
Compressed Sensing for High-Spatiotemporal Functional 

Magnetic Resonance Imaging and Its Application of 

Exploiting Sparsity for Image Denoising 
Nguyen Van Le 

Department of Electrical Engineering, Stanford University, Stanford, CA, USA 

nguyenle@stanford.edu 

 

 
Abstract—In this project, we apply compressed sensing (CS) 

technique to achieve high-spatiotemporal functional magnetic 

resonance imaging (MRI), which is very challenging with 

conventional approaches due to physical limitations such as slew 

rate. We also use its ideas of exploiting sparsity for image 

denoising.  
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I. INTRODUCTION  

Functional MRI is a technique that detects the associated 
changes in the flow of blood around the brain by utilizing the 
magnetic resonance imaging modality. It is thought that active 
regions of the brain require more oxygen supply to generate 
neural signals, which results in the increase of blood flow to that 
region. Therefore, by measuring the blood oxygenation level-
dependent (BOLD) signals in a region of the brain, researchers 
can detect neuronal activity in that region. Since functional MRI 
monitors dynamics brain activities, it is crucial to acquire high-
spatial resolution data in a short amount of time. However, high-
spatiotemporal functional MRI is very challenging with 
traditional approaches due to physical limitations.  

CS allows for the reconstruction of signals sampled under 
the Nyquist rate without aliasing artifacts. Therefore, we can 
sample high-spatial-resolution images with fewer data than 
Nyquist’s criteria to achieve high-temporal-resolution 
functional MRI. Then, these images are reconstructed with CS 
to suppress aliasing artifacts from undersampling. 

CS can suppress noise-like aliasing artifact by enforcing 
image sparsity. We also apply this idea to denoise images with 
additive Gaussian noise and compare its performance with 
block-matching and 3D filtering (BM3D) algorithm, which is 
one of state-of-the-art image denoising algorithms.  

II. INFORMATION  

A. Compressed Sensing Theory 

There are three requirements to reconstruct a signal from its 
undersampled data with CS: sparse representation of signal, 
incoherent aliasing artifacts, and non-linear reconstruction 
scheme to solve the convex optimization problem. 

The signal reconstructed with CS technique must have a 
sparse representation in a transform domain. In other words, the 
signal has to be compressible. In a sparse domain, most of the 

energy of the signal is compressed in very few coefficients. 
Therefore, we can still recover most of the information of the 
signal if other low-amplitude coefficients are suppressed. In this 
project, we use discrete cosine transform (DCT) and discrete 
wavelet transform (DWT) as sparsifying transform. 

In order to obtain incoherent aliasing artifacts, the signal has 
to be sampled randomly. In the transform domain, these artifacts 
are noise-like, whose energy spreads out in that domain. The 
aliasing artifacts can be suppressed in the transform domain by 
using a thresholding method. Magnetic resonance images are 
sample in Fourier domain called k-space where most of the 
energy condenses at the low-frequency region. Therefore, we 
need a variable density sampling scheme which has higher 
sampling rate at low-frequency than high-frequency region to 
match the energy distribution. Random undersampling in 
Fourier domain results in noise-like aliasing artifacts in the 
image domain, which is also noise-like in the sparse transform 
domain.  

A non-linear reconstruction scheme is required to solve the 
convex optimization problem that balances the trade-off 
between sparsity and data fidelity. 

The CS reconstruction problem becomes a denoising 
problem, where it can be solved by suppressing the noise-like 
aliasing in the sparse domain to recover the signal. 

B. Intuitive of Compressed Sensing 

Let 𝑥 ∈ ℛ𝑁 be a signal. In traditional sensing, 𝑦 = Φ𝑥 , 
where Φ is an N×N sensing matrix and y is the N-linear 
projection of x to that matrix. A good sensing matrix should be 
orthogonal, which is Φ∗Φ = I, where I is that identity matrix. In 
CS, if x is a K-sparse signal (K ≪ N), we can make M (K < M 
≪ N) incoherent linear projections: 𝑦 = Φ𝑥, where Φ now is an 
M×N compressed sensing matrix. A good CS matrix is also 
approximately orthogonal, Φ∗Φ ≈ I. Since x is sparse, for given 
𝑦 = Φ𝑥, we can solve for x by: 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 ‖𝑥‖1 

𝑠. 𝑡.      𝑦 = Φ𝑥 

Figure 1 is an intuitive example of CS. Assume that we have 
three signals blue, red, and yellow in the top middle image and 
their sparse transform is illustrated in the top left image. If these 
signals are randomly sampled by a matrix Φ above, the sparse 
transform of those sampled signals will be similar to the top right 
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image, where the yellow signal is below the aliasing level. 
However, we can apply an iterative threshold to isolate the 
coefficients that are above the aliasing level, determine the 
aliasing artifacts contributed by these coefficient using the 
deterministic sensing matrix Φ , and subtract them from the 
noisy transform of the signal to recover the yellow signal, as 
illustrated by the bottom images of the figure. This is the 
intuitive of CS reconstruction. In practice, we can choose the 
random sampling pattern of the signals. Hence, the sensing 
matrix Φ is deterministic. 

 

III. METHODS 

A. Compressed Sensing Data Acquisition in Functional MRI 

With our CS method, in one of our implementations, 
functional MRI images with 210×210×500-μm3 spatial 
resolution and 3-second temporal resolution in 3.5×3.5×1.6 cm3 
field-of-view (FOV) can be achieved. With the same temporal 
resolution and FOV, a fully-sampled image at the Nyquist rate 
can only achieve 500×500×500-μm3 spatial resolution. 

Our data were sampled with interleaved stack-of-spiral 
sequences for rapid 3D imaging. A conventional fully-sampled 
data would requires 30 interleaves per slice to support this high 
resolution. Our CS method only requires one-third of the total 
number of interleaves to attain the same resolution. Random 
undersampling within an interleaf increases incoherence but 
does not improve the scan time. As a result, we use interleaf-
undersampling scheme, where we skip a whole interleaf in our 
sampling trajectory. As we have already discussed, in order to 
obtain a realistic sampling scheme matching the energy 
distribution, interleaf-undersampling rates are not the same 
across slides on the kz-axis (through-plane). The number of 
interleaves is denser closer to the center and decreases toward 
the two sides of the kz-axis (in 3D MRI, kz is also the Fourier 
transform of voxels between slides). The interleaved stack-of-
spiral trajectory also provides more samples at the center of k-
space of each slide. The sampled interleaves are also varied from 
each frame, producing incoherent aliasing artifacts in the 
transform domains of temporal dimension. The repetition time, 
echo time (TE), and scan time was 9.375 ms, 2 ms, and 3 s, 
respectively. The flip angle was set to be 30° and the readout 
duration was 1.7 ms. The activations were determined with 0.35 
threshold level. 

B. Non-linear Reconstruction Method 

Let 𝑓(𝑚) be the cost function, which is, 

𝑓(𝑚) =   
1

2
‖𝐹𝑁𝑚 − 𝑦‖2

2 + 𝜆‖𝛹𝑚‖1           (1) 

The two terms on the right-hand side of Eq. 1 represent data 
fidelity and sparsity over temporal and spatial dimensions of a 
4-D image m, respectively. The goal of the reconstruction 
process is to determine a 4D image m which minimizes the cost 
function 𝑓(𝑚): 

argmin
𝑚

 
1

2
‖𝐹𝑁𝑚 − 𝑦‖2

2 + 𝜆‖𝛹𝑚‖1               (2) 

where λ is weighting parameter that determine the tradeoff 
between the data consistency and the sparsity while Ψ is 
sparsifying transform. 𝐹𝑁 ∈ ℂ𝑛×𝑝  is the nonequispaced fast 
Fourier transform (NFFT) operation since the data are acquired 
non-uniformly in k-space. 𝑦 ∈ ℂ𝑛 is the acquired k-space data 
from the scanner and 𝑚 ∈ ℂ𝑝 is the reconstructed 4D image.  

In our CS method, DCT is utilized as sparsifying transforms. 
DCT is widely used in many lossy compression techniques such 
as audio compression (MP3) and image compression (JPEG). 
DCT is chosen because of its fast computation and high 
compression ratio. For a given transform size, the DCT 
coefficients can be pre-computed and reused. The DCT of one 
dimension can be computed by matrix multiplication of pre-
computed coefficient matrix and the data matrix. Most of the 
fMRI images exhibit extremely sparse representations in DCT 
domain. 

We are currently using gradient descent method with 
backtracking line-search to solve Eq. 2. Despite of slow rate of 
convergence, the gradient descent method is chosen because of 
low memory consumption. The reconstruction is performed on 
a graphics processing unit (GPU) supported by CUDA engine to 
achieve rapid reconstruction process.  

C. Exploitng Sparsity for Image Denoising 

As discussed above, the CS reconstruction problem becomes 
a denoising problem with incoherent sampling. The idea of the 
reconstruction is recovering the sparse signal from its noise-like 
aliasing artifacts by iterative thresholding. Therefore, we also try 
to apply this idea to denoise an image from additive Gaussian 
noise by solving the below equation: 

argmin
𝑚

 
1

2
‖𝑚 − 𝑦‖2

2 + 𝜆‖𝛹𝑚‖1               (3) 

where the parameters are the same with Eq. 2. 𝛹 is now DWT 
with Daubechies filter to increase compression ratio of the 
image. m and y are 2D images, where y is the noisy image and 
m is the clean image we are solving for. Eq. 3 is also solve with 
the gradient descent method with backtracking line-search. If the 
noise level is too high, the noisy image y can be pre-filtered to 
reduce the noise for better reconstruction. 

IV. RESULTS 

A. Compressed Sensing Reconstruction of Functional MRI 

In figure 2, the aliased images from k-space undersampling 
are illustrated in the top figure, reconstructed images at the 10th 

 

Figure 1: Intuitive of CS reconstruction. Source: Donoho 



iteration are shown in the middle figure, and the final 
reconstruction images without activation maps overlaid are 
presented in the bottom figure. We can see that the aliasing 
artifacts are gradually suppressed in each iteration until we get 
the final images, which balance the trade-off between data 
consistency and sparsity. We can recover many details of the 
brain region, which are strongly distorted in the aliased image.  

 

B. Thalumus and Hippocampus Stimulation 

 

The goal of function MRI is detecting the small BOLD 
signals generated by brain activities. Therefore, we also test 
whether CS can preserve these signals from the reconstruction 
by optogenetic stimulations. Fully-sampled low-resolution 
images are used as ground truth.  

Figure 3 and 4 illustrate the thalamus and hippocampus 
stimulations functional MRI image with activation map 
overlaid, respectively. In each figure, image (a) is the fully-
sampled low-resolution image used as ground truth and image 
(b) is the high-resolution reconstructed image using our CS 
method. It is obvious that image (b) has higher resolution 
compared to image (a). The locations of the active voxels are 
preserved.  

 

Figure 5 shows the average of the BOLD signals respond to 
the stimulation frequency, called the time-series. The red line is 
obtain from the low-resolution images and the blue line is 
obtained from the CS reconstructed images. CS can almost 
preserve the stimulation frequency. The CS time-series has 
lower percentage modulation because of the signal-to-noise-
ratio (SNR) loss due to undersampling. 

 

 

Figure 2: top: aliased image; middle: CS reconstructed image 
at 10th iteration; bottom: final CS reconstructed image. 

 

Figure 3: Thalamus stimulation with coherence map overlaid. 
(a) fully-sampled low-resolution image, (b) CS reconstructed 
high-resolution image. 

 

Figure 4: Hippocampus stimulation with coherence map 
overlaid. (a) fully-sampled low-resolution image, (b) CS 
reconstructed high-resolution image. 

 

 

Figure 5: Time-series of the thalamus stimulation. Red line 
and blue line are obtained from fully-sampled low-resolution 
images and CS reconstructed high-resolution images, 
respectively. 



C. Image Denoising 

Using the denoising idea of CS, we denoise Lena and Couple 
images with additive Gaussian noise to explore how well the 
reconstruction would be if the noise and the signals are 
independent. We also compare our denoised images with BM3D 
method. In figure 6-9, the top left corners are the original 
images. The images with additive Gaussian noise with variance 
σ are shown in the top right corner. The recover images after our 
denoising method and BM3D method are shown in the bottom 
left and right corners, respectively. Our denoising method can 
much suppress the noise from the noisy image. However, BM3D 
has better performace, around 2-3 dB higher in PSNR. 
Moreover, the CS reconstructed images in this part cannot 
preserve high-frequency details of the image like the 
reconstructions of functional MRI images.  

 

 

The functional MRI images have more severe noise-like 
aliasing artifacts than the Gaussian noisy image, but the 
performance of functional MRI denoising is significantly better 
than the Gaussian denoising in this part, even though we use 
similar noise-suppression method. The reason comes from the 
sensing matrix Φ. From the functional MRI denoising, we can 

determine the relationship between the noise-like aliasing 
artifacts and the signals using Φ and Φ*. That’s why we can 
estimate the noise from the isolated coefficients to recover lower 
amplitude coefficients that are below the aliasing level which 
generated by larger coefficients in the sparse transform domain 
as illustrated in Figure 1. In this part, the relationship between 
the noise and the signal are unknown because they are 
independent. Hence, the feedback loop at the bottom of Figure 
1 cannot be used and the small coefficients below the noise level 
cannot be recovered.  

 

 

Therefore, in practice, the knowledge of the sensing matrix 
is very important. In other words, we should know the sampling 
pattern in order to recover the images. If the sampling patterns 
are not given, we can still recover the image using the method 
we use in this part, but the performance are not optimal.  

V. CONCLUSIONS 

Using CS, we are able to recover the functional MRI images 
from their 3-time undersampled data with incoherent aliasing 
artifacts and deterministic sampling patterns. Moreover, our 
approach also preserves the small and important BOLD signals 

 

Figure 6: Lena image denoising by exploiting sparsity. 𝜎 =
25. 

 

Figure 7: Lena image denoising by exploiting sparsity. 𝜎 =
35. 

 

Figure 8: Couple image denoising by exploiting sparsity. 𝜎 =
25. 

 

Figure 9: Couple image denoising by exploiting sparsity. 𝜎 =
35. 



for functional MRI studies. We can also use the idea of 
exploiting sparsity for denoising in CS to denoise additive 
Gaussian noise image, where the signal and the noise are 
independent. Our results show that this approach can also 
suppress the Gaussian noise of the image, but the performance 
is not as good as the CS denoising because the relationship 
between signals and noise are unknown to recover the low-
amplitude coefficients in the sparse transform domain. 
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