.e. is quasi-compact, quasi-separated, and the
induced pushforward π∗ : QCoh(X)→ QCoh(Y ) is exact.

2. The map on sheaves OY → π∗OX is an isomorphism.

Example 3.2.4. Let k be a field and G a linearly reductive k-group. Then π : BG → Spec k is a
good moduli space.

Example 3.2.5. More generally, let X be an affine k-scheme of finite type with the action of a
linearly reductive k-group G. Then π : [G\X]→ Γ(X,OX)G is a good moduli space.

3.2.3 Completions

Definition 3.2.6. Let X be a Noetherian algebraic stack and Z ⊆ X a closed immersion defined
by a coherent sheaf of ideals I ⊆ OX . The completion of the pair (X,Z) is the ringed site
X̂Z := (Xlis-ét, ÔX,Z), where

ÔX,Z := lim←−
n

OX/I
n+1.

The limit is taken in the category of lisse-étale modules. For any such X and coherent ideal I ⊆ OX ,
there is a canonical morphism of ringed sites ι

X̂Z
: X̂Z → X. The morphism ι

X̂Z
is flat [GZB15,

Lemma 3.3] and ι∗
X̂Z

preserves coherence. We leave the reader to verify that if F is a coherent sheaf,
this is consistent with the usual notion of completion using inverse limits, i.e.

F̂X ' lim←−
n

F/I nF .

3.2.4 Cohomological properness, formal functions and coherent complete-
ness

The following definition is a variant of what appeared in [HP14].

Definition 3.2.7. Let π : X → Y be a finite type morphism of Noetherian algebraic stacks. We
say that π is
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1. cohomologically proper if for all F ∈ D+
Coh(X), Rπ∗F ∈ D+

Coh(Y ).

2. uniformly cohomologically proper if for every flat morphism Y ′ → Y , where Y ′ is Noetherian,
the induced morphism π′ : X ×Y Y ′ → Y ′ is cohomologically proper; and

3. universally cohomologically proper if for every morphism Y ′ → Y , where Y ′ is Noetherian,
the induced morphism π′ : X ×Y Y ′ → Y ′ is cohomologically proper.

The following lemma is sometimes useful.

Lemma 3.2.8. Let π : X → Y be a finite type morphism of Noetherian algebraic stacks. The
following conditions are equivalent:

1. π is cohomologically proper;

2. for all F ∈ Coh(X), Riπ∗F ∈ Coh(X) for all i ≥ 0.

Proof. The equivalence is trivial from the convergent hypercohomology spectral sequence:

Riπ∗H j(F )⇒H i+j(Rπ∗F ).

Another key definition is the following.

Definition 3.2.9. Let X be a Noetherian algebraic stack and Z ⊆ X a closed immersion. We say
that the pair (X,Z) satisfies formal functions if for any F ∈ Coh(X),

RΓ(X,F ) = RΓ(X̂Z , F̂Z).

The following lemma describes an expected compatibility between formal functions and cohomo-
logical properness.

Lemma 3.2.10. Let Y be a Noetherian algebraic stack. Let W ⊆ Y be a closed substack. Let
π : X → Y be a morphism of algebraic stacks with X Noetherian. Let Z = π−1(W ). There is a
natural comparison morphism for every F ∈ D(X):

ι∗
ŶW

Rπ∗F → Rπ̂∗ι∗
X̂Z

F ,

where Rπ̂∗ is the derived functor of π̂∗ : Mod(X̂Z) → Mod(ŶW ). If π is uniformly cohomologically
proper, then

1. this morphism is a quasi-isomorphism whenever F ∈ D+
Coh(X); and

2. if, in addition, the pair (Y,W ) satisfies formal functions, then so does the pair (X,Z).
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Proof. Claim (2) follows from (1): Indeed, if F ∈ D+
Coh(X), then

RΓ(X,F ) ' RΓ(Y,Rπ∗F ) ' RΓ(ŶW , ̂(Rπ∗F )W ) ' RΓ(ŶW ,Rπ̂∗ιX̂ZF ) ' RΓ(X̂Z , F̂Z).

We now treat (1): Let SpecB → Y be a smooth morphism, J ⊆ B the ideal defined by a closed
immersion W ⊆ Y , and B̂ the J-adic completion of B. Let πB : XB → B be the induced morphism,
where XB = X ×Y SpecB. If i ∈ Z, then H i(ι∗

ŶW
Rπ∗F ) is the sheafification of the presheaf:

(SpecB → Y ) 7→ Hi(XB ,FXB )⊗B B̂.

One similarly finds that H i(Rπ̂∗ι∗
X̂Z

F ) is the sheafification of the presheaf:

(SpecB → Y ) 7→ Hi((̂XB)ZB ,F(̂XB)ZB
).

Hence, we may reduce to the situation where Y = SpecB, π : X → SpecB is cohomologically
proper, and W = SpecB/J . In this case, the result follows immediately from an argument identical
to that provided in [Stacks, Tag 0A0M].

The following was a key definition in [AHR20], and was an essential result in establishing the
local structure theorem of stacks with linearly reductive stabilizers.

Definition 3.2.11. Let X be a Noetherian algebraic stack and Z ⊆ X a closed immersion. We say
that the pair (X,Z) is coherently complete if the functor

ι∗
X̂Z

: Coh(X)→ Coh(X̂Z)

is an equivalence.

We have the following standard lemma.

Lemma 3.2.12. Let X be a Noetherian algebraic stack and Z ⊆ X a closed immersion. If formal
functions holds for the pair (X,Z), then the functor

ι∗
X̂Z

: Coh(X)→ Coh(X̂Z)

is fully faithful, with essential image stable under kernels, cokernels and extensions.

Proof. This is immediate from the following observations (see [Ols05]):

1. ι
X̂Z

is flat;

2. if (V,OV ) is a ringed topos, then

RHomOV (F ,G ) ' RΓ(V,RH omOV (F ,G ))

https://stacks.math.columbia.edu/tag/0A0M
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for any F ,G ∈ D(V );

3. if (V,OV ) is a ringed topos with OV coherent, then

RH omOV (F ,G ) ∈ D+
Coh(V ),

whenever F ∈ D−Coh(V ) and G ∈ D+
Coh(V ); and

4. if c : (W,OW ) → (V,OV ) is a flat morphism of ringed topoi, where both OW and OV are
coherent; and F ∈ D−Coh(V ) and G ∈ D+

Coh(V ), then

c∗RH omOV (F ,G ) ' RH omOW (c∗F , c∗G ).

The following are examples of algebraic stacks X that satisfy all three definitions above, namely
cohomological properness, formal functions and coherent completeness.

Example 3.2.13. Let π : X → SpecR be a proper morphism from an algebraic stack X to a
Noetherian ring R. Then π is universally cohomologically proper [Ols05, Theorem 1.2]. Moreover,
if I ⊆ R is an ideal and R is I-adically complete, then the pair (X,π−1(SpecR/I)) satisfies formal
functions [Con05, Corollary 3.2] and is coherently complete [Con05, Theorem 4.1]

Example 3.2.14. Let π : X → SpecR be a good moduli space morphism, where X is a Noetherian
algebraic stack with affine diagonal [Alp13]. Then R is Noetherian, π is of finite type [AHR20,
Theorem A.1], and is universally cohomologically proper (combine [Alp13, Thm 4.16 (x)] with [Alp13,
Proposition 4.7 (i)]). Let Z ⊆ X be a closed immersion defined by a coherent ideal I ⊆ OX . Let
I = Γ(X,I ), which is an ideal of R. If Z has the resolution property and R is I-adically complete,
then the pair (X,Z) satisfies formal functions and is coherently complete. This is one of the main
results of [AHR20]. When X has the resolution property and Z = π−1(SpecR/I), then this was
the main result of [GZB15]. If R has equicharacteristic, X has the resolution property, and Z is a
closed point of X, then this is [AHR20, Theorem 1.3].

Example 3.2.15. Let R = CJxK and I = (x), Take X = BGa,R. Then π : X → SpecR is
cohomologically proper, but the pair (X,π−1(R/I)) is not coherently complete (see [HP14]).

3.3 Descent of cohomological properness along universally
submersive morphisms

The main result of this section is a criterion for descending cohomological properness along a uni-
versally submersive morphism of algebraic stacks p : X → Y . If p is proper, then this is standard.
The novelty here is the replacement of properness of the map p with a global condition on the n-fold
fiber products (X/Y )n.
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Theorem 3.3.1. Let p : X → Y be a universally submersive morphism of Noetherian algebraic
stacks of finite type over a Noetherian ring R. If for each n ≥ 1 the n-fold fiber product (X/Y )n =
X×Y . . .×Y X is cohomologically proper over SpecR, then Y is cohomologically proper over SpecR.

Proof. We argue by dévissage on the abelian category Coh(Y ). Hence, we assume the result true for
all closed proper substacks Y0 ⊆ Y . By a standard argument, we may further reduce to the situation
where Y is reduced. By generic flatness, there is now a dense open U ⊆ Y such that p−1(U)→ U is
flat. By Rydh’s [Ryd16] extension of Raynaud-Gruson’s flatification by blow-ups results to stacks,
there is a 2-commutative diagram:

X̃ X

Ỹ Y,

fX

p̃ p

f

where f is a blow-up away from U , p̃ is faithfully flat, and X̃ is the strict transform of X along f ;
in particular, fX is proper and representable.

Let n ≥ 1. Since f is proper and representable, it is separated, and so the induced morphism
(X̃/Ỹ )n → (X̃/Y )n is a closed immersion. Since fX is proper, it now follows by successive projec-
tions that (X̃/Y )n → (X/Y )n is proper. Hence, (X̃/Ỹ )n → (X/Y )n is proper and so (X̃/Ỹ )n is
cohomologically proper over SpecR.

Since p̃ : X̃ → Ỹ is faithfully flat, by cohomological descent it follows that if M ∈ Coh(Ỹ ), then
there is a convergent spectral sequence:

Hi((X̃/Ỹ )j ,M(X̃/Ỹ )j )⇒ Hi+j(Ỹ ,M ).

It follows immediately that Ỹ is cohomologically proper over SpecR.

Now let F ∈ Coh(Y ) and consider the distinguished triangle:

F → Rf∗f∗F → C → F [1]. (3.3.1)

Since f is proper and representable, Rf∗f∗F ,C ∈ Db
Coh(Y ). But Ỹ is cohomologically proper, so

RΓ(Y,Rf∗f∗F ) ' RΓ(Ỹ , f∗F ) ∈ D+
Coh(R).

Now let j : U ⊆ Y be the open immersion; then f is birational over U and so j∗C ' 0. Thus,
by the distinguished triangle (3.3.1) it remains to prove that if E ∈ Db

Coh(Y ) and j∗E ' 0, then
RΓ(Y,E ) ∈ D+

Coh(R). This we can prove by induction on the number of non-zero cohomology
groups of E , and it is easy to see that it suffices to prove the result when E is a sheaf supported in
cohomological degree 0. Now j∗E = 0 implies that J E = 0 for some coherent OY -ideal J ⊆ OY
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with V (J ) ∩ U = ∅. It follows that E = i∗E0, where Y0 = V (J ) and i : Y0 ↪→ Y is the resulting
closed immersion. By dévissage, the result follows.

3.4 Descent of formal functions along universally submersive
morphisms

Theorem 3.4.1. Let p : X → Y be a universally submersive morphism of finite type of Noetherian
algebraic stacks. Let W ⊆ Y be a closed substack. If for every n ≥ 1, the pair ((X/Y )n, p−1

n (W ))
satisfies formal functions, then (Y,W ) satisfies formal functions.

Proof. As in the proof of Theorem 3.3.1, we do dévissage on the abelian category Coh(Y ). Hence, we
assume for every proper closed substack Y0 ⊆ Y that the pair (Y0,W ∩Y0) satisfies formal functions.
A standard argument reduces to the situation where Y is reduced. Then, just as in the proof of
Theorem 3.3.1, we arrive at a dense open U ⊆ Y and a 2-commutative diagram:

X̃ X

Ỹ Y,

fX

p̃ p

f

where f is a blow-up away from U , p̃ is faithfully flat, and X̃ is the strict transform of X along f ;
in particular, fX is proper and representable.

Let n ≥ 1. Arguing just as in the proof of Theorem 3.3.1, the morphisms (X̃/Ỹ )n → (X/Y )n are
proper and representable for all n ≥ 1. Hence, they are universally cohomologically proper (Example
3.2.13) and the pairs ((X̃/Ỹ )n, p̃−1

n f−1(W )) satisfy formal functions (Lemma 3.2.10).

Since p̃ : X̃ → Ỹ is faithfully flat, by cohomological descent it follows that if M ∈ Coh(Ỹ ), then
we have a diagram

Hi((X̃/Ỹ )j ,M(X̃/Ỹ )j ) Hi+j(Ỹ ,M )

Hi( ̂(X̃/Ỹ )j , M̂(X̃/Ỹ )j ) Hi+j( ̂̃Y , M̂ )

where the top and bottom are convergent rows spectral sequences, and the vertical arrows are maps of
spectral sequences. In the bottom spectral sequence, the completion on the left is taken with respect
to p̃−1

j f−1(W ), and on the right with respect to f−1(W ). It follows immediately that (Ỹ , f−1(W ))
satisfies formal functions.

Now let F ∈ Coh(Y ) and consider the distinguished triangle:

F → Rf∗f∗F → C → F [1].
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This gives rise to a commutative diagram with top and bottom rows exact triangles:

RΓ(Y,F ) RΓ(Y,Rf∗f∗F ) RΓ(Y,C ) RΓ(Y,F )[1]

RΓ(ŶW , F̂W ) RΓ(ŶW , ( ̂Rf∗f∗F )W ) RΓ(ŶW , (Ĉ )W ) RΓ(ŶW , (F̂ )W )[1].

(1) (2)

Since f is proper and representable, it is universally cohomologically proper (Example 3.2.13). Thus
by Lemma 3.2.10 and formal functions for the pair (Ỹ , f−1(W )), we deduce that vertical arrow
(1) is an isomorphism. Finally, arguing as in Theorem 3.3.1,we may assume that C is a coherent
sheaf concentrated in degree 0 such that C |U ' 0. By induction, (2) is an isomorphism and we are
done.

3.5 Descent of coherent completeness along universally sub-
mersive morphisms

Theorem 3.5.1. Let p : X → Y be a universally submersive morphism of Noetherian algebraic
stacks that are both finite type over a Noetherian ring R. Let W ⊆ Y be a closed immersion defined
by a coherent OY -ideal I and let I = Γ(Y,I ), which we view as an ideal of Γ(Y,OY ). Assume the
following:

1. R is I-adically complete;

2. the pair (X, p−1(W )) is coherently complete;

3. if pn : (X/Y )n → Y is the projection from the n-fold fiber product to Y , then the pair
((X/Y )n, p−1

n (W )) satisfies formal functions.

If formal functions holds for the pair (Y,W ), then the pair (Y,W ) is coherently complete.

Proof. As in the proof of Theorem 3.3.1, we do dévissage on the abelian category Coh(ŶW ). By that,
we mean that if H ∈ Coh(ŶW ) is annihilated by K O

ŶW ) for some coherent ideal sheaf K ⊆ OY ,
then h belongs to the image of ι∗

ŶW
(i.e., is algebraizable).

By Lemma 3.2.12, since formal functions holds for the pair (Y,W ), the functor

ι∗
ŶW

: Coh(Y )→ Coh(ŶW )

is fully faithful, with image stable under kernels, cokernels and extensions. In particular, a standard
argument reduces us to the situation whereX is reduced. Arguing exactly as in the proof of Theorem
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3.3.1, we arrive at a dense open U ⊆ Y and a 2-commutative diagram:

X̃ X

Ỹ Y,

fX

p̃ p

f

where f is a blow-up away from U , p̃ is faithfully flat, and X̃ is the strict transform of X along f ;
in particular, fX is proper and representable.

Now let F ∈ Coh(ŶW ). By coherent completeness of the pair (X,W ), there is a unique coherent
sheaf F ∈ Coh(X) and an isomorphism F̂p−1(W ) ' p̂∗F. Let G = f∗XF , which is a coherent sheaf
on X̃. Now ̂̃p∗f̂∗F ' Ĝ . Let p̃i : X̃ ×Y X̃ → X̃ be the two projections. Then because Ĝ is formally
pulled back from Ỹ , there is an isomorphism

ϑ : ̂̃p∗1G ∼→ ̂̃p∗2G
that satisfies the cocycle condition in Coh( ̂(X̃/Ỹ )3). But fX is proper and representable, and
arguing just as in the proof of Theorem 3.3.1, the morphisms (X̃/Ỹ )n → (X/Y )n are proper and
representable for all n ≥ 1. Hence, they are universally cohomologically proper (Example 3.2.13)
and the pairs ((X̃/Ỹ )n, p̃−1

n f−1(W )) satisfy formal functions (Lemma 3.2.10).

It now follows that there is a unique isomorphism θ : p̃∗1G
∼→ p̃∗2G in (X̃/Ỹ )2 such that θ̂ = ϑ

that satisfies the cocycle condition in Coh((X̃/Ỹ )3). By faithfully flat descent, there is a unique
coherent sheaf F̃ on Ỹ such that p̃∗F̃ ' G and inducing the given descent datum. In fact, we also
have ̂̃F ' f̂∗F (this is by observing the induced formal descent data).

Next observe that Lemma 3.2.10 implies that:

f̂∗f̂
∗F ' f̂∗̂̃F ' f̂∗F̃ .

Let SpecB → Y be a morphism, and let J ⊆ B be the ideal induced by I . Let B̂ be the J-adic
completion of B. Let ỸB = Ỹ ×Y SpecB and let fB : ỸB → SpecB be the induced morphism,
which is proper. Now let SpecB → Y be a smooth morphism. Then F(SpecB) = F for some
finite B̂-module F . It follows that the morphism F(SpecB)→ (f̂∗f̂∗F̃ )(SpecB) corresponds to the
morphism of finitely generated B̂-modules:

F → H0( ̂̃Y B , f̂B∗F ),

where the completion is along f−1
B (SpecB/J). By the usual theorem of formal functions, this is

equivalent to the morphism
F → H0(Ỹ

B̂
, f̃∗
B̂
F ).
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Now f is birational over U ⊆ Y , so let K ⊆ OY denote a coherent ideal with support exactly
Y \U . Then the kernel and the cokernel of the above are annihilated by some power of K (SpecB)B̂.
It now follows that the kernel and the cokernel of the morphism

F→ f̂∗f̂
∗F

are annihilated by some power of K O
ŶW

. But we have already seen above that f̂∗f̂∗F is algebraiz-
able, so it follows by dévissage that F is algebraizable.

3.6 Cohomological properness, formal functions and coher-
ent completeness for BG

Let k be a field, R an I-adically complete Noetherian k-algebra, and G/k a split reductive group.
Let π : BG → Spec k denote the structure morphism. In this section, we prove that the pair
(BGR, π−1

R (SpecR/I) satisfies formal functions and is coherently complete. It is rather unfortunate
that we start over a field instead of a more general base. However, this is necessary at the moment
as our argument relies on a fact about the representation theory of reductive groups over a field.
We do not know if the same fact is true for reductive group schemes over an I-adically complete
Noetherian ring R.

The following lemma provides an explicit description of the 2-fiber product of quotient stacks.

Lemma 3.6.1. Let k be a field, G a smooth affine k-group and H ⊆ G be a closed k-subgroup.
Suppose that Y is a k-scheme with a left G-action. Then the diagram

[H\(G/H × Y )] [H\Y ]

[H\Y ] [G\Y ]

is 2-Cartesian.

Proof. It is enough to show for any other k-scheme X with a left G-action that

[H\X] ' [G\(G/H ×X)], (3.6.1)
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where G acts on G/H ×X diagonally. For then

[H\Y ]×[G\Y ] [H\Y ] '
[
G\(G/H × Y )]×[G\Y ] [G\(G/H × Y )

]
'

[
G\ ((G/H × Y )×Y (G/H × Y ))

]
' [G\(G/H ×G/H × Y )]

' [H\(G/H × Y )].

The last line follows from (3.6.1) with X = G/H × Y . To prove (3.6.1), it enough to prove that
the prestacks [H\X]pre and [G\((G/H)pre × X)]pre are isomorphic. The prestack [H\X]pre is the
pseudo-functor whose S-points are described as follows: Objects of [H\X]pre(S) are simply elements
of X(S). For x, y ∈ X(S), a morphism x → y is simply an element g ∈ G(S) such that gy = x. In
addition, (G/H)pre is the presheaf on the (big) fppf site of Spec k given by S 7→ G(S)/H(S).

To this end, fix a k-scheme S. We define a functor

Φ(S) : [H\X]pre(S)→ [G\((G/H)pre ×X)]pre(S)

by sending an element x ∈ X(S) to (e, x) where e is the identity element of G(S)/H(S). The action
of Φ(S) on morphisms is as follows. Suppose we have x, y ∈ X(S) and a morphism x → y. Then
there exists h ∈ H(S) such that y = hx. It follows that

(e, y) = (e, hx) = h(h−1, x) = h(e, x).

This defines a morphism (e, x)→ (e, y). Now define a functor in the opposite direction

Ψ(S) : [G\((G/H)pre ×X)]pre(S)→ [H\X]pre(S)

as follows: We send (g, x) ∈ G(S)/H(S)×X(S) to g−1x ∈ X(S). To see that Ψ(S) is well-defined,
suppose that g, g′ ∈ G(S) are such that g = g′ in G(S)/H(S). Then there exists h ∈ H(S) such that
g = g′h and hence g−1x = h−1g′−1x. In conclusion, the objects g−1x and g′−1x of the groupoid
[H\X]pre(S) are isomorphic and thus Ψ(S) is well-defined. We leave it to the reader to define the
action of Ψ(S) on morphisms.

Finally, we check that Φ(S) and Ψ(S) are mutual inverses. We will only check that the the
composition Φ(S) ◦Ψ(S) is isomorphic to id[G\((G/H)pre×X)]pre(S), leaving the other composition to
the reader. Now the object (g, x) ∈ [G\((G/H)pre×X)]pre(S) is sent to (e, g−1x) under Φ(S)◦Ψ(S).
However,

(e, g−1x) = g−1(g, x)
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which is isomorphic to (g, x), and therefore

Φ(S) ◦Ψ(S) ' id[G\((G/H)pre×X)]pre(S)

as desired.

Proposition 3.6.2. Let k be a field and G a split reductive group over k. Let T be a maximal torus
and B a Borel containing T corresponding to a choice of positive roots. For n ≥ 1, let n-fold fiber
product (BT/BB)n = BT ×BB . . .×BB BT is a good moduli space over Spec k.

Proof. By Lemma 3.6.1, there is an isomorphism of algebraic stacks

(BT/BB)n ' [T\(B/T × . . .×B/T︸ ︷︷ ︸
n− 1 times

)]

where the left T -action on the product B/T × . . . B/T is diagonal. Furthermore, by [Alp13, Remark
4.8], the stack quotient above admits a good moduli space morphism

[T\(B/T × . . .×B/T )]→ Γ(B/T × . . .×B/T,OB/T×...×B/T )T .

To complete the proof, we must show that the ring of invariants on the right is k. To this end,
identify B/T with the unipotent subgroup U . As a scheme, U is affine space An

k with coordinate
ring Γ(U,OU ) ' k[x1, . . . , xn]. Each xi corresponds to a positive root αi. The action of T on a
monomial xβ1

1 . . . xβnn is given by t ·xβ1
1 . . . xβnn = α1(t)β1 . . . αn(t)βnxβ1

1 . . . xβnn . Now by choice all the
αi are positive, viz. T acts on the graded ring

Γ(U,OU ) '
⊕

β1,...,βn

k · xβ1
1 . . . xβnn

by positive weights. Therefore,

Γ(B/T × . . .×B/T,OB/T×...×B/T )T '
(

Γ(U,OU )⊗(n−1)
)T
'
(
Γ(U,OU )T

)⊗(n−1) ' k.

We can now prove that BG satisfies cohomological properness (Theorem 3.1.1), formal func-
tions (Theorem 3.1.2) and coherent completeness (Theorem 3.1.3). For convenience, we restate the
theorems below.

Theorem 3.6.3 (Cohomological Properness for BG). Let k be a field and R a Noetherian k-algebra.
Then BGR is cohomologically proper over SpecR.

Theorem 3.6.4 (Formal Functions for BG). Let k be a field and R an I-adically complete Noethe-
rian k-algebra. Then the pair (BGR, Z) with Z := π−1

R (SpecR/I) satisfies formal functions.
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Theorem 3.6.5 (Coherent Completeness for BG). Let k be a field and R an I-adically complete
Noetherian k-algebra.Then the pair (BGR, Z) with Z := π−1

R (SpecR/I) is coherently complete.

Proof of Cohomological Properness. Fix a complete Noetherian local k-algebra R, a maximal torus
T ⊆ G and a Borel B containing T corresponding to a choice of positive roots. Notice that the
fiber product Spec k ×BG BB is identified with the flag variety G/B and therefore the base change
BBR → BGR is proper. Consequently for every n ≥ 1, the n-fold fiber product (BB/BG)nR is
proper over BBR. By (Example 3.2.13), we may apply Theorem 3.3.1, and reduce to proving that
BBR is cohomologically proper over SpecR. Now consider the fppf morphism

BTR → BBR.

Since good moduli spaces are stable under flat base change, Proposition 3.6.2 shows that for any
n ≥ 1, the n-fold fiber product (BT/BB)nR is a good moduli space over SpecR. By Example 3.2.14,
each (BT/BB)nR is cohomologically proper over SpecR. Thus by Theorem 3.3.1 again, we conclude
that BBR is cohomologically proper over SpecR.

Proof of formal functions. Mutatis Mutandis the same as the proof of Theorem 3.6.3. We first reduce
to the case of BBR using Theorem 3.4.1, and then to the case of BTR using loc. cit..

Proof of coherent completeness. We have just proven formal functions for the pair (BGR, Z). There-
fore, by Theorem 3.5.1, it is enough to check for every n ≥ 1 that ((BB/BG)nR, p−1

n (Z)) satisfies
formal functions. Now each (BB/BG)nR → BBR is proper and the proof of Theorem 3.6.4 proves
formal functions for BBR. The result follows by Lemma 3.2.10.

3.7 Cohomological properness, formal functions and coher-
ent completeness for [SLd\Ad]

In this section, we will consider a simple example of a non-trivial quotient stack and prove that it
is cohomologically proper, satisfies formal functions, and is coherently complete. The stack that we
will consider is [SLd\Ad], where the action on Ad := Ad

k is the standard one. We believe that the
example of [SLd\Ad] illustrates many of the key ideas needed to proving cohomological properness,
formal functions, and coherent completeness for the general case of [G\ SpecA]. Again, we remind
the reader that we do not assume any hypothesis on the characteristic of the ground field.

We begin with a first approximation of how the proof from BG to [SLd\Ad] should generalize.
Let T and B the standard torus and Borel subgroup of upper triangular matrices in SLd. Consider
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the diagram:
[T\Ad] [B\Ad] [SLd\Ad]

Γ(Ad,OAd)T Γ(Ad,OAd)B Γ(Ad,OAd)SLd .

Notice that the morphism [B\Ad]→ [SLd\Ad] is proper. A simple calculation shows that

Γ(Ad,OAd)B = Γ(Ad,OAd)SLd = k

and thus we may reduce to the case of [B\Ad]. However, we now run into a problem: The ring of
invariants

Γ(Ad,OAd)T 6= k.

For instance, when d = 2, Γ(A2,OA2)T = k[xy]. This means that [T\Ad] is not a good moduli
space over Spec k. In addition, there is also the problem that the T -action on Ad does not have
positive weight, and thus we cannot conclude that the n-fold fiber product ([B\Ad]/[T\Ad])n is a
good moduli space over Spec k.

In order to solve this problem, we will need to pass to a smaller closed subscheme of Ad that
bypasses this issue of negative weight. We now introduce some terminology. Fix the diagonal
torus T ⊆ SLd. For any cocharacter λ : Gm → T , we can identify λ with a tuple of integers
(a1, . . . , ad) ∈ Z⊕d such that

∑
ai = 0. We say that λ is regular if all the ai’s are distinct and

non-zero. In this situation, the parabolic associated to λ,

PG(λ) :=
{
g ∈ G : lim

t→0
λ(t)gλ(t)−1 exists

}
will be a Borel, and the centralizer of λ,

ZG(λ) = {g ∈ G : λ(t)g = gλ(t) for all t},

will be a maximal torus (in fact equal to T ). For any cocharacter λ : Gm → T , we define the
attractor locus

(Ad)+
λ :=

{
x ∈ Ad : lim

t→0
λ(t)x exists

}
.

It is a closed subscheme of Ad that inherits an action of PG(λ). Under the action of λ, the global
sections of the scheme (Ad)+

λ admits a Z-grading with non-zero terms only in degree ≥ 0.

Now suppose there exists a cocharacter λ : Gm → T satisfying the following properties:

1. λ is regular

2. Γ((Ad)+
λ ,O(Ad)+

λ
)λ = k.
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The regularity of λ implies that ZG(λ) is a maximal torus, in particular linearly reductive. Therefore,
by [Alp13, Remark 4.8]

[ZG(λ)\(Ad)+
λ ]→ Γ((Ad)+

λ ,O(Ad)+
λ

)ZG(λ)

is a good moduli space, in fact a good moduli space to Spec k, because

Γ((Ad)+
λ ,O(Ad)+

λ
)ZG(λ) ⊆ Γ((Ad)+

λ ,O(Ad)+
λ

)λ = k.

We will show in the proof of Proposition 3.7.2 below that in fact, for every n ≥ 1,

(
[ZG(λ)\(Ad)+

λ ]/[PG(λ)\(Ad)+
λ ]
)n → Spec k

is a good moduli space. Finally, if in addition the induced map on quotient stacks

[PG(λ)\(Ad)+
λ ]→ [SLd\Ad]

is surjective, then it is universally submersive (since it is already proper), and we can apply Theorems
3.3.1, 3.4.1, 3.5.1.

The following proposition shows that such a cocharacter exists.

Proposition 3.7.1. Let T be the diagonal torus in SLd. Identify a cocharacter λ : Gm → T with a
tuple (a1, . . . , ad) ∈ Z⊕d such that

∑
ai = 0. Then there exists λ such that:

1. λ is regular.

2. Γ((Ad)+
λ ,O(Ad)+

λ
)λ = k.

3. [PG(λ)\(Ad)+
λ ]→ [SLd\Ad] is surjective.

Proof. We take λ to be any tuple (a1, . . . , ad) ∈ Z⊕d satisfying:

(a)
∑d
i=1 ai = 0.

(b) ad < 0 < ad−1 < . . . < a1.

We verify that all three conditions of Proposition 3.7.1 are satisfied.

1. This is clear from the definition of regularity.

2. Identify Ad with Spec k[x1, . . . , xd]. Then a simple calculation shows that (Ad)+
λ = V (xd).

Suppose a polynomial f(x1, . . . , xd−1) ∈ k[x1, . . . , xd−1] is invariant under λ. This means

f(x1, . . . , xd−1) = f(ta1x1, . . . , t
ad−1xd−1)

for every t 6= 0. However, all the a1, . . . , ad−1 are positive and therefore f must be a constant.
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3. Observe that [SLd\Ad] consists of two points, namely the origin 0 and the orbit of (1, 0, . . . , 0).
Since both these points are also contained in (Ad)+

λ = V (xd), the result follows.

We are now ready to prove that [SLd\Ad] satisfies cohomological properness (Theorem 3.1.4),
formal functions (Theorem 3.1.5) and coherent completeness (Theorem 3.1.6). For convenience, we
restate the theorems below.

Theorem 3.7.2 (Cohomological Properness for [SLd\Ad]). Let k be a field. Then [SLd\Ad] is
cohomologically proper over Spec k.

Theorem 3.7.3 (Formal Functions for [SLd\Ad]). Let Z denote the closed substack of [SLd\Ad]
defined by the origin. Then the pair ([SLd\Ad], Z) satisfies formal functions.

Theorem 3.7.4 (Coherent completeness for [SLd\Ad]). Let Z denote the closed substack of [SLd\Ad]
defined by the origin. Then the pair ([SLd\Ad], Z) is coherently complete.

Proof of Cohomological Properness. Let λ be the cocharacter found in Proposition 3.7.1. The mor-
phism [PG(λ)\(Ad)+

λ ]→ [SLd\Ad] factors as a composition of proper morphisms

[PG(λ)\(Ad)+
λ ]→ [PG(λ)\Ad]→ [SLd\Ad].

Consequently, for every n ≥ 1, the n-fold fiber product

(
[PG(λ)\(Ad)+

λ ]/[SLd\Ad]
)n

is proper over [PG(λ)\(Ad)+
λ ]. By Example 3.2.13, we may apply Theorem 3.3.1, and reduce to

proving that
[PG(λ)\(Ad)+

λ ]

is cohomologically proper over Spec k. Now consider the morphism

[ZG(λ)\(Ad)+
λ ]→ [PG(λ)\(Ad)+

λ ].

Notice that ring of invariants for each of these quotient stacks is k, precisely because

Γ((Ad)+
λ ,O(Ad)+

λ
)PG(λ) ⊆ Γ((Ad)+

λ ,O(Ad)+
λ

)ZG(λ) ⊆ Γ((Ad)+
λ ,O(Ad)+

λ
)λ = k. (3.7.1)

Therefore, by Example 3.2.14 and Theorem 3.3.1 again, it is enough to argue as in the proof of
Theorem 3.6.3 and show for every n ≥ 1 that

(
[ZG(λ)\(Ad)+

λ ]/[PG(λ)\(Ad)+
λ ]
)n

is a good moduli space over Spec k.



CHAPTER 3. COHERENT COMPLETENESS IN POSITIVE CHARACTERISTIC 82

We now argue mutatis mutandis as in the proof of Proposition 3.6.2: Applying Lemma 3.6.1
repeatedly, we find that

(
[ZG(λ)\(Ad)+

λ ]/[PG(λ\(Ad)+
λ ]
)n ' [ZG(λ)\

(
PG(λ)/ZG(λ)× . . .× PG(λ)/ZG(λ)× (Ad)+

λ

)]
.

On the right, there are n−1 copies of PG(λ)/ZG(λ) and the ZG(λ)-action is diagonal. The assumption
that λ is regular implies that the centralizer ZG(λ) is a torus, which is linearly reductive in any
characteristic. Therefore, by [Alp13, Remark 4.8], it is sufficient to show that the ring of invariants
for the ZG(λ)-action on

PG(λ)/ZG(λ)× . . .× PG(λ)/ZG(λ)× (Ad)+
λ

is k. Now the proof of Proposition 3.6.2 shows that the ZG(λ)-action on PG(λ)/ZG(λ) has strictly
positive weight, and by construction, the same is true of (Ad)+

λ . Hence

Γ(PG(λ)/ZG(λ)× . . .× PG(λ)/ZG(λ)× (Ad)+
λ )ZG(λ) '

(
Γ(PG(λ)/ZG(λ))⊗(n−1) ⊗ Γ((Ad)+

λ )
)ZG(λ)

'
(

Γ(PG(λ)/ZG(λ))⊗(n−1)
)ZG(λ)

⊗ Γ((Ad)+
λ )ZG(λ)

'
(

Γ(PG(λ)/ZG(λ))ZG(λ)
)⊗(n−1)

⊗ Γ((Ad)+
λ )ZG(λ)

' k,

where the last step uses the assumption that the ZG(λ)-invariants on (Ad)+
λ are trivial (3.7.1).

Proof of formal functions. We will argue as in the proof of Theorem 3.7.2 and reduce to the good
moduli space situation, where the result is known by Example 3.2.14. The difference now is that we
will descend formal functions using Theorem 3.4.1 instead. In order to apply the theorem, the only
condition we must check is that the sequence of morphisms

[ZG(λ)\(Ad)+
λ ]→ [PG(λ)\(Ad)+

λ ]→ [SLd\Ad]

is adic. This follows from the fact that the origin in Ad is the unique fixed point under the action
of either SLd, PG(λ) or ZG(λ).

Proof of coherent completeness. This follows mutadis mutandis from the proof of Theorem 3.7.3,
but with Theorem 3.5.1 instead to descend coherent completeness.

Remark 3.7.5. As a final remark, we note that one can alternatively deduce formal functions from
cohomological properness using Theorem B.1.4 instead.
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B.1 Cohomological properness and formal functions

In this section, we introduce the following key definition.

Definition B.1.1. Let π : X → Y be a finite type morphism of Noetherian algebraic stacks. We
say that π is strongly cohomologically proper if for every affine morphism of finite type p : U → X,
Γ(U,OU ) is a Noetherian R-algebra and the resulting morphism U → Spec Γ(U,OU ) is cohomologi-
cally proper.

Remark B.1.2. Strong cohomological properness implies universal cohomological properness when
Y has affine diagonal.

Example B.1.3. Let π : X → SpecR be a good moduli space, where π is of finite type and
R is noetherian. Then π is strongly cohomologically proper. Indeed, let U → X be an affine
morphism of finite type; then U → Spec Γ(U,OU ) is a good moduli space [Alp14, Lemma 5.2.11].
But the composition U → X → SpecR is of finite type, so Spec Γ(U,OU ) → SpecR is of finite
type [Alp14, Theorem 6.3.3]. Since R is noetherian, the claim follows. A key result of this paper is
that this extends to the adequate situation.

A major result of [HP14] (also see [Stacks, Tag 0A0M]) was that if π : X → SpecR is cohomo-
logically proper and I ⊆ R is an ideal, then the pair (X,π−1(Spec(R/I)) satisfies formal functions
whenever R is I-adically complete. In the case of a strongly cohomological proper morphism, we
can extend this significantly to arbitrary pairs (X,Z).

Theorem B.1.4. Let π : X → SpecR be strongly cohomologically proper with R = Γ(X,OX). Let
Z ⊆ X be a closed immersion defined by a coherent sheaf of ideals I and let I = Γ(X,I ), which is
an ideal of R. If R is I-adically complete, then formal functions holds for the pair (X,Z).

Proof. The proof proceeds in exactly the same way as Serre’s argument in [EGA, III.4.1.5], and we
follow the exposition of [FGI+05, §8.2] closely. Also see [AHR19, §4] for some related material.

We recall the setup: Let A be a ring, I ⊆ A an ideal, and M an A-module. A filtration (Mn)n∈Z

of M is I-good (or I-stable) if the following three conditions are satisfied:

1. M = Mk for some k ∈ Z;

2. IMn ⊆Mn+1 for all n ∈ Z; and

3. IMn = Mn+1 for all n� 0.

Obviously, the filtration (In+1M)n≥−1 is I-good; the topology that this filtration defines on M is
called the I-adic topology onM . A key observation is that the topology onM defined by any I-good
filtration is equivalent to the I-adic topology on M [AM69, Lemma 10.6]. A much deeper fact is
that if A is Noetherian and M is finitely generated, then a filtration (Mn) is I-stable if and only if

https://stacks.math.columbia.edu/tag/0A0M
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M∗ = ⊕n∈ZMn is a finitely generated A∗ = ⊕n≥0I
n-module [AM69, Lem. 10.8]. A key consequence

of this whole theory is that if M is a finitely generated A-module and A is I-adically complete, then
M is I-adically complete.

Let M be a coherent OX -module. Let I∗ = ⊕n≥0I n and let M∗ = ⊕n≥0I nM . The quasi-
coherent OX -algebra I∗ is of finite type and M∗ is a coherent I ∗-module. Indeed, this is smooth-
local on X, so we may assume that X = SpecA and M = M̃ , for some finitely generated A-module
M ; the claim now follows from the affine case [AM69, Lemma 10.8].

Let I∗ = Γ(X,I∗) and Mq
∗ = Hq(X,M∗). Let us briefly remark on the graded structure of

Mq
∗ because it will be important. If x ∈ Is = Γ(X,I s), then for all t ≥ 0 there is an induced

homomorphism of OX -modules that I tM → I s+tM that is multiplication by x. It follows that
we obtain an induced morphism:

µqx,M ,t : Hq(X,I tM )→ Hq(X,I t+sM ).

This is how Mq
∗ becomes a graded I∗-module. In particular, IsMq

t ⊆M
q
t+s denotes the image of the

natural R = I0-module homomorphism Is ⊗RMq
t →Mq

t+s.

Further, the canonical inclusions I tM ⊆ I t′M for t ≥ t′ give rise to an inverse system
(Hq(X,I tM ))t≥0 with transition map νqM ,t,t′ : Hq(X,I tM ) → Hq(X,I t′M ) when t ≥ t′. It
follows that the composition:

Hq(X,I tM )
µq
x,M,t−−−−→ Hq(X,I t+sM )

νq
M,t+s,t−−−−−→ Hq(X,I tM )

coincides with multiplication by x on Hq(X,I tM ) as anR-module. In particular, if P ⊆ Hq(X,I tM )
is an R-submodule, then we have the equality of R-submodules of Hq(X,I tM ):

Γ(X,I s)P = νqM ,t+s,t(IsP ). (B.1.1)

By strong cohomological properness, I∗ is Noetherian and Mq
∗ is a finitely generated and graded

I∗-module. Since graded R-algebras are of finite type, it follows that for some sufficiently large N
that as ideals of R, Γ(X,I N )k = Γ(X,I Nk) for all k ≥ 0. By assumption R is I = I1 = Γ(X,I )-
adically complete, so it is also IN = Γ(X,I N )-adically complete. Hence, we may replace I by I N

and assume henceforth that Γ(X,I k) = Γ(X, I)k for all k ≥ 0 and so I∗ = ⊕k≥0I
k = R∗.

We now let F be a coherent OX -module. Let q ≥ 0 and n ≥ −1 and consider the exact sequence
of R-modules:

0 // Rqn // Hq // Hq
n

// Qqn // 0, (B.1.2)
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where Hq = Hq(X,F ), Hq
n = Hq(X,F/I n+1F ), Lqn = Hq(X,I n+1F ),

Rqn = ker(Hq → Hq
n) = im(Lqn → Hq), and

Qqn = im(Hq
n → Lq+1

n ) = ker(Lq+1
n → Hq+1).

The result follows from the following three claims:

1. the filtration (Rqn)n≥−1 on Hq is I-good;

2. the inverse system (Qqn) is Artin–Rees zero (i.e., there exists an s such that Qqn+s → Qqn is 0
for all n);

3. the inverse system (Hq−1
n ) satisfies the uniform Artin–Rees condition (i.e., there is an s such

that the images of the morphisms Hq−1
n′ → Hq−1

n agree for all n′ ≥ n+ s).

Indeed, the exact sequence (B.1.2) induces the following short exact sequence:

0 // Hq/Rqn // Hq
n

// Qqn // 0. (B.1.3)

We now take inverse limits, and obtain the following exact sequence:

0 // lim←−nH
q/Rqn // lim←−nH

q
n

// lim←−nQ
q
n.

Since the system (Qqn) is Artin–Rees zero, it follows immediately that lim←−nQ
q
n = 0. Moreover, the

filtration (Rqn) on Hq is I-good and since Hq is a finitely generated R-module, it follows that the
natural map Hq → lim←−nH

q/Rqn is an isomorphism. What results from all of this is an isomorphism:

Hq(X,F ) ' lim←−
n

Hq(X,F/I n+1F ).

Now the Milnor exact sequence furnishes us with an exact sequence:

0 // lim←−
1
n
Hq−1
n

// Hq(X̂Z , F̂Z) // lim←−nH
q
n

// 0.

But (Hq−1
n ) satisfies the uniform Artin–Rees condition, so lim←−

1
n
Hq−1
n = 0. It follows that we have

isomorphisms:
Hq(X,F ) ' Hq(X̂Z , F̂Z) ' lim←−

n

Hq(X,F/I n+1F ).

That is, formal functions holds for the pair (X,Z).

We first establish that the filtration (Rqn)n≥−1 on Hq is I-good. To see this, we first note
that R−1 = Hq. We now apply the previous discussion to the OX -module I F . It follows that
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Lq∗ = ⊕n≥0L
q
n is a finitely generated R∗-module. But the graded R∗-module ⊕n≥0R

q
n is the image

of the graded R∗-module homomorphism

⊕n≥0L
q
n → ⊕n≥0H

q,

and so ⊕n≥−1R
q
n is also a finitely generated graded I∗-module. By [AM69, Lemma 10.8], it follows

that the filtration (Rqn)n≥−1 is I-good.
We next prove that the inverse system (Qqn) is Artin–Rees zero. First observe that Qq∗ = ⊕n≥0Q

q
n

is a R∗-submodule of Lq+1
∗ = ⊕n≥0L

q+1
n , which is a finitely generated R∗-module. Hence, Qq∗ is a

finitely generated R∗-module. In particular, there exist integers h, l ≥ 0 such that IhQqk = Qqh+k for
all k ≥ l. But Qqn is always a quotient of Hq

n and Hq
n is annihilated by In+1 and so if m ≥ l + h,

then write m = th+ r + l, where 0 ≤ r < h. Then

I l+h+1Qqm = I l+h+1IthQl+r ⊆ I l+r+1IthQl+r = 0.

It follows from (B.1.1) and the above that if s = (h+ 2)(l + h) ≥ l + h+ 1, then for t ≥ 0 we have

νq+1
I F ,t+s,t(Q

q
t+s) = νq+1

I F ,t+s,t(I(h+1)(l+h)Q
q
t+h+l) = I(h+1)(l+h)Qqt+l+h ⊆ I

l+h+1Qqt+l+h = 0.

Finally, the exact sequence of (B.1.3) and basic properties of the Artin–Rees condition shows that
it suffices to prove that the inverse systems (Hq/Rn) and (Qn) satisfy the uniform Artin–Rees
condition. Since (Qn) is Artin–Rees zero, it satisfies the uniform Artin–Rees condition. Further,
since (Hq/Rn) is a surjective system it trivially satisfies the uniform Artin–Rees condition. The
result follows.
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