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Abstract

Fracture in steel structures represents a critical limit state in evaluating the
safety and resiliency of civil infrastructure during earthquakes. This im-
portance was demonstrated by the widespread fractures observed in older
steel connections during the 1994 Northridge Earthquake, and in modern
connections during the 2011 Christchurch Earthquake. The application of
traditional crack-tip fracture mechanics to structural design provisions has
successfully delayed the onset of Northridge-type brittle fracture. However,
the extreme strain capacity in modern ductile connections increases the rel-
evance of ductile fracture. Recent developments in ’local’ fracture models
have proven successful at predicting ductile fracture under many conditions.
However, the application of these models has been limited due to their lim-
ited scope and difficulty in evaluation of the necessary continuum parameters.
The current objective in the structural engineering community of replacing
full-scale experiments with advanced finite element simulations require ac-
curate models and calibration techniques to evaluate cyclic plasticity and
fracture predictions.

Motivated by the above requirements, the objectives of the present study
are to (1) further the understanding of the ductile fracture mechanism for
all stress, (2) develop robust methods for the calibration of constitutive pa-
rameters and local fracture models in highly plastic materials, and (3) to
develop a new damage-based model to predict ductile fracture under all rele-
vant structural conditions states (especially those with low stress triaxiality).
These objectives are accomplished through an extensive experimental pro-
gram, including 48 monotonic and cyclic specimens in geometries designed
to effectively interrogate the fracture criteria. A total of six specimen designs
are tested, including three original designs developed for the current study.
Complementary finite element analyses are used to evaluate the local frac-
ture criteria, and micrographic examination and void cell simulations provide
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insight into the fracture mechanism at varying stress states.
The data from these experiments and the derived fracture model demon-

strate the importance of the deviatoric stress state, in addition to the hydro-
static pressure, in the fracture ductility of steel. Specifically, material in a
plane strain condition is found to exhibit about 50% more fracture ductility
than material in an axisymmetric stress condition. Through meta-analysis
of test data from this and previous studies, ductile fracture is found to be
prohibited under negative (compressive) hydrostatic pressure.
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Notation

ai Constants fit to polynomial fracture damage function, see Table 5.4

A Constant describing the influence of the stress triaxiality on fracture
damage, see Equation 5.14

A+, A− Constants describing the influence of the stress triaxiality on fracture
damage in tension and compression respectively, see Equation 5.37

Ai Initial cross sectional area of tension coupons (mm2)

Af Specimen cross sectional area at fracture (mm2)

ANR Net sectional area at the notch root of a specimen (mm2)

ARNR Aspect ratio of the notch root of an RN specimen

b Material parameter governing isotropic hardening rate in Armstrong-
Frederick model, see Equation 4.1

B General magnitude of the fracture damage rate, see Equation 5.14

B+, B− Multiplier of the fracture damage rate in tension and compression re-
spectively, see Equation 5.37

C Material parameter of the SWDM defining the damageability, see Equa-
tion 5.37

Ccent, Cedge,
Csurf

SWDM damageability parameter defined separately for locations within
the Inclined Notch specimens, see Figure 4.12
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C0 Material parameter governing linear kinematic hardening in
Armstrong-Frederick model, see Equation 4.2

C1 Material parameter governing exponential kinematic hardening in
Armstrong-Frederick model, see Equation 4.3

Ceq Equivalent carbon content

d∆ Incremental displacement (mm)

d∆P Incremental plastic displacement (mm)

D Material damage, such that fracture is predicted when D = 1

Dcrit Critical fracture damage for monotonic loading

DUN Gross diameter of round specimen (mm)

DNR Diameter of round specimen (e.g. circumferentially notched tension
bar) at the root of the notch (mm)

DNR,post−fracture Diameter of round specimen measured after fracture (mm)

E Modulus of elasticity (MPa)

Et Tangent modulus (MPa)

Ematrix
t Tangent modulus of the steel matrix excluding the area of voids (MPa)

F Specimen load (kN)

Ffracture Specimen load recorded at fracture (kN)

fX Probability Density Function (PDF) of random variable X

FX Cumulative Distribution Function (CDF) of random variable X
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gT (T ) General function describing the impact of the stress invariant T on
fracture damage rate

J2 Second invariant of the deviatoric stress tensor J2 =
1
6

(
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)

)
(MPa)

J3 Third invariant of the deviatoric stress tensor J3 = s1s2s3 (MPa)

K+
pin,i Calibrated constants for relationship describing slip in the pin supports

of Inclined Notch specimens, see Equation 3.13

L Likelihood of a particular random fracture model given a set of fracture
observations, see Equation 4.13

LL Log-likelihood of fracture observations (ln(L))

Li Initial gage length of tension coupon (mm)

LN Length of the notch in the Inclined Notch specimen (mm)

n Ramberg-Osgood hardening exponent

p, g Best known location in the Particle Swarm Optimization method for
and individual particle and all particles, respectively; see Equation 4.6

Pi Probability of making a fracture observation

PC Combined success rate for multiple independent PSO trials

Q∞ Isotropic hardening magnitude parameter in A-F plasticity model, see
Equation 4.1 (MPa)

Rv Radius of void in ductile material

RN Specimen notch radius (mm)

si Deviatoric stress in principal direction i, si = σi − σm (MPa)

T Stress triaxiality: σm
σ
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T̃ History of stress triaxiality

Tavg Strain-weighted average of a stress triaxiality history, see Equation 3.11

tNR Thickness of specimen at the notch root (mm)

t1NR, t2NR Thickness of the Rectangular Notch specimen at the notch root in each
direction (mm)

tUN Unnotched specimen thickness (mm)

t1UN , t2UN Thickness of the Rectangular Notch specimen outside of the notch in
each direction (mm)

ug,p Stochastic modifiers for PSO search

V AF Area fraction of voids in a two-dimensional cross section

V V F Volume fraction of voids

vi, vi+1 PSO particle velocity at consecutive steps

wN Width of notched area in a fracture specimen

Z Vector defining a set of material constitutive parameters, see Table 4.2

α Material toughness parameter for the Stress-Modified Critical Strain
fracture model, see Equation 5.3

αi Backstress tensor which defines the center of a yield surface in multi-
axial stress space, see Figure 4.3

β The ratio between the rates of damage increase (in tension) and reduc-
tion (in compression) in the SWDM, see Equation 5.37

γ1 Material parameter governing exponential kinematic hardening in
Armstrong-Frederick model, see Equation 4.3

∆L Absolute axial elongation of specimen (mm)
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∆P Plastic portion of specimen elongation (mm)

∆meas, Fmeas Measured displacement and force history for experiment (mm, kN)

∆FEM , FFEM FE simulated displacement and force history (mm, kN)

∆pin−to−pin Axial elongation of Inclined Notch specimen as measured between the
supporting pins (mm)

∆tol Axial elongation in the Inclined Notch specimen which is attributed to
slip and deformation of the supporting pins (mm)

∆specimen Axial elongation of the Inclined Notch specimen (∆pin−to−pin − ∆tol,
mm)

∆gap Pin slip in the Inclined Notch specimens, see Equation 3.13

εP Equivalent plastic strain εP =
∫ √

(2/3)dεpi jdε
p
i j

εeng Engineering strain, see Equation 3.2

εx,yf Fracture strain at the stress state T = x, ξ = y

εp Equivalent plastic strain

εp Plastic strain

εtrue True (logarithmic) strain

εfracturetrue True strain at fracture

εfp Plastic strain at fracture

|εp| Plastic strain magnitude

εsigP Significant equivalent plastic strain

εcritP Critical equivalent plastic strain to cause fracture initiation
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ε(Z, S) Function to calculate the calibration error in a set S of tests given a set
of material parameters Z

η Fracture damage parameter in the Void Growth Model

ηcyc Value of the VGM parameter η adjusted for the effects of cyclic degra-
dation

ηcrit Critical value of η necessary to cause fracture initiation

ξ Normalized Lode Angle parameter

ξavg Strain-weighted average of ξ history, see Equation 3.11)

κ Material parameter of the SWDM defining the influence of the Lode
angle parameter ξ on fracture, see Equation 5.37

λ Material parameter defining the rate of cyclic capacity degradation in
the CVGM and SWDM fracture models, see Equation 5.35

µX Mean value of random variable X

ν Poisson’s ratio

ρX,Y The correlation coefficient between the random variables X and Y

φg,p Gravity attracting PSO searchers to the global and particle optimal

σ Equivalent or von Mises stress, MPa -

σ =
√

1
2

(
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2

)
(MPa)

σi Principal stress in i direction (MPa)

σiso Instantaneous isotropic hardening magnitude (MPa)

σkin,i Instantaneous kinematic hardening magnitude (MPa)

σm Mean stress or hydrostatic stress (MPa)
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σTSat Value of all exponential hardening terms at infinite strain (MPa)

σY Instantaneous uniaxial yield stress (MPa)

σX Standard deviation of random variable X

σ|0 Initial material yield stress in the Armstrong-Frederick model (MPa)

σfracturetrue True stress at fracture (MPa)

σtrue True stress, see Equation 3.3 (MPa)

σeng Engineering stress, see Equation 3.1 (MPa)

σTSat Total saturated hardening in AF plasticity model, see Equation 4.4
(MPa)

σY Initial yield stress (MPa)

σu Ultimate stress (MPa)

σf Fracture stress (MPa)

σmatrix Stress in steel matrix disregarding the voided area (MPa)

θ Lode Angle - rotation of deviatoric stress vector with respect to ax-
isymmetric tension (degrees)

θ Normalized Lode Angle - θ = cos (3θ) = 27
2
J3/σ

3

θN Angle of notch in Inclined Notch specimens (degrees)

ω Vector of weighting factors for material calibration tests
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Chapter 1

Introduction

1.1 Background and motivation

Ductile fracture in structural components is an important failure mode to
consider when assessing the safety and performance of steel structures. As
demonstrated by damage observed in field reports of structural factors and
laboratory experiments, ductile fracture can occur at initial flaws or in areas
without macroscopic flaws where there are significant plastic strains. Tradi-
tional fracture mechanics approaches, such as the J-integral, can accurately
predict fracture initiation at initial flaws, but rely on an assumed correspon-
dence between conditions at the crack tip and far-field stresses and strains.
This correspondence is violated by the large-scale plasticity accompanying
fracture in many civil structures, motivating the use of local continuum pa-
rameters (multi-axial stress σ and strain ε) for fracture assessment. These
so called ‘local’ models predict fracture within a small continuum volume
based on the local stresses and strains. Calibration using data from physical
experiments and an understanding of the micromechanisms of the fracture
process can be used to define the specific local fracture criterion.

The local fracture criteria that are most commonly accepted to predict
ductile fracture in metals are based on the mechanism of void growth and
coalescence (Anderson, 2005), in which microvoids initiate around secondary
particles between the metallic grains, grow with plastic strain, and coalesce to
form a macro-scale crack. These local fracture models are based in analytical
studies of void growth (Rice and Tracey, 1969), which suggest that the stress
triaxiality (the ratio of the hydrostatic pressure to the von Mises stress)
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Chapter 1. Introduction

is a strong predictor of the plastic strain necessary to cause void growth
leading to ductile fracture. These ‘void growth’ models are traditionally
derived for highly triaxial stress states and have been successfully validated
for fracture initiation under monotonic loading (e.g. Panontin (1994), Schafer
et al. (2000)) and cyclic loading (Ohata and Toyoda (2004), Myers et al.
(2009)) in structural steel.

Ductile fracture during earthquakes is characterized by failure in a few
(e.g. between two and twenty) cycles of large strain amplitude, termed ‘Ultra-
Low Cycle Fatigue’ (ULCF) (Kanvinde and Deierlein, 2004a). In contrast to
low- and high-cycle fatigue, which occur due to mechanisms such as trans-
granular cleavage, the mechanism controlling ULCF is largely similar to the
void growth and coalescence mechanism that controls monotonic fracture.

Prior studies in local models for ductile fracture mechanics have typically
focused on fracture under highly triaxial (stress triaxiality greater than 1.0)
and axisymmetric (where two principal stresses are equal) stress states. This
restricted focus is due to both experimental and analytical convenience, and
is justified by the fact that these stress states are the most susceptible to
fracture. Extensions to local ductile fracture models have recently been pro-
posed for other stress states (Coppola et al. (2009), Wierzbicki et al. (2005));
however, these proposed extensions are relatively new and there is little con-
sensus or validation of fracture criteria that are applicable to all likely stress
states, especially shear-dominated stress states with very low stress triaxial-
ity.

To enable more effective use of continuum finite element simulations,
there is a need for improved local fracture models to accurately simulate
ductile fracture under a broad range of conditions. The limited scope of
existing models, as well as difficulties in their validation, calibration, and
implementation, have prevented their widespread adoption. This study seeks
to improve the situation by providing a generalized model and calibration
methodologies that are applicable to structural engineering.

1.2 Objectives and scope

The primary objective of this study is to develop and validate an improved lo-
cal model for ductile fracture initiation in typical low-carbon structural steels
that is capable of simulating ductile fracture under all feasible stress states
and loading histories that can occur in civil/structural systems. Models have
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Chapter 1. Introduction

been previously presented to address some of theses objectives, including
those by (1) Kanvinde and Deierlein (2004a), who developed a cyclic void-
growth model for structural steels under earthquake-induced loading and (2)
Wierzbicki et. al. (2005) among others, who proposed monotonic models
for a wide range of stress states. No models are available to address all of
these objectives, leaving a significant gap in ductile fracture assessment. This
gap is illustrates by Figure 1.1, which indicates the typical models used for
prediction of fracture in a variety of stress and strain loading conditions.

Cyclic Void
Growth Model (2004)

KIC   

Void Growth 
Model 

J-integral

Paris’ Law 

Current
Study

Empirical
 S-N curves

Low

High

Monotonic
Fracture

Ultra-Low
Cycle Fatigue

Low-to-High 
Cycle Fatigue

Stress
Triaxiality

Loading 
Type

Wierzbicki (2005)
Coppola (2009)

Figure 1.1: State of practice and ongoing research in fracture mechanics

To illustrate the scope of the current study, Figure 1.1 distinguishes be-
tween low and high stress triaxiality, as well as three types of loading histories.
High levels of stress triaxiality are characteristic of highly confined fracture
conditions (e.g. at the tip of initial flaws or sharp cracks). Traditional frac-
ture mechanics approaches of predicting fracture at high triaxiality include
the stress intensity factor (KIC) and the J-integral, both of which rely on
an assumed correlation between the conditions at the crack tip and far-field
stresses: the average axial stress in the case of the stress intensity factor
and the overall remote stress field for the J-integral. Paris’ Law extends the
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Chapter 1. Introduction

stress intensity concept for the prediction of fatigue crack growth for large
numbers of cycles (at least hundreds of cycles). The fatigue life of materials
which do not necessarily contain a pre-existing flaw (i.e. in a state of low
stress triaxiality) are often estimated empirically using S-N (stress amplitude
versus number of cycles to failure) curves.

The other models listed in Figure 1.1 are local models, employing crite-
ria that are based directly on the stress and strain conditions at the frac-
ture location. Early local models for ductile fracture are represented by the
Stress-Modified Critical Strain model (Johnson and Cook, 1985) and the Void
Growth Model (Panontin, 1994), which are based on the theoretical work of
Rice and Tracey (1969) and are generally used for the prediction of mono-
tonic fracture under high stress triaxiality. More recently, local models have
been extended into low stress triaxiality (e.g. Wierzbicki et al. (2005), Cop-
pola et al. (2009)) and to cyclic Ultra-Low Cycle Fatigue loading (Kanvinde
and Deierlein, 2007a). However, none of these models have been validated
for ULCF and low triaxiality, representing an obstacle to their use to as-
sess fracture under the broad range of loading conditions faced by structural
engineers. It is this gap which motivates the present study.

Accordingly, the scope of this study is as follows:

1. Develop further understanding of the micromechanical fracture pro-
cess through a combination of experimental and analytical study of
microvoid mechanics, especially as the process is affected by stress tri-
axiality, shear stresses, and loading history.

2. Develop the tools necessary to experimentally investigate ductile frac-
ture initiation under monotonic and cyclic loading with low stress tri-
axiality and high strains. Specifically, this entails the following:

(a) Design and test specimens to effectively interrogate the full range
of structurally relevant stress states. The specimen designs should
have the ability to finely control the continuum parameters at
the fracture initiation location, and should have fairly determi-
nate boundary conditions to allow for a high-fidelity analysis.
Complement existing research with specimens designed to frac-
ture under low to moderate stress triaxialities (T <0.8) and non-
axisymmetric stress states.

(b) Develop an improved cyclic plasticity model and calibration tech-
nique appropriate for high-strain cyclic behavior. Previous re-
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Chapter 1. Introduction

search into ULCF has been hindered by inaccurate calibration of
low-order constitutive models.

3. Extend and improve existing ductile fracture initiation models for all
practical structural engineering stress states. Validate the improved
model using previously published and newly developed test data, along
with complementary micro-scale finite element analysis.

1.3 Project team organization

This project was a collaboration between PI Gregory Deierlein and the au-
thor at Stanford University, and co-PI Amit Kanvinde and doctoral student
Ryan Cooke at the University of California at Davis. The team worked to-
gether to develop the overall project objectives and the supporting scope of
work for the two graduate students, which were distinct and complementary.
The author conducted all of the work related to the design, testing, and fi-
nite element modeling of the fracture test specimens, while Cooke performed
micro-scale computational void growth finite element analyses to assess the
microstructural causes of ductile fracture. The fracture models presented
in this report were developed and validated by the author, informed by the
qualitative results from the micro-scale models. Figure 1.2 outlines the dis-
tribution of responsibilities between the project team.
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Christopher Smith 
Stanford University 

Ryan Cooke 
UC Davis 

•  Develop, test, and 
model coupon-scale 
specimens to probe 
stress space

•  Material constutitive 
model calibration

•  Fracture model 
calibration

•  Investigate 
previous models

•  Develop and 
validate 
proposed model

•  Develop void cell 
modeling methodol-
ogy to probe (T, ξ) 
space

•  Investigate loading 
e�ects on void 
kinematics

•  Study material 
dependence on void 
kinematics

•  Computational 
microvoid behavior

•  Measured microvoid behavior

•  Material parameters

•  Appropriate stress and strain 
histories leading to fracture

Figure 1.2: Project organization
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1.4 Thesis organization and outline

Chapter 2 of this report defines the scope of this investigation and provides
important background regarding the mechanisms of ductile fracture and cur-
rent available ductile fracture initiation models. The scope is described in
stress-space in terms of two stress invariants which are most strongly corre-
lated with ductile fracture, including the equivalent stress, the stress triax-
iality (T ), and a Lode Angle based parameter (ξ) indicating the nature of
the deviatoric stress tensor. The model is further defined in terms of the
loading history, with emphasis on those histories that are most applicable
to structural engineering. This includes both monotonic loading and cyclic
loading typically experienced during earthquakes, termed Ultra-Low Cycle
Fatigue (ULCF), which is characterized by fracture in less than 2-20 large
strain cycles. The chapter continues by providing background on the under-
lying mechanisms of ductile fracture and their variation within and outside
the scope of this work. Finally, existing models are introduced and discussed.
The discussion clearly defines the applicability of the models to the types of
fracture phenomena considered in this study, as well as their experimental
and theoretical justifications.

Chapter 3 provides a summary of the experimental design and testing
conducted during this investigation. A series of 48 tests were conducted un-
der monotonic and cyclic load histories, and including both established and
newly developed specimen designs. Two original fracture specimen designs
are presented the Inclined Notch and the Rectangular Notch specimens. In
each case these specimens fill significant gaps in stress space, which are inac-
cessible to other commonly used specimen designs. Material characterization
tests of the steel used in this study are also presented including stress-strain
data, chemical composition, and grain size data.

Chapter 4 describes a new method of calibrating cyclic constitutive mod-
els using FE analysis. The tendency of traditional calibration methods to
lead to overfitting and inaccurate results is examined. The chapter further
discusses the viability of various optimization algorithms for automating the
calibration process, settling on the Particle Swarm Optimization method.
Through the use of this method, along with several insights into the formu-
lation of the problem, significant improvements are demonstrated in both
calibration effort and accuracy, as compared to conventional trial-and-error
methods. The resulting plasticity model is used for the FE analysis through-
out this study. The optimization-based algorithm is presented in a general
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Chapter 1. Introduction

sense to be applicable to alternative materials and test types. Appendix E
contains the computer code used in the automated calibration technique.
Chapter 4 further describes in detail the process of analysis of the test data
using a virtual sub-specimen method and a maximum likelihood statistic to
maximize the data provided by each specimen. The process is shown in de-
tail for several sample specimens in Chapter 4, and for the complete set of
specimens in Appendix A.

Chapter 5 introduces three new local models to simulate ductile fracture
in structural steels. First, a new model for axisymmetric monotonic frac-
ture is proposed which improves upon existing well-established models. The
axisymmetric model is justified through an analysis of historical test data,
respecting the extensive historical validation of existing models while extend-
ing these models to low-triaxiality stress states. The axisymmetric model is
important as it has historically been the starting point for models with a
wider scope. In this regard, some of the recent difficulties in development
of broad ductile fracture models may be attributable to the axisymmetric
starting point. The second model simulates the effect of the Lode angle
on fracture for high triaxiality conditions, based on the results of the high
triaxiality test data. In structures without shear controlled fracture, this
model is an appropriate substitute and significant improvement over exist-
ing void growth models. Combining the results of the first two models with
the cyclic test data, the chapter then follows with the presentation of a new
model for ductile fracture initiation under monotonic and ULCF loading,
called the Stress-Weighted Damage Model (SWDM). The SWDM reduces to
established Void Growth Model (VGM) and Cyclic VGM models for high
triaxiality axisymmetric loading, and it is damage-based to allow full consid-
eration of effects of stress state evolution during tests on fracture. Evidence
for the model is provided by experiments described in Chapter 3 as well as
micromechanical models of void behavior and strain localization.

Chapter 6 provides a summary of the work in this report and an organized
set of conclusions. Several future research opportunities that have arisen
during this study are also discussed.

Appendixes are included which provide more detailed information to sup-
port the work in the preceding chapters.

Appendix A provides a less abridged version of the test data presented
in this report, including the experimental observations (presented in part in
Chapter 3) and the validation of the new SWDM on each specimen (presented
in part in Chapter 5).
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Appendix B includes the results of a study on micromechanical fracture
processes, with a special focus on how the presently understood fracture
process informs local fracture models. By considering the results of electron
micrographs of the interior of fractured specimens and the results of micro-
scale FE simulations of the fracture process, the appendix demonstrates that
the critical size of microvoids necessary to cause ductile fracture is lower
than was previously understood. This finding is important in the creation
of a ductile fracture model in Chapter 5, as it suggests that local fracture
models do not need to be tied rigidly to predictions of microvoid growth (as
void growth is a relatively smaller part of the fracture process).

Appendix C describes a new method of optically measuring specimen
displacement with 10 µm precision (similar to that available through physical
sensors). This method is referenced in Chapter 3 and is used to measure the
experimental displacements of the Inclined Notch specimens.

Appendix D contains the FORTRAN source code used to define custom
variables in the ABAQUS/Standard finite element software for the imple-
mentation of the models presented in this report.

Appendix E provides the keys to a repository of digital data available
for this report. This repository is designed to provide the test data and
observations made during this research, as well as the important source code
which is necessary to replicate the findings in this report.
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Chapter 2

Background and Current State
of Research on the Ductile
Fracture Process

This chapter provides an overview of the present understanding of ductile
fracture in steel structures, including both the underlying mechanism and
models for fracture prediction.In the context of structural engineering, this
study is particularly concerned with ductile fracture accompanied by large
scale plasticity. Large scale plasticity is prevalent in many civil engineering
structures, which due to a combination of design parameters, some deliberate
and some fortuitous, experience significant plastic straining prior to failure.
From the standpoint of fracture, large scale plasticity invalidates the key
assumptions behind traditional fracture models. To overcome these limita-
tions, ‘local’ fracture models have been developed, which are applied directly
to the continuum stress and strain state without additional assumptions. Lo-
cal models have an established history of predicting ductile fracture (?), with
more recent models successfully predicting fracture in cyclic loading histories
(Kanvinde and Deierlein, 2007b) and more widely varying stress states (Xue,
2007).

The first objective of this chapter is to provide background on the con-
tinuum parameters which are thought to influence the fracture process. As
has been determined by previous studies (Bao and Wierzbicki (2004), Zhang
et al. (2001)) and will be validated by the model presented in this study,
these parameters include (in approximate decreasing order of influence):
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Fracture Process

• The equivalent plastic strain (an invariant of the plastic strain tensor)

• The stress triaxiality (ratio between the hydrostatic and equivalent
stress)

• The Lode angle (a stress invariant describing the deviatoric stress state)

Previous models did not consider the effect of the Lode Angle, leading to
poor fracture predictions in certain circumstances (Wierzbicki et al., 2005).
This chapter will define the scope of the present study within the context of
these invariants, so as to be able to predict fracture within the entire range
of stresses and strains relevant to structural engineers.

The mechanism of ductile fracture in metals is known as void growth and
coalescence, in which voids grow around secondary particles between steel
grains and coalesce to form macro-cracks. Existing fracture models are gen-
erally founded in analytical derivations of the void growth rate. The classical
depiction of the ductile fracture process holds that voids grow smoothly until
they occupy a large portion of the continuum volume, compromising the ma-
terial and leading to fracture initiation. In this understanding of the process,
models which are designed to simulate void growth are thought to accurately
predict fracture.

The second objective of this chapter is to present background on the basis
and limitations of existing models for ductile fracture. Important models
which are representative of past and current research are presented, with a
focus on the general design and features of the models. Key factors of interest
are the basis for the model (e.g. simulated void growth) and the mechanism
of implementation. More specific aspects of these models will be presented
in the appropriate context later in the report.

2.1 Continuum parameters influencing frac-

ture

The initiation of ductile fracture in metals is a damage based process, wherein
the damage is manifested largely in void growth. The concept of material
damage leading to fracture is well documented by Lemaitre (1985), and holds
that damage accumulates throughout the material loading until some critical
damage level is reached and fracture occurs. Fracture damage is understood

12



Chapter 2. Background and Current State of Research on the Ductile
Fracture Process
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Figure 2.1: Representation of εPand |εP |for uniaxial and multiaxial loading

to occur during inelastic strain, at a rate modified by the stress state (McClin-
tock, 1968). To accommodate scalar fracture models, convenient invariants
of the plastic strain tensor are used to describe the magnitude and rate of
plastic deformation.

The equivalent plastic strain (Equation 2.1) represents the total amount
of plastic strain sustained by the material and is monotonically increasing
even during cyclic loading.

εP =

∫
dεP =

∫ √
2

3
dεP : dεP (2.1)

In contrast, the plastic strain magnitude (|εP |) represents the instanta-
neous amount of plastic deformation relative to the original condition (Equa-
tion 2.2).

|εP | =
√

2

3
εP : εP (2.2)

Schematic illustrations of the difference between the two invariants are
shown for multi-axial and uniaxial loading in Figure 2.1. It is important to
note that the distinction between εPand |εP | is limited to situations of cyclic
or highly non-proportional loading.

Plastic strain (as represented by these invariants) is a strong predictor
of ductile fracture, and many satisfactory fracture criteria are based on a
critical plastic strain (e.g. fracture predicted when the equivalent plastic
strain exceeds some critical value εcritP as shown in Equation 2.3).
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εcritP ≤ εP (2.3)

In several forms, fracture models based solely on strain invariants are used
to generate successful fracture predictions. This includes the measurement
of fracture elongation in industry testing specifications (American Society
for Testing and Materials, 2012) and fracture forming limit diagrams for
metal forming applications (Wierzbicki et al., 2005). Additionally, critical-
strain models have been applied with concepts of rainflow counting by Uriz
and Mahin (2004) to predict fracture during seismic loading of steel braces.
However, the validity of these models is restricted to predictions of fracture
for consistent stress states (the model must be calibrated and applied under
similar conditions). More general models must include the effect of stress
state in the fracture prediction. This effect will be captured through the use
of two invariants of the stress state, the stress triaxiality (T) and a parameter
based on the Lode Angle (ξ).

The first aspect of the stress state recognized to have a significant in-
fluence on ductile fracture was the hydrostatic pressure, following work by
Bridgman (1964). To account for this effect, the stress triaxiality is a com-
monly used invariant, as it provides a non-dimensional scalar quantity which,
along with the equivalent plastic strain, is a strong predictor of fracture ini-
tiation.

The stress triaxiality is defined as the ratio of the mean stress or hydro-
static pressure (σm = (σ1 + σ2 + σ3)/3) to the equivalent or von Mises stress

(σ =
√

1
2

(
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2

)
), as described by:

T =
σm
σ

(2.4)

The triaxiality may be visualized in principal stress space as the slope of
the stress vector relative to the π-plane. A line of constant stress triaxiality
is shown in Figure 2.2. As the equivalent stress is relatively constant during
plastic flow (neglecting the secondary effect of strain hardening), the stress
trixiality serves as a normalized indicator of the hydrostatic pressure.

High levels of stress triaxiality (and thus hydrostatic pressure) are ob-
served in highly confined tensile stress states, for example a crack tip in
Mode I loading. Low (positive) levels of stress triaxiality are characteris-
tic of shear-dominated stress states, in which yielding is introduced with a
minimum of hydrostatic pressure.
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In general, while the magnitude of the triaxiality is dependent on the
loading geometry, the sign of the triaxiality varies due to the direction (i.e.
tension or compression) of loading. As such, a material to which cyclic
loading is applied without significant deformation will see the triaxiality flip
during load reversals. The consequences of this instantaneous reversal in
triaxiality for fracture models will be discussed in Chapter 5. An intermediate
condition, when the triaxiality and hydrostatic pressure are zero, corresponds
to a stress state in pure shear.

σ1
σ1

σ3

σ2

s1

s1

s3s2

θ: Lode Angle     

σ2,3

σ σ

σm

T: Triaxiality

Deviatoric plane Meridional Plane

Deviatoric
plane

σ

Figure 2.2: Stress invariants in principal stress space

Recent studies have found that the plastic strain and triaxiality alone
are insufficient to accurately predict fracture initiation (e.g. Coppola et al.
(2009)), due to variation in the stress state which is not captured by the
triaxiality. The remaining measure necessary to fully describe the stress
state in a yielding material is the Lode angle.

The Lode angle (θ) is defined as the angle within a deviatoric plane (a
plane orthogonal to the hydrostatic axis) between a deviatoric principal stress
axis (e.g. s1) and the stress vector (Figure 2.2). Because isotropic functions
are not dependent on the ordering of the principal stress axes, θ is periodic
and varies in the range −π/3 ≤ θ ≤ π/3.

The Lode angle may be calculated directly from the invariants of the
deviatoric stress tensor (J2 and J3) according to the following equation:
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cos (3θ) =
3
√

3J3

2J
3/2
2

(2.5)

Considering the periodic nature of the Lode angle, a normalized version
is presented in the following equation (Malvern, 1969):

ξ =
3
√

3J3

2J
3/2
2

= cos (3θ) (2.6)

For the remainder of this study, the parameter ξ will be referred to as the
‘Lode angle parameter’. Note that this parameter is identical to the Lode
parameter ‘X’ in (Coppola et al., 2009), and closely related to the parameter
θ in (Bai and Wierzbicki, 2008) and µ in (Barsoum and Faleskog, 2007). The
specifics of this relationship are described in Equation 2.7. This usage of
the variables X and µ is provided for comparison, and will not be followed
elsewhere in this report.

ξ = X = cos (3θ) = cos
(π

2

(
1− θ

))
(2.7)

s1

s2 s3
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0.0

-1.0

Value of Lode
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θ  :   Lode Angleθ

θ

θ

θ

θ

ξ  = cos(3θ)

θ  = 3/2 π( 1-θ)

Figure 2.3: Lode angle parameters in π-plane
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The range in values for the above Lode parameters is shown in Figure 2.3.
Note both the cyclic nature of the Lode angle and resulting parameters, as
well as the slight variation between the parameters ξ and θ. Considering
the acceptable range of the Lode angle, ξ may vary between −1 ≤ ξ ≤ 1.
Axisymmetric tension occurs when the deviatoric stress is located along one
of the principal deviatoric stress axes (i.e. one principal deviatoric stress
is positive, and the other two are negative and equal to each other). In
situations of axisymmetric tension, the Lode parameter takes the value ξ = 1.
In cases of axisymmetric compression (e.g. s1 < 0, s2 = s3 > 0), we find the
value ξ = −1.

A third special case can be defined by the intermediate case when ξ = 0,
such that:

s1 = −s2, s3 = 0 (2.8)

Following the associative flow rule of von Mises plasticity, the principal
plastic strains are proportional to the principal deviatoric stresses, and this
represents a case of plane strain.

The three stress invariants (σ, T, ξ) fully define most stress states (the
exception being the special case of purely hydrostatic stress, when T = ±∞
and ξ is undefined). As plastic flow in von Mises materials is impossible
under purely hydrostatic stress, this special case can be safely ignored in
fracture criteria. These definitions are not direction dependent (i.e. require
the assumption of material isotropy).

Following the assumption that the von Mises stress is constant during
the accumulation of fracture damage (and thus not included in the fracture
prediction), the stress state may be described in the two dimensions T and
ξ. Figure 2.4 shows the location of several special stress conditions within
this space.

Note the inclusion of a line of plane stress in Figure 2.4 (wherein one
or more principal stresses are equal to zero), which may be described by
Equation 2.9, as derived by Wierzbicki (Wierzbicki et al., 2005). The range of
plane stress in the triaxiality dimension is limited by the cases of equibiaxial
tension and compression.

ξ = 1− arccos

(
−27

π
T

(
T 2 − 1

3

))
(2.9)
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Figure 2.4: Stress space for yielding material

2.2 Definition of relevant stress space

The above invariants fully define the stress state for isotropic materials, and
thus the scope of situations in which fracture may occur. However, practical
examples of structural fracture typically occur within a subset of the full T -ξ
space. As will be demonstrated below in more detail, fracture is typically re-
stricted to cases of positive triaxiality (e.g. net tensile loading). Additionally,
fracture under negative values of ξ are more typical of metal forming appli-
cations (Wierzbicki et al., 2005), and are not typically experienced by steel
structures. The locations of several examples of ductile fracture in structures
are shown in Figure 2.5.

A number of common structural fractures are described in Table 2.1. The
corresponding location of each situation in the T − ξ stress space is indicated
in Figure 2.5.

Based on the table and figure, the study of monotonic fracture in the fol-
lowing chapter will be primarily limited to cases of positive T and ξ. Extend-
ing the scope of this study into cyclic fracture requires a specific expansion
of the considered stress states.

Reversing the global load direction (e.g. tension to compression) of an
elastic specimen inverts the value of each term in the Cauchy stress tensor.
As follows from the definitions in Equations 2.6 and 2.4, this also reverses
the values of the invariants T and ξ. This strict reversal is restricted to
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Figure 2.5: Examples of structural fracture sources in T-ξ space

specimens which maintain consistent geometry during the load reversal, a
reasonable assumption in most cyclic loading scenarios.

While the scope of interest for monotonic fracture has been restricted to
stress states of positive T and ξ, cyclic loading extends that space to include
negative values of the invariants.

The stress state of interest may be further divided into several regimes.
These regimes are defined based on a combination of the controlling fracture
mechanism and the accessibility to various specimen types. However, these
definitions do not represent firm limits, and will be clarified as appropriate
within the text.

Low triaxiality (0 < T < 0.3) Fracture in this region is highly inhibited,
and is generally produced by shear loading.

Moderate triaxiality (0.3 < T < 1.0) These levels are typical of fracture
at free surfaces, or specimens with limited stress concentrations.

High triaxiality (1 < T < 2) This is the regime of classical specimens for
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ductile fracture, in which a mild stress concentrator is present (e.g. a
smooth notch).

Very high triaxiality (2 < T ) Typical of confined conditions at crack tips.
The limited yielding and low ductility in these conditions allow tradi-
tional fracture mechanics to be applied (e.g. J-integral).
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Case Illustration Description of stress state

A Reduced beam section (RBS or ‘dogbone’): Ductile tearing has
been observed in RBS connections (Lignos et al., 2010), originat-
ing at the outside corner of the beam flange at the net section.
The relative lack of a stress concentration, along with the two
free surfaces at the initiation site (provided by the corner), pro-
duce a uniaxial stress state. (T = 1/3, ξ = 1)

B Corner of welded connection: Fracture initiates near the corner
of the heat affected zone (Myers et al., 2009). As with the
RBS fracture, the corner location of the fracture site provides an
axisymmetric stress condition, while the symmetric constraint
provided by the weld serves to increase the stress triaxiality.
(T > 1, ξ = 1)

C Blunt crack tip Fracture at blunt crack tips is characterized
by highly confined stress states. For crack fronts with thick-
nesses found in structural engineering applications (greater than
20mm), these stress states are in a state of plane strain. (T >
2, ξ = 0)

D Net section failure in bolted connection: Under significant strain-
ing, bolted connections exhibit ductile fracture near the stress
concentration caused by the bolt holes (Kanvinde and Deier-
lein, 2004a). This produces a case of elevated triaxiality and,
depending on the relative section dimensions, varying values for
the Lode Angle. (T > 0.75).21
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Case Illustration Description of stress state

E Buckling-Restrained Braces (BRB) - steel core fracture: Ductile
fracture has been observed in laboratory tests of steel BRBs
(Tremblay and Bolduc, 2006). The design of BRBs is focused on
maintaining a nearly uniaxial stress state in the yielding element.
(T = 1/3, ξ = 1)

F Buckling braces: Buckling steel braces have been observed to
fracture in the region of strain concentrations at the plastic hinge
at the brace midpoint. This type of fracture is precipitated by
the strain-amplifying effect of local buckling of the thin brace
walls (Fell et al., 2009a). The free surface at the fracture site
enforces a state of plane stress at the continuum level, while
the variation in curvature during the buckling process provide
variation in the Lode angle. (T ≈ 0.4)

G Shear fracture: Represents the extreme case of low-triaxiality
fracture. As ductile fracture is inhibited significantly by low
stress triaxiality, pure shear fracture is an uncommon form of
structural failure. In fact, components which are loaded globally
in shear often fracture in locations governed by edge effects,
where the stress triaxiality is significantly higher (Krawinkler,
1978). However, predominately shear stress states (with low
triaxiality) are common and it is important to understand the
rate of material damage in this regime. (0 < T < 1/3)

Table 2.1: Stress states for common structural failures
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2.3 Definition of relevant cyclic loading his-

tory

In addition to the geometry and stress state, the nature of cyclic loading
has significant impact on the treatment of fracture and fatigue. Distinctions
between cyclic regimes are typically defined by the loading history, rather
than the underlying mechanism.

For example, studies of crashworthiness are concerned with monotonic
fracture, no matter the mechanism. Similarly, applications such as the fatigue
of aerospace components are restricted to fatigue in many (greater than 100)
cycles.

Fracture in structures during earthquakes is a rather specific problem,
and does not lend itself to the same treatment as higher cycle fatigue. In
particular, earthquake-driven fracture is typically caused by 2 to 20 primary
cycles of high (at least 10%) plastic strain, and is generally accompanied by
widespread plasticity.

This type of fracture has been termed Ultra-Low Cycle Fatigue, abbre-
viated as ULCF (Kanvinde and Deierlein, 2004a). As the demand for ac-
curate fracture prediction in structures subjected to earthquakes has risen,
the problem of ULCF has received more attention, providing insight into
both the mechanism and appropriate models. These studies have demon-
strated that the mechanisms (and associated models) for ULCF are similar
to those of monotonic fracture, and are quite different from higher cycle
applications. Due to the shared mechanism, and the prevalence of both in
structural failures (ULCF during earthquakes, and fracture during mono-
tonic over-loading), this study is focused on fracture due to monotonic loads
and ULCF.

2.4 Mechanisms of ductile fracture

The mechanism for ductile fracture initiation is the growth and coalescence
of microvoids around secondary particles. These particles are typically car-
bides and sulphides which form as inclusions between the grains of the steel
matrix. The historical understanding of this mechanism arises from micro-
graphs of the fracture surface, in which clear dimples and inclusions are visi-
ble (Figure 2.6), and is well documented in scientific literature and textbooks
(Anderson, 2005).
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Figure 2.6: Scanning Electron Micrograph of Ductile Fracture Surface

The traditional understanding of the void growth and coalescence process
is outlined in Figure 2.7. Voids grow around secondary particles (carbides and
sulphides in structural steel). Eventually the geometrical softening caused by
the net section effect overwhelms the material hardening response, generating
a local instability which manifests as coalescence of neighboring microvoids.

As will be discussed in the next section, the rate and shape of the void
growth is highly influenced by the stress triaxiality. An analytical relation-
ship for these effects was derived by Rice and Tracey (1969), concluding that
void growth was driven by plastic deformation with a strong dependence on
triaxiality. Figure 2.8 illustrates the void shapes simulated by the Rice and
Tracey model after 50% plastic strain, for varying triaxiality levels. Refer-
ring to the figure, increasing triaxiality levels cause a significant increase in
the overall void growth, while producing more isotropic void shapes. These
simulated results are confirmed by inspection of the fracture surfaces in Fig-
ure 2.9. Referring to the figure, the high-triaxiality specimen (b) exhibits
large, symmetric voids, while the low-triaxiality specimen (a) exhibits elon-
gated voids.

The significant effect of the stress triaxiality on the fracture process is
validated by experimental fracture data. In addition to the detailed mod-
els which will be presented in the following section, the qualitative effect of
triaxiality is evident from the experimental work of Bridgman (Bridgman,
1964). Bridgman tested steel tension coupons under extreme levels of super-
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imposed hydrostatic compression, ranging from zero to five times the uniaxial
material yield stress and inducing significant levels of negative stress triax-
iality. Through these tests, Bridgman found that increasing levels of hy-
drostatic compression (increasingly negative stress triaxiality) significantly
delayed the onset of ductile fracture. Sufficient hydrostatic compression was
found to completely prevent fracture, leading to failure by the complete re-
duction of area of the necked section. This suggests the concept of a ‘fracture
cutoff’, a stress triaxiality level below which fracture is impossible.

The treatment of the Bridgman data is complicated by the fact that
plastic strain induces necking, which tends to increase the stress triaxiality,
counteracting the effect of the superimposed pressure. An analysis of the
data which accounts for this factor will be presented in Chapter 5, providing
a quantitative treatment of the fracture cutoff.

Owing to this difference indicated on the fracture surface, recent studies
have suggested the possibility of an alternate fracture mechanism controlling
at low triaxiality. Barsoum (2007) identified the low triaxiality fracture mech-
anism as ‘void shearing’, in which fracture is governed by the elongation of
voids rather than their isotropic growth. Bao and Wierzbicki (2005) identified
the alternate mechanism as ‘shear fracture’ through the steel matrix, rather
than the voids. The evidence for these differing conclusions is not mutually
exclusive. Furthermore, these models were partially designed to address the
deficiencies of classical triaxiality based models, an objective which was later
addressed through the introduction of the deviatoric parameter ξ. Owing to
this discrepancy, this study does not aim to present a specific mechanism for
low-triaxiality fracture, instead presenting a phenomenological model based
on experimental data and micro-scale simulations.
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Figure 2.7: Void growth and coalescence
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Figure 2.8: Simulated void shapes at 50% plastic strain based on derivation
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Figure 2.9: Comparison of fracture surfaces for varying stress states
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2.5 Present state of fracture models

Fracture models have been proposed which accurately predict fracture ini-
tiation in selected loading conditions. The following section will present a
selection of these models as it pertains to predicting fracture initiation in
Ultra-Low Cycle Fatigue histories and generalized structural stress states.
For a more detailed survey of previously proposed models relevant to the
respective studies, refer to Myers et al. (2009) for high-triaxiality ULCF
models and Bai (2008) for monotonic models in generalized stress states.

2.5.1 Classification of fracture models

Models for fracture initiation can be separated broadly into two categories.
‘Damage-based’ models calculate damage as a separate continuum parameter
(calculated throughout the loading history). ‘Critical strain’ models provide
a fracture criterion which may be calculated at any time and is not influenced
by the history of the continuum parameters (typically these calculations pro-
duce a critical fracture strain).

A general form for a damage-based fracture model is presented in the
following two equations. Equation 2.10 describes the rate of accumulation of
a damage parameter D. As described above, damage accumulates with some
measure of the equivalent plastic strain (εP ), and with a rate governed by
some function of the stress state (f(σ)).

dD

dεP
= f(σ) (2.10)

Integrating the damage rate with plastic strain produces Equation 2.11,
providing a new continuum invariant. Damage based fracture criteria are
satisfied when the calculated damage exceeds a critical value (D > Dcrit).

D =

∫ εP

0

f(σ)dεP (2.11)

In the special case when the stress state varies little during the loading
process, the integral in the above equation can be pre-evaluated, and the
fracture criterion may be represented as in Equation 2.12.

εcritP =
1

f(σ)
(2.12)
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Generally, damage based models are more successful in predicting frac-
ture, especially in situations of non-proportional loading where the previous
simplification is less valid (e.g. Bai and Wierzbicki (2008); Kanvinde and
Deierlein (2004a)). However, the simplicity of critical strain models contin-
ues to make them attractive for situations where the stress state is relatively
constant during plastic loading.

2.5.2 Review of previous models

This section will provide a general overview of important models for ductile
fracture, generally focusing on models which are relevant to the present study.
For a more complete review, including treatment of alternatives to these
models, refer to Myers et al. (2009). A review of important aspects of
the testing methodology used in the following studies will be presented in
Chapter 3.

Theoretical predictions of void growth

The mechanism for ductile fracture is influenced significantly by void growth
and coalescence. Many fracture models use the rate of void growth as a frac-
ture indicator. McClintock (1968) derived an analytical relationship between
continuum parameters and void growth for cylindrical voids in a plane-strain
continuum. Rice and Tracey (1969) performed similar derivations for the
growth of a spherical void in an infinite axisymmetric continuum. In each
of these studies, the metal matrix was modeled as a rigid-plastic material.
In particular, the Rice-Tracey relationship is used as a foundation for most
modern fracture models.

The solution method proposed by Rice and Tracey requires the minimiza-
tion of the velocity field in an infinite solid containing a single void, so as
to find the equilibrium shape of the void under an imposed plastic strain.
The solution to this differential equation requires the expansion of terms in
a Legendre polynomial, from which the first term describes the volumetric
growth of the void, and remaining terms describe the effect of the deviatoric
shape change. A total of six velocity fields near the void were hypothesized,
finding that the rate of void growth was remarkably insensitive to the specific
choice of local field. Given this insensitivity, the average result from these
assumed fields yields the Rice-Tracey prediction of the void growth rate, as
indicated by Equation 2.13.
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dRv

Rv

= 0.283 ∗ 2 sinh (1.5T ) dεP = 0.283(e1.5T − e−1.5T )dεP (2.13)

The equation predicts the rate of expansion of the void radius (dRv) in
terms of the current radius (Rv), the stress triaxiality (T ), and the incre-
mental equivalent plastic strain (dεP ). The constants 0.283 and 1.5 arise
directly from the derived void behavior. Regardless of whether this equation
is represented in the hyperbolic sine form or as a difference of exponentials,
it will be referred to in this text as a hyperbolic sine based model to contrast
with the purely exponential form of the next equation. A simplified version
of Equation 2.13, which exhibits roughly identical behavior at the high tri-
axiality levels of interest to early fracture researchers (T > 1.0), is shown in
Equation 2.14. Further discussion of this simplification will be provided in
Chapter 5.

dRv

Rv

= 0.283e1.5TdεP (2.14)

This simplified model represents the foundation for nearly all modern
models for ductile fracture, so it is important to review several aspects of
Rice and Tracey’s derivation. The following is a summary of some of the
conclusions and caveats described by Rice and Tracey:

1. Rice and Tracey found the solution for the void growth rate by using
the convergence of multiple hypothesized velocity fields. The conver-
gence of these results was used to demonstrate the accuracy of the final
solution, however several approximations were made in the numerical
integration including the discounting of higher order terms.

2. Equations 2.13 and 2.14 represent numerical approximations of the
‘true’ derived solution (which is itself an approximation as per the
previous point).

3. The derivations were made for the growth of a spherical void. It is
well established that the inclusions (and thus voids) are not initially
spherical (Beremin, 1981). Rice and Tracey found this asymmetry to
increase with void growth especially for triaxiality levels near zero, but
estimated this deviation was low enough to neglect at high triaxiality
levels (T > 1.5).
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Before exploring the models which arose from the Rice-Tracey results, we
will consider an update to the Rice-Tracey model for void growth. Huang
re-evaluated the analytical predictions of Rice-Tracey and proposed a more
accurate approximation (Huang, 1991). For a more detailed treatment of the
improved result refer to Huang et al. (1991). Huang et al. improved upon
the earlier derivation through the use of more accurate numerical integration
and an increased number of terms in the approximation (10 terms where
Rice and Tracey used 2). They also proposed a modification to the expo-
nential Rice-Tracey equation (Equation 2.14) to improve agreement at lower
triaxiality levels. The resulting piecewise model is shown in Equation 2.15,
and consists of two major modifications to the Rice-Tracey result. The first
is the adjustment of the constant void growth rate (i.e. 0.427 versus 0.283,
which has little practical effect as the constant is disregarded by most fracture
models), and the second is the adjustment of the low triaxiality (1

3
< T < 1)

relationship to include a power term.

dRv

Rv

=

{
0.427dεP e

1.5T for T ≥ 1

0.427T 0.25dεP e
1.5T for 1

3
< T < 1

(2.15)

The above three models for void growth are compared in Figure 2.10,
which shows the void growth rate (omitting the effect of the constant term).
The ranges over which each model is proposed to be valid (as reported by their
respective authors) are indicated on the graph. Referring to the figure, the
three models agree perfectly in highly triaxial stress states. In conditions of
moderate triaxiality (1

3
< T < 1), the Huang model shows relative agreement

with the hyperbolic sine Rice-Tracey model, while the exponential model
overpredicts the void growth rate.

Despite the improved results provided by the Rice-Tracey hyperbolic sine
function or the piecewise function of Huang, the exponential Rice-Tracey
equation has remained the standard basis for most modern fracture models.
This can be justified by the close agreement of the functional forms at familiar
high-triaxiality levels. However, use of the simple exponential form induces
significant errors when the model is applied to more general stress states with
lower triaxiality.
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Figure 2.10: Comparison of analytical models for void growth
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Critical strain fracture models

Hancock and Mackenzie (?) proposed a model, termed the ‘Stress-Modified
Critical Strain’ (SMCS), based on the exponential void growth rate. As the
name suggests, the SMCS is a critical strain based model, and is represented
by Equation 2.16:

εP > εcritP = αe−1.5T (2.16)

In the equation, fracture is predicted when the equivalent plastic strain
exceeds a critical value (εcritP ), which in turn is dependent on the stress tri-
axiality. The parameter α is a material parameter governing the ductility. It
should be noted that this equation is roughly the inverse of the Rice-Tracey
void growth rate in Equation 2.14, owing to the assumed proportionality of
void growth and damage.

Johnson and Cook (1985) proposed a general form of the exponential
model (replacing the constant 1.5 with a free parameter), which has found
acceptance in commercial finite element software (ABAQUS, 2012). Previous
studies (Hancock and Brown, 1983) have recognized that the 1.5 factor is
based on the growth of a single void in an infinite rigid-plastic continuum, and
that the factor may be modified to account for the effects of void interaction,
strain hardening, and other non-simulated factors. With limited data and
without the benefit of the theoretical result by Rice and Tracey, Johnson and
Cook (1985) calibrated the exponential factor to be between 0.5 and 3. More
recent experimental studies which considered the theoretical result suggest
an appropriate value between 1.2 (Wierzbicki et al., 2005) and 1.7 (Myers
et al., 2009).

The original Rice-Tracey model, and those listed above, are derived and
validated for axisymmetric stress states (ξ = 1.0, refer to Figure 2.4). A
research group at MIT has proposed a series of models which seek to extend
these models into more generalized stress states, which are summarized by
Bai (2008). The focus of this set of models is on automobile crashworthiness,
which is characterized by monotonic loading with potential variation in stress
state due to deformation. The MIT models may be described generally as
Johnson-Cook type models which have accounted for the effects of the tri-
axiality cutoff (Bao and Wierzbicki, 2005) and the effects of the Lode Angle
(Bai and Wierzbicki, 2008).

Early research by this group (Bao and Wierzbicki, 2004) demonstrated
the existence of a fracture cutoff (a stress triaxiality below which fracture
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is impossible) at a triaxilaity of T = −1/3 (corresponding to uniaxial com-
pression). This result, along with other test data, was incompatible with the
traditional exponential models. Two new models were introduced to explain
this discrepancy. In addition to the demonstration of the fracture cutoff, Bao
and Wierzbicki’s research was instrumental in demonstrating the importance
of the parameter ξ.

The later models by the MIT research group are represented by that of
Bai (Bai and Wierzbicki, 2008). The Bao model is a fully empirical Johnson-
Cook type model (i.e. disregarding the Rice-Tracey 1.5 factor). The model
has a separate relationship between the stress triaxiality and fracture strain
at different levels of ξ, which are related by a quadratic function. To par-
tially account for the effects of variable stress history, the model predicts
the fracture strain as a function of the median stress state (instead of the
ultimate stress state). This provides a compromise between damage-based
models and critical strain models in regions where the fracture criterion is
relatively smooth, but is not ideal for handling significant changes in the
damage rate during the loading history.

Other researchers proposing variations on critical strain models for ex-
panded stress states include: Coppola et al. (2009), Nahshon and Hutchin-
son (2008), Gao et al. (2009), and Benzerga and Leblond (2010). Generally,
these models reach similar conclusions: to extend fracture predictions to
lower-triaxiality stress states, the Lode angle must be introduced into frac-
ture models. Specific aspects and comparisons of the functional forms of
these models will be presented in Chapter 5. Critical strain based models
have also been extended to ULCF cyclic loading by Kanvinde and Deierlein
(2004a) with the Degraded Significant Plastic Strain model, and by Ohata
and Toyoda (2004) with the Effective Damage Concept.

Damage based fracture models

Damage based fracture models overcome the limiting assumption of critical
strain model, that the damage rate is constant throughout the loading his-
tory. This is a critical improvement for the prediction of fracture due to
void growth, as the void growth occurs continuously throughout the load-
ing process as a function of plastic strain and the instantaneous stress state.
However, damage-based models require the full continuum history to predict
fracture, adding significant complexity.

Following the assumed importance of void growth in the fracture process,

34



Chapter 2. Background and Current State of Research on the Ductile
Fracture Process

the Rice-Tracey formula for void growth has been developed into a damage-
based fracture model. The resulting model is described as the Void Growth
Model (VGM), and has been described by Panontin and Sheppard (1994) as
well as Kanvinde and Deierlein (2006). In the VGM, damage is assumed to
be equal to the relative void radius (as predicted by integrating the Rice-
Tracey equation). Fracture is predicted when the damage, referred to as the
Void Growth Index (η), exceeds some capacity denoted ηcrit.

η =

∫
εP

e1.5TdεP > ηcrit (2.17)

The VGM was extended to ULCF type loading by Kanvinde and Deierlein
(Kanvinde and Deierlein, 2007a), producing the Cyclic Void Growth Model
(CVGM). The CVGM is focused on two primary enhancements to the VGM,
namely (1) the shrinkage of voids on compression cycles is simulated by an
additional term (Equation 2.18) and (2) the cyclic degradation of the material
is modeled as degrading capacity for void growth (Equation 2.19).

ηcyc =
∑

tens.cycles

∫
εP

e1.5|T |dεP −
∑

comp.cycles

∫
εP

e1.5|T |dεP (2.18)

In the CVGM, fracture is predicted when the void growth index (ηcyc)
exceeds the void growth capacity, which is a material property dictating the
amount of void growth necessary for coalescence. During cyclic loading, the
void growth capacity degrades with the equivalent plastic strain and the
material parameter λ. The resulting criteria for which ductile fracture is
predicted is indicated by Equation 2.19, in which εsigP indicates the portion
of the strain history over which degradation is counted:

ηcyc ≤ e−λε
sig
P ηcrit (2.19)

In addition to the above equations, the remaining input to the CVGM
is the counting rule dictating the cycles on which cyclic degradation is ac-
cumulated. Generally, it is preferable for degradation not to occur during
the first half cycle, as this half cycle is present in monotonic as well as cyclic
loading histories. Preventing degradation during the first half cycle makes
the CVGM reducible to the VGM for monotonic loading, preventing conflict
between the models and the need to calibrate the degradation parameter for
monotonic tests.
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Table 2.2: Alternative rules for counting cyclic degradation in the CVGM

CVGM Formulation εsigP Accumulated εsigP Applied

(Kanvinde and Deierlein, 2004a) All cycles At load reversals

(Myers et al., 2009) Compressive cycles Continuously

To maintain this consistency, two strategies have been used in successive
iterations of the CVGM. Kanvinde and Deierlein (Kanvinde and Deierlein,
2007a) proposed that εsigP be accumulated on tension and compression cycles,
but only applied to the fracture model at the end of those cycles. This pro-
duced instantaneous drops in the capacity, and prevented interaction between
the void growth and degradation models.

Myers et al. (2009) demonstrated theoretical inconsistencies in the initial
formulation stemming from the instantaneous drop in capacity, and proposed
an updated counting rule. In this formulation, significant plastic strain is
accumulated only during compressive cycles, but is applied continuously to
the degradation model. The two formulations are largely comparable for
proportional cyclic histories. Table 2.2 describes the variation in counting
rule, for a detailed discussion of the motivation for the change

We can draw several conclusions about these damage-based fracture in-
dicies, as well as the critical-strain indicies presented earlier.

1. While some fracture models have been validated for a large number of
high-triaxiality specimens, there is limited experimental evidence for
any generalized fracture criteria. Along with the lack of strong theo-
retical models in low-triaxiality regimes, this leaves fairly wide latitude
in the selection of a new generalized fracture criteria.

2. Several recent studies have demonstrated the influence of the Lode
angle on ductile fracture, especially in cases of low stress triaxiality.

3. Critical-strain fracture models have proven successful in constrained
high-triaxiality stress states. However, the introduction of non-proportional
loading, low stress triaxiality, and cyclic loading violate the key assump-
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tion in the creation of these models. Damage-based models avoid these
issues, and are more appropriate for use as a generalized model.

2.6 Summary

This chapter has demonstrated several key aspects of the ductile fracture
problem, which will inform the fracture model to be presented in subsequent
chapters.

The mechanism of ductile fracture in metals is void growth and coales-
cence, in which microvoids initiate around secondary particles, grow with
plastic strain, and coalesce to cause fracture. This mechanism is demon-
strated by micrographic inspection of fracture surfaces, and is the foundation
for most ductile fracture criteria.

This chapter also described how key stress and strain invariants define
the scope of the fracture problem in steel structures. Ductile fracture is a
damage based process, in which damage occurs during plastic strain. The
rate of damage with plastic strain has been previously established as con-
trolled by the continuum stress state. This proportionality is expressed in
terms of two stress invariants: the stress triaxiality (T ) and the Lode an-
gle parameter (ξ). These stress invariants fully describe the isotropic stress
state in material under plastic flow and, along with the plastic strain provide
accurate predictions of ductile fracture.

The target scope, in the space of the two stress invariants, for the frac-
ture model in this study is defined by observed fracture in realistic steel
structures. This constraint is due to a combination of (1) feasible stress
states in steel structures and (2) the subset of those stress states which can
possibly induce fracture. Through an analysis of observed fractures in civil
structures, the target stress states are limited to positive values of T and ξ.
Infeasible regimes within this space include (1) very high triaxiality levels
in which fracture is best predicted with traditional fracture mechanics ap-
proaches (Chi et al., 2006) and (2) low-triaxiality axisymmetric conditions
whose applications requires exotic loading apparatus (Bridgman, 1964).

Structural failures due to low and high cycle fatigue (e.g. at least hun-
dreds of cycles) is characterized by small-scale yielding and can be accurately
modeled using traditional fracture mechanics approaches. However, situa-
tions of large-scale yielding which include monotonic fracture and Ultra-Low
Cycle Fatigue (ULCF) are not compatible with traditional methods. ULCF
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is representative of the loading history during earthquakes, which are char-
acterized by 2-20 large amplitude cycles. Fracture caused by ULCF occurs
in a mechanism more similar to monotonic ductile fracture than to low- or
high-cycle fatigue. Both monotonic fracture and ULCF share the mechanism
of void growth and coalescence, with various mechanisms of degrading ca-
pacity for void growth. This shared mechanism, as well as the limited state
of current fracture models, define the scope of the fracture model proposed
in this research.

Previous models have been proposed to address ductile fracture in most
stress states, and to address ULCF. However, these models have been pro-
posed quite recently and do not represent a consensus in the research com-
munity. Furthermore, no models have yet been proposed and validated for
ULCF under all stress states for which fracture has been observed in steel
structures.
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Chapter 3

Monotonic and Cyclic Tests for
the Evaluation of Ductile
Fracture Criteria

This chapter provides a detailed summary of a series of forty-eight tests,
forming a scientific basis for the study of mechanisms and predictive models
for ductile fracture in structural steels. Specifically, the chapter focuses on
the design, testing, and complementary simulation of these experiments. The
chapter begins with a description of the steel material used in these tests with
emphasis on mechanical identification, chemical composition, and grain size.
Based on these tests and the calibration procedure described in Chapter 4,
a constitutive model is presented to describe the material. This is followed
by a description of the testing program, wherein special emphasis is given to
the development of new specimens designed to interrogate stress states for
which existing fracture models are ineffective. A total of four specimen types
are presented, including Cylindrically Notched Tension (traditional design
with 4 specimens), Grooved Plate (traditional design with 5 specimens),
Rectangular Notch (original design with 7 specimens), and the Inclined Notch
(original design with 18 specimens). Detailed descriptions of the simulation
protocol for each specimen are presented.

In addition to the experimental procedures presented for each specimen
type, special treatment is provided to the method of fracture detection in
the Inclined Notch specimens. In these specimens, fracture initiation was
followed by gradual propagation, which made it difficult (often impossible)
to make a precise measurement of fracture initiation. To help address this, a
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method of collecting data on the fracture initiation point through video ob-
servation is described, including the separate identification of fracture events
at multiple locations on the specimens. This procedure anticipates the new
calibration methodology, presented in Chapter 4, which is designed to ac-
commodate variable types of fracture observations.

3.1 Material identification

The material tested in this study (unless otherwise specified) is a low carbon
structural steel, ASTM A572 Grade 50 (345 MPa yield strength), commonly
used in civil construction in North America. All specimens were extracted
from the same 25.4 mm thick plate and machined such that the fracture
surface was oriented transverse to the rolling direction. This corresponds to
the L-T orientation in traditional fracture mechanics specimens, wherein with
respect to the rolling direction, the loading is in the longitudinal direction
and crack propagation is in the transverse direction. Tests were conducted
to evaluate the mechanical properties of the steel (e.g. yield strength and
hardening properties) as well as the chemical composition and grain size.
The results from these tests were compared to a database of structural steels
to ensure that the steel is representative of typical materials.

3.1.1 Results from standard uniaxial tension tests

Three uniaxial tension coupons were tested to evaluate mechanical properties
of the steel in accordance with ASTM E8 (American Society for Testing and
Materials, 2012), shown in Figure 3.1. The tested specimens had a nominal
net section 12.7 mm in diameter, and were secured by hydraulic clamps into
a universal testing machine. Elongation of the specimen gage length was
measured with a 25.4 mm axial extensometer located in the center of the
specimen. The extensometer was removed after necking commenced, and the
specimen was tested until fracture. In all specimens, necking and fracture
occurred within the central gage length.

Data recorded from the uniaxial tests include the load and displacement
history, as well as the initial and final geometry of the specimen. From
this data, the engineering stress and strain are calculated according to the
following equations:
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50mm

Gage
25.4mm

12.7 mm

Figure 3.1: Schematic of ASTM E8 coupon specimen

σeng =
F

Ai
(3.1)

εeng =
∆L

Li
(3.2)

Where F is the applied load, Ai is the initial specimen cross sectional
area, ∆L is the change in length of the gage section, and Li is the initial
length of the gage section.

Until the initiation of necking, the true stress and strain in the coupon
are calculated according to Equations 3.3 and 3.4, respectively.

σtrue = σeng (1 + εeng) (3.3)

εtrue = ln (1 + εeng) (3.4)

Figure 3.2 shows the resulting true stress-strain curves for the three ten-
sion coupons. As this data is produced by the extensometer, which was
removed at the initiation of necking, it provides no information regarding
the point of fracture initiation.

A comparison of the initial and final cross section of the fracture surface is
used to recover the state of stress and strain at fracture. Following derivations
by Bridgman (1964), Equations 3.5 and 3.6 are used to calculate the stress
and strain at fracture, respectively.

σfracturetrue =
Ffracture
Af

(3.5)

εfracturetrue = ln

(
Ai
Af

)
(3.6)
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Figure 3.2: Results of three uniaxial coupon tests

In the equations, Ai represents the initial area of the specimen, while Af
refers to the area of the specimen at the point of fracture. This approach
contains significant assumptions, including the assumption of a uniform stress
field at the center of the neck and the limited accuracy of measurements at the
sharp neck, but provides a good estimate of the material fracture ductility.
Given the uncertainty in assigning this final point of the stress-strain curve,
it was given lower precedence than the more robust finite element based
material calibrations which will be discussed below.

The results of the tension coupon tests are presented in Table 3.1, showing
both individual tests and the average results. The tests were used to evaluate
the elastic modulus E, the initial yield stress σy, the ultimate stress σu, the
average stress across the net section at fracture σf , and the area reduction
ratio Af/Ai. Where appropriate, all parameters were calculated according to
the ASTM standard E8 (American Society for Testing and Materials, 2012).
The yield stress was calculated based on a 0.2% strain offset.

The uniaxial coupon tests also contributed to the calibration of a consti-
tutive model for the material, as will be discussed in the following section.

3.1.2 Constitutive model

An accurate cyclic plasticity model is critical for determination of the local
stress and strain values at the site of fracture initiation, which in turn form
the basis for local fracture models. A variant of the well known Armstrong-
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Table 3.1: Uniaxial mechanical properties of A572 steel

Specimen E (GPa) σy (MPa) σu (MPa) σf (MPa) Af/Ai εfracturetrue

1 186 342 571 1257 0.30 1.20

2 198 349 573 1080 0.29 1.23

3 205 367 579 1207 0.30 1.20

Average 196 353 575 1181 0.30 1.21

E - elastic modulus
σy - yield stress using 0.2% strain offset method
σu - ultimate stress (engineering value)
σf - average stress at fracture (true stress)
Af/Ai - reduction in area at fracture

εfracturetrue - true strain at fracture

Frederick plasticity model (Armstrong and Frederick, 1966) was used in this
study, as implemented in the commercial Finite Element (FE) software pack-
age ABAQUS/Standard (ABAQUS, 2012).

As implemented, the Armstrong-Frederick model is based on a von Mises
material with associative plastic flow, and is capable of simulating exponen-
tial isotropic hardening, linear kinematic hardening, and exponential kine-
matic hardening based on multiple backstresses. A more detailed discussion
of the features of the model is provided in Chapter 4.

The constitutive model was calibrated using the true stress-strain re-
sponse generated from the uniaxial coupons and the load-displacement re-
sponse of the Cylindrically Notched Tension test series. The objective of the
calibration was to find a constitutive model which, when applied through
finite element simulation, best predicts the experimental response of the ma-
terial (as manifested by the stress-strain and load-displacement responses of
the respective specimens). A new method of automating this fitting process
is described in Chapter 4.
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Table 3.2: Calibrated Armstrong-Frederick hardening parameters for the
tested A572 steel

Parameter Value

σ|0 (MPa) 351.6

Q∞ (MPa) 215.8

b 8.43

C0 (MPa) 82.0

C1 (MPa) 3600

γ1 18.8

Parameters for the calibrated constitutive model are indicated inTable 3.2.
Referring to the table, σ|0 is the initial uniaxial yield stress, differentiated
from the earlier σy in that it is fit, rather than directly measured. Of the re-
maining parameters, Q∞ and b describe the magnitude and rate of isotropic
hardening, C0 describes the rate of linear kinematic hardening, and C1 and
γ1 describe the nonlinear kinematic hardening.

3.1.3 Chemical composition and grain size determina-
tion

A spectrochemical analysis was performed to determine the chemical compo-
sition of the steel specimens, resulting in the values shown in Table 3.3. The
chemical composition was in accordance with the limiting values in the ASTM
A572 specification (American Society for Testing and Materials, 2011), which
are also reported in the table.

The steel grain size was determined according to ASTM E112, through
polishing and etching the steel with a 2% Nital solution (American Society
for Testing and Materials, 2010), followed by micrographic examination of
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the etched surface (Figure 3.3). The ASTM grain size number for the A572
steel was found to be 8.5, corresponding to an average grain diameter of 19
µm.

Figure 3.3: Photomicrograph for grain size analysis: 2% Nital etch
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Table 3.3: Chemical composition of the A572 steel

Element Chem. Comp % Max. % (ASTM)

Al 0.02

C 0.20 0.23

Cr 0.02

Cb <0.005

Cu <0.005

Mn 1.25 1.35

Mo 0.01

Ni 0.01

P 0.012 0.04

Si 0.31 0.40

S 0.006 0.05

Ti <0.005

V 0.07

Ceq 0.43

All values are chemical composition by weight percentage. The Carbon
Equivalent (Ceq) is calculated by the following equation - Ceq = C + Mn

6
+

Cr+Mo+V
5

+ Ni+Cu
15

(American Society for Testing and Materials, 2011)
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3.1.4 Comparison with other structural steels

The A572 steel described above was selected to be representative of mild
structural steels. To verify this assumption, the measured properties of the
steel were compared to a database of structural steels tested previously in
fracture research at Stanford University.

From this database, a set of materials were selected among the mild
structural steels for which the constitutive, chemical, and fracture properties
had been studied. These steels were originally tested in two separate studies
(Kanvinde and Deierlein (2004a), Myers et al. (2009)), and are tabulated by
Myers et al. (2009). In that study, the steels are designated by the numbers
1-6, a convention which will be followed here.

Table 3.4 compares the tested properties of the reference steels against the
A572 steel in this study. In addition to the properties discussed above, the
table includes the calibrated values for η, a parameter for the Void Growth
Model which describes the fracture ductility under axisymmetric stress states
(such that η is roughly proportional to the material fracture strain). Refer-
ring to the table, the mechanical (σy, σu), chemical (Ceq), microstructural
(grain size), and fracture (Af/Ai, η) properties of the A572 steel fall within
the range of the reference materials.

Figure 3.4 compares the hardening response of the steels in Table 3.4. The
curves shown are the true stress-strain relationship for each steel as averaged
between the respective tension coupons. While there is a significant amount
of variability between the materials, the A572 steel behavior is not atypical.
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Figure 3.4: Comparison of A572 steel with other mild structural steels: hard-
ening response at low strains
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Table 3.4: Comparison of A572 steel with reference structural steels

Designation 1 Original Source Ceq Grain σy σu Af/Ai
5 η 6

designation size 4 (MPa) (MPa)

1 JP502 Japan 0.41 8.5 310 475 0.27 2.6

2 JP50HP2 Japan 0.35 11.3 345 516 0.44 5.1

3 JW502 Japan 0.41 8.5 310 515 0.48 4.6

4 AW502 USA 0.35 8.5 345 494 0.26 2.8

5 AP502 USA 0.44 8.5 345 588 0.29 1.1

6 A363 USA 0.34 8.5 347 511 0.40 3.0

A572 USA 0.43 8.5 352 575 0.30 2.1

1 - Designations taken from database in (Myers et al., 2009), excepting the
A572 steel in the present study
2 - (Kanvinde and Deierlein, 2004a)
3 - (Myers et al., 2009)
4 - Grain size number according to (American Society for Testing and Mate-
rials, 2010)
5 - Reduction in area of uniaxial tension coupons
6 - VGM monotonic ductility index (Equation 2.17)
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3.2 Circumferentially Notched Tension spec-

imens

The objective of this chapter is to present a series of experiments which are
designed to provide valuable data to develop and validate a model for the
study of ductile fracture initiation under a large range of stress and strain
states. A more detailed explanation of this objective, along with the strate-
gies employed to achieve it, will be presented in the following section. To
provide context for this upcoming discussion, we will first present a well-
established fracture specimen known as the Circumferentially Notched Ten-
sion specimen.

Circumferentially Notched Tension (CNT) specimens are commonly used
to investigate ductile fracture under axisymmetric stress states with high tri-
axiality. Figure 3.5 shows the geometry of a typical CNT specimen. Critical
dimensions referenced in the figure include the un-notched diameter (DUN),
the diameter at the notch root DNR, and the notch radius RN .

Gage
25.4mm

DUN : Unnotched 
            Diameter

DNR : Notch Root 
            Diameter

RN : Notch  
        Radius

Figure 3.5: Schematic of CNT specimen

The smooth notch in the CNT specimens provides constraint at the center
of the specimen, inducing hydrostatic tension and increased stress triaxiality.
As discussed in the literature review of Chapter 2, this increased triaxiality
promotes the initiation of ductile fracture. The magnitude of the stress
triaxiality is varied based on the geometry of the notch, such that increasing
the ratio DUN

RN
increases the stress triaxiality at the center of the specimen.

The stress and strain history at the center of the specimen are deter-
mined through complementary axisymmetric finite element simulations, and
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are used to evaluate critical strain and damage based fracture models. Ap-
proximate analytical solutions have also been proposed for the evaluation of
the triaxiality and plastic strain at the point of fracture initiation (Bridgman
(1964), Bai and Wierzbicki (2008)). These formulas are useful in the design
of CNT specimens and provide a practical way to calibrate fracture models
without the use of finite element simulation.

Most recently, Myers et al. (2009) refined the earlier solutions for materi-
als characteristic of structural steels and CNT specimens. In their study, they
found that the internal stress triaxiality is controlled by the material hard-
ening response, represented by the Ramberg-Osgood hardening exponent n,
in addition to the specimen geometry. The Myers and Deierlein solution for
the stress triaxiality at the point of fracture in a CNT specimen is shown in
Equation 3.7, while the solution for the equivalent plastic strain at fracture
is shown in Equation 3.8. In the second equation, the term DNR

DNR,post−fracture

represents the ratio between the initial diameter of the notch root and the
diameter measured after fracture.

T =

(
1/3 + ln

(
DNR

4RN

+ 1

))(
1.14− 0.248 ln

(
DNR · n
RN

))
(3.7)

εP = 2 ln

(
DNR

DNR,post−fracture

)(
0.822− 0.182 ln

(
DNR · n
RN

))
(3.8)

3.2.1 Experiments and results

The validity of existing ductile fracture models in the CNT stress regime has
been well established (Kanvinde and Deierlein, 2007b) and is not a subject
of this investigation. Four CNT specimens, listed in Table 3.5, were tested to
calibrate the A572 steel to these existing models. Two specimens each were
tested under monotonic and cyclic loading histories. The specimens were
instrumented with a 25.4 mm extensometer spanning the notch and loaded
axially using clamps in a hydraulic testing machine (Figure 3.6). Sudden
fracture was observed in all of the specimens, a phenomenon characteristic
of ductile fracture initiation over a large volume at the center of the specimen.

Complementary FE simulations were conducted for each specimen (Fig-
ure 3.7) to evaluate the history of continuum parameters (stress and strain
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Table 3.5: Geometry and loading of CNT specimens

Designation DUN (mm) DNR (mm) RN (mm) Disp. History (mm)

CNT-1 12.70 5.36 7.27 0.59

CNT-2 12.65 5.31 7.27 0.61

CNT-3 12.78 5.26 1.45 0, (0.39, 0)x10, 0.17

CNT-4 12.70 5.21 1.45 0, (0.33, 0)x6, 0.20

†: Monotonic tests are indicated by a single value corresponding to the mea-
sured displacement at fracture. Cyclic histories are indicated by the extent
and number of cycles, followed by the fracture displacement in the ultimate
cycle.

invariants) at the center of the specimen. The tests were simulated as axisym-
metric half-models and was discretized using 8-node quadrilateral elements
with reduced integration (denoted CAX8R by ABAQUS/Standard). The
displacements measured by the axial extensometer were applied to the finite
element model as a displacement boundary condition.

Results from these simulations are shown in Table 3.6, including the tri-
axiality and equivalent plastic strain at the center of the specimen when
fracture was observed. The history of these parameters was used to calibrate
the ductility parameter η of the Void Growth Model (Equation 2.17) for the
A572 steel, which, when averaged over the monotonic CNT specimens results
in an estimate of η = 2.06. Referring back to Table 3.4, this value falls within
the typical range (η = 1.1 to 5.1) for mild structural steel.
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Figure 3.6: Cylindrical Notched Tension specimen: test configuration

Table 3.6: Simulation results of CNT specimens

Designation T εfracP

CNT-1 1.57 0.21

CNT-2 1.57 0.2

CNT-3 1.1 2.14

CNT-4 1.62 0.505
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Figure 3.7: Cylindrical Notched Tension specimen: deformed geometry of
axisymmetric finite element model
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3.3 Specimen design considerations

To contrast the classic specimens described above (uniaxial coupon and CNT)
to the more complex specimens in the remainder of the chapter, it is useful
at this point to study the major considerations which contribute to the de-
sign of new fracture specimens. Fracture specimens are ideally designed to
provide maximum value in the interrogation of ductile fracture criteria, in
that they should provide strong evidence of fracture behavior under a variety
of conditions. To accomplish this objective, the proposed tests are designed
with two principal considerations: (1) the initiation of fracture should be eas-
ily detectable, and (2) the stress state at the fracture initiation site should
remain relatively constant during loading.

Throughout this discussion, the ductile fracture criteria is assumed to
exist in the space of the following invariants: the stress triaxiality (T ), the
Lode angle parameter ξ, and the equivalent plastic strain (εP ). This assump-
tion follows from the findings of contemporary ductile fracture models which
were presented in Chapter 2. In addition to the above objectives for the
individual specimens, the test series as a whole seeks to investigate ductile
fracture under the entire range of these parameters

Reducing uncertainty in observations of fracture

To decrease the uncertainty in fracture observations, the specimens are de-
signed to fracture in an observable manner. To expand upon this objective, it
is useful to examine the mechanism by which fracture is induced in the CNT
specimens. Figure 3.8a describes a cross-sectional path through the net sec-
tion of a CNT specimen. Figures 3.8b, 3.8c, and 3.8d show the distribution
of the equivalent plastic strain, triaxiality, and fracture demand parameter
along that path.

The presence of the smooth notch provides constraint at the specimen cen-
ter, inducing hydrostatic tension and increased stress triaxiality (Figure 3.8c).
Meanwhile, the relative lack of constraint at the specimen surface promotes
plastic flow, producing higher levels of plastic strain than at the center of
the specimen (Figure 3.8b). Locating the point of fracture initiation requires
consideration of the balance between the triaxiality (which promotes initia-
tion at the center of the specimen) and the plastic strain (which promotes
initiation at the surface). Evaluating the fracture demand (in the form of
the VGM demand parameter η) as shown in Figure 3.8d yields a prediction
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of fracture at the center of the specimen.
Furthermore, the distribution of the fracture demand shown in Figure 3.8d

demonstrates the first specimen design consideration (that fracture should
be easily and accurately detectable). This occurs when the fracture criterion
is satisfied nearly simultaneously over a large volume, such that the avail-
able elastic energy in the specimen is sufficient to drive fracture through the
remainder of the specimen. As shown in Figure 3.8d, the fracture demand
gradient is smooth at the center of a CNT specimen. This matches the ex-
perimental observations that (1) the dimpled surface characteristic of ductile
fracture is present over a wide area at the center of the specimen and (2)
fracture is observed as a sudden drop in load capacity of the specimen.

Specimens in which fracture is highly localized, such as at the tip of a
sharp notched compact tension test, have important applications in the study
of crack growth rates. Fracture propagation in these tests is often measured
by mechanical compliance or visual observations. However, in the specific
case of ductile metals where fracture initiation (rather than propagation)
is the primary interest, specimens producing smooth fracture gradients are
more valuable.
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Figure 3.8: Distribution of continuum parameters through CNT cross-section
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Maintaining consistent stress states leading to fracture

The second design objective is that the stress state at the fracture initiation
site should remain relatively constant throughout the loading history. Prac-
tically, it is impossible to design specimens to maintain a totally consistent
stress state, and small variations are acceptable. For consideration of this
objective, it is useful to contrast the CNT specimen design with a standard
uniaxial tension coupon.

Figure 3.9 compares the evolution of geometry and continuum parameters
for a CNT specimen and a uniaxial coupon. For each specimen the applied
load, local equivalent plastic strain, and local stress triaxiality at the center
of the specimen are reported in terms of the applied displacement. The spec-
imen geometry is also displayed for each specimen at the point of maximum
load and the point of fracture. The data and specimen geometries in the
figure are determined by nonlinear finite element simulations of experiments
conducted for this study.

As indicated by the figure, the two specimens fracture with a similar
mechanism: the presence of a reduced section (or neck) produces high triax-
iality at the center of the specimen, which drives fracture at that location.
However, the quality of data from the specimens in evaluating a damage-
based fracture criteria is very different. As the CNT specimen maintains a
consistent stress state during the loading, it provides an accurate estimate
of the rate of damage at that stress state. In contrast, the widely varying
triaxiality during the tension coupon test results in many potential damage-
triaxiality relationships which will fit the same data.

Specimens with varying stress states are appropriate for evaluating the
effect of non-proportional loading history on fracture initiation, an impor-
tant and unresolved issue with modern fracture models. However, models
which account for non-proportionality require an underlying understanding
of fracture under proportional loading which must be determined first.

Contribution to prediction under the entire stress space

Chapter 2 described the range of the stress invariants T and ξ where ductile
fracture is found to occur in steel structures. This range was represented by
stress triaxiality levels between 0 < T < 2, and Lode angle parameter values
between 0 < ξ < 1. To validate the proposed fracture models within this
stress space a variety of specimens are employed, each designed to fracture
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Figure 3.10: History of CNT specimens in stress space

under a different stress state. In this way, the specimen designs proposed
in this chapter parallel the real structural components (listed in Figure 2.5)
which formed the motivation for the study.

Figure 3.10 shows the history of the stress parameters at the fracture
location of the CNT specimens within the previously defined stress space. As
indicated in Figure 3.9, the CNT specimens demonstrate minor variation in
stress triaxiality before fracture. The rotational symmetry of the specimens
enforces a perfectly axisymmetric stress state (i.e. ξ = 1 throughout the
loading history). In the figure, the point of fracture initiation (at the end
of the test) is indicated by the arrow. It is clear from this figure that the
CNT specimens provide information within a small portion of the relevant
stress space, limiting the validity of models developed using CNT specimens
and motivating the development of new specimens to interrogate the broader
stress space. The plot in Figure 3.10 will be revisited throughout this chapter
as new specimens are proposed.
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3.4 Grooved Plate

As indicated in Figure 3.10, ductile fracture in CNT specimens is restricted
to axisymmetric stress states (ξ = 1.0). However, fracture in structural
components does not necessarily fall into this idealized condition, and may
occur anywhere between axisymmetric and plane strain (ξ = 0) conditions.
To investigate fracture at the plane strain extreme of this range, an alter-
nate specimen is introduced in which ductile fracture occurs at a location
characterized by high-triaxiality and plane strain.

A flat plate specimen with a transverse groove is shown in Figure 3.11.
The specimen is referred to as a Grooved Plate (GP) specimen and is similar
to specimens studied by Bai (2008). GP specimens are characterized by the
smooth transverse notch along the specimen width. The lateral constraint
provided by the unnotched section provides a plane strain condition in most
of the notched section. The key dimensions of the specimens are the notch
root thickness (tNR), the notch radius (RN), the specimen width (wN) and the
gross section thickness (tUN). Variation of the notch aspect ratio (specifically
RN

tNR
) alters the stress triaxiality at the specimen center. Similar to the CNT

specimens described earlier, increasing the aspect ratio of the notch increases
the stress triaxiality at the center of the GP specimen. As the triaxiality-
increasing effect of the notch is only present in one direction for the GP
specimens, in contrast to two directions for the radially symmetric CNT
specimens, the GP specimens can achieve lower values of stress triaxiality.
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Figure 3.11: Schematic of Grooved Plate specimen

3.4.1 Closed form evaluation of stress state

As with the CNT specimens, closed form solutions have been proposed for the
relationship between the groove geometry and the stress state at the center of
the Grooved Plate specimens. One such relationship was derived theoretically
by Bridgman (1964). More recently, Bai (2008) used FE simulations to refine
the Bridgman solution, resulting in the relationship shown in Equation 3.9.

T =

√
3

3

(
1 + 2 ln

(
1 +

tNR
2RN

))
(3.9)

A series of finite element simulations were conducted to verify this re-
lationship and adapt it for use with structural steel. Nonlinear FE models
were created for a variety of specimen geometries, using a material model
calibrated for the A572 structural steel in this study, and pulled in tension
until the equivalent plastic strain at the center of the specimen reached 0.5.
Continuum values for the stress triaxiality and Lode parameter were recov-
ered from the models at the end of the loading. Confirming expectations, the
center of each specimen experiences a plane strain condition (ξ = 0), while
the stress triaxiality varied with the specimen geometry. The results of this
study, along with the predictions of Bai (2008) for a lower-ductility steel and
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the analytical result by Bridgman (1964), are presented in Figure 3.12.
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Figure 3.12: Relationship between specimen geometry and stress triaxiality
at the center of Grooved Plates

As shown in Equation 3.10, a correction is proposed for the Bridgman
and Bai solutions, based on the results of this parametric study. The vari-
ation between the proposed equation and previous solutions is attributed
to differences in material hardening behavior, as Bridgman studied a rigid
non-hardening material, Bai studied a low ductility steel, and the new rela-
tionship is for a high ductility steel. The strain hardening exponent is known
to impact the stress triaxiality in CNT specimens (Bonora et al., 1996), so
it is likely that it would also impact the triaxiality in the GP specimens.

T = 0.5 + 1.8 ln

(
1 +

tNR
2RN

)
(3.10)

3.4.2 Test series and results

Based on the above equation, a set of experiments were designed to interro-
gate the fracture properties of the A572 steel for a range of high triaxialities.
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Three monotonic tests and one cyclic test were performed, dimensions and
results of which are listed in Table 3.7.

Table 3.7: Grooved Plate Specimens

Designation RN (mm) tNR (mm) tUN (mm) wN (mm) Displacement

Pattern (mm)†

GP-1 1.59 2.36 11.91 25.4 0.619

GP-2 1.19 2.59 12.57 25.4 0.726

GP-3 3.18 2.26 12.73 25.4 0.839

GP-4 1.59 2.59 11.81 25.4 (0, 0.34)x8, 0, 0.291

†: Monotonic tests are indicated by a single value corresponding to
the measured displacement at fracture. Cyclic histories are indicated by the
extent and number of cycles, followed by the fracture displacement in the
ultimate cycle.

The specimens were attached through hydraulic grips to a uniaxial servo-
hydraulic test frame, and loaded through a displacement-controlled test pro-
tocol. A photograph of a typical test specimen is shown in Figure 3.13.
Data collected from the tests included the axial load and displacement (as
measured by the actuator) and the displacement of a 25.4 mm gage length
centered over the notch.

As each specimen was attached via flat grips, steps were taken to en-
sure that the specimen was accurately aligned with and centered in the test
frame. To verify this alignment, two identical extensometers were installed
on opposite sides of the specimen for one of the experiments. The measured
displacements from each extensometer were found to be nominally identical,
demonstrating no significant eccentricity in the load applied to the specimen.

Complementary 3D FE simulations were conducted for each experiment,
using as boundary conditions the measured displacements from the 25.4 mm
extensometer (Figure 3.14). Taking advantage of the specimen symmetry, a
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Figure 3.13: Grooved Plate specimen: Test configuration

one-eighth model was used for the simulations. The typical mesh, consisting
of 20,000 second order 8-node tetrahedral elements with reduced integration
(element C3D8R in ABAQUS/Standard), was sized such that there were at
least 20 elements across the thickness of the notch. Results obtained from the
FE simulation include the overall load-displacement response of the model
(to validate the material constitutive model), as well as the continuum stress
and strain state at the center of the specimen (the site of fracture initiation).

Observation of fracture initiation

Recall the first specimen design consideration, that fracture initiation should
be easily observable. Fracture observations for the Grooved Plate spec-
imens were made by inspection of experimental load-displacement curves
(Figure 3.15). In the figure, the onset of fracture appears suddenly, which
suggests that, as in the CNT specimens, the available elastic strain energy in
the specimen was sufficient to drive fracture and that the fracture criterion
was satisfied over a large area of the specimen simultaneously.

The observation of sudden fracture is supported by inspection of the
distribution of the fracture demand parameter (η in Equation 2.17) across
the net section of the grooved plate. As shown in Figure 3.16, the distribution
in the GP specimen is at least as flat as in a typical CNT specimen. In the
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Figure 3.14: Grooved Plate specimen: one-eighth finite element model

figure, the normalized position represents the distance from the specimen
center in the direction indicated, while the fracture demand is normalized by
the value at the center of the specimen. In comparison to the radial path
through the CNT specimen (labeled as radial), the GP specimen produces
a greater length of high fracture demand, both in the axis of the notch
(axis) and through the notch thickness (through). Validating the fracture
observations from the load-displacement curves, these contours demonstrate
that the GP specimens satisfy the first design objective (readily observable
fracture) at least as well as the commonly used CNT specimens.

Consistency of stress states leading to fracture

The second specimen design consideration is that the stress state at the site
of fracture initiation should be consistent throughout the specimen loading
history. Figure 3.17 shows the evolution of the continuum parameters (T and
εP ) at the center of the monotonic Grooved Plate specimens leading up to
the fracture point. The consistency of the stress state is a qualitative metric,
but the figure demonstrates the GP specimens to compare favorably to the
CNT and tension coupons presented in Figure 3.9.
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Contribution to prediction under the entire stress space

Finally, we can evaluate the contribution that the GP specimens make toward
the study of ductile fracture over the entire stress space. Figure 3.18 shows
the evolution of the monotonic GP specimens, following the convention of
the earlier figure. In the stress space defined in the figure, the GP specimens
have significantly expanded the area which was accessible to traditional CNT
specimens to also include the effect of the Lode angle parameter ξ.

Conclusions

Figure 3.17 also indicates an inverse relationship between stress triaxiality
and ductility, a finding consistent with behavior in CNT specimens. Re-
cent studies have found exponential models (e.g. SMCS, VGM) to fit plane
strain, high triaxiality data (Bai and Wierzbicki, 2008). The traditional
Stress-Modified Critical Strain (SMCS) fracture model was calibrated to the
monotonic GP data, as shown in Figure 3.17. Referring to the figure, the
calibrated SMCS criterion provides a good prediction of fracture in all of the
monotonic specimens. The factor inside the exponent of 1.3 differs slightly
from the traditional 1.5, a variation which will be justified in Chapter 5.
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A summary of the results of the Grooved Plate test series are presented
in Table 3.8. As indicated in the table and the previous figure, the specimens
successfully explored ductile fracture for a range of stress triaxiality levels.
The equivalent plastic strain εfP is reported at the point of fracture initiation.

The stress triaxiality (T) reported in the table is calculated as the strain-
weighted average of the stress state in the center of the specimen. Equa-
tion 3.11 details this calculation, wherein T̃ represents the history of the
stress triaxiality parameter.

T =

∫ εfracP

0
T̃ dεP

εfracP

(3.11)

Evaluating the Void Growth Model (VGM) by integrating Equation 2.17
over the loading history for each specimen yields the values for η shown in
the table. The consistency of the calibrated values, as well as the calibrated
SMCS criterion (Figure 3.17), demonstrates that fracture models which are
traditionally applied to axisymmetric stress conditions are also applicable to
plane strain conditions.

Table 3.8: Grooved Plate experiment results

Designation T (average) † εfP η

GP-1 1.08 0.71 2.87

GP-2 1.28 0.53 2.82

GP-3 0.92 0.73 2.46

GP-4 1.06 2.35

†: Strain-weighted mean level of triaxiality at the center of the specimen.
For the cyclic specimen GP-4, this average was taken only over the tension
cycles.

Comparing the calibrated coefficients for the VGM and SMCS fracture
criteria to those calibrated from the CNT specimens earlier yields insight as
to the importance of the Lode angle in fracture predictions. The mean value

70



Chapter 3. Monotonic and Cyclic Tests for the Evaluation of Ductile
Fracture Criteria

0.5 1 1.5 2
0

0.25

0.5

0.75

1

T

GP−1GP−2GP−3
CNT−1,2

ε̄p =
1.6e− 1.3T

ε̄p = 3.2e− 1.3T

Fracture

ε̄ p

SMCS:
SMCS:

crit

crit

Figure 3.19: Evolution of continuum parameters during Grooved Plate and
CNT tests

71



Chapter 3. Monotonic and Cyclic Tests for the Evaluation of Ductile
Fracture Criteria

of the VGM parameter η for the GP test series (Table 3.8) is found to be
2.7, which is about 65% higher than that determined for the CNT specimens
which fractured under axisymmetric stress states. The corresponding com-
parison for the critical-strain based SMCS model is illustrated in Figure 3.19.
In that figure, separate calibrations of the SMCS criterion are performed for
the axisymmetric specimens (CNT) and the plane strain specimens (GP),
and the resulting fracture loci are compared to their corresponding data sets.
The material constant α is shown to vary between 1.6 for the axisymmetric
case and 3.2 for the plane strain case, matching the variation in the VGM
parameters (the discrepency between the 65% factor and the doubling factor
is explained by the inverse behavior of the two models).

The effect of these results is to demonstrate that under high-triaxiality
conditions, material in a plane strain condition will have a higher fracture
ductility than material in an axisymmetric stress condition.

3.5 Rectangular Notch specimens

Following the conclusions of the previous section, the importance of the Lode
angle in the prediction of ductile fracture at high stress triaxiality levels has
been demonstrated for the A572 steel. However, while the GP and CNT
specimens have been used to study ductile fracture for extreme values of the
Lode angle parameter (ξ = 0, ξ = 1), they provide no information about
fracture for intermediate values of the Lode parameter (Figure 3.18). This
intermediate data (specimens in which ductile fracture is driven by stress
states between 0 < ξ < 1) is critical for determining the transition of a
fracture criterion between the extreme cases, as the non-idealized fracture
scenarios in civil structures are unlikely to be perfectly described by plane
strain or axisymmetric conditions.

A new specimen design, termed the Rectangular Notch (RN) specimen,
was created for a more detailed investigation of ductile fracture at high tri-
axiality. These specimens feature smooth notches on each side, producing a
rectangular net section (Figure 3.20), and are designed to fracture under a
controlled value of the stress triaxiality (T) and the Lode angle parameter
(ξ). The critical dimensions of the specimens are the unnotched thickness of
the specimen in each direction (e.g. t1UN) and the thickness of the specimen
at the notch root in each direction (e.g. t1NR), along with the radius of the
notch (RN), which is the same on all four sides. Derived parameters which
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Figure 3.20: Schematic of Rectangular Notch specimen

will be used to describe these tests include: ARNR, referring to the aspect

ratio of the notch root (i.e.
t1NR

t2NR
) and ANR, referring to the net section area

(i.e. t1NR · t2NR)

Since this is a newly developed test, the following section will provide a
detailed description of the motivation, fracture mechanism, and results for
this test series.

3.5.1 Motivation and literature review

As discussed in 3.4.2, the results of the CNT and GP specimens demonstrate
50% lower strains for ductile fracture under axisymmetric conditions when
compared to plane strain conditions, but they do not provide information on
ductile fracture for stress states between these extremes. Nor does the related
literature provide a consensus on either the magnitude of the Lode effect or
the behavior in transitional cases. Specifically, contemporary studies have
found both positive (Bai and Wierzbicki, 2008) and negative (Coppola et al.,
2009) effects of the Lode angle on ductility, and have modeled the transition
between the axisymmetric and plane strain condition as quadratic (Bao and
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Wierzbicki, 2004), cubic (Bai and Wierzbicki, 2008), and elliptical (Coppola
et al., 2009). Furthermore, the experimental validation of these functional
forms has not been methodical, but has consisted of scattered specimens with
widely varying levels of stress triaxiality.

Thus, the objectives of the RN test series are to: (1) validate the ξ-
ductility relationship suggested by the CNT and GP tests, and (2) provide a
high-quality and methodical data set to justify a fracture locus in this region
of stress space.

3.5.2 Effect of Rectangular Notch geometry on central
stress state

A parametric study was conducted to evaluate the influence of the above
geometrical parameters (ARNR and RN) on the stress state at the specimen
center (i.e. T and ξ). Three-dimensional finite element meshes were defined
for a variety of specimen geometries, taking advantage of symmetry to model
one-eighth of the specimen. Material parameters used in the study were
calibrated to a typical structural steel, and each model was loaded in uniaxial
tension until the strain at the center of the specimen reached a value of
εP = 0.5.

The geometry of the specimens was constrained such that the unnotched
thickness in each direction was 25.4 mm, and the area of the net section was
held constant (ANR = 64.5mm2). A matrix of twenty-one simulations was
used to investigate the effects of variation in the aspect ratio of the net section
(ARNR) and the radius of the notch (RN). The results of these simulations
are shown in Figure 3.21 and Table 3.9, indicating that the notch aspect ratio
has a strong effect on the Lode parameter at the center of the specimen and
a relatively minor effect on the stress triaxiality. Furthermore, by simultane-
ously varying the aspect ratio and notch radius, any arbitrary high-triaxiality
stress condition can be produced at the center of the specimen.

3.5.3 Experiments and results

Seven RN specimens were manufactured and pulled in tension until the point
of fracture, as listed in Table 3.10 (at the end of the section). A typical
specimen and loading configuration are shown in Figure 3.22, showing the
measurement of axial displacement using a 25.4 mm extensometer. As shown
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Table 3.9: Continuum parameters evaluated at εP = 0.5 for various RN
geometries

RN (mm)

ARNR 1.587 3.175 4.763

1.000 1.00 1.00 1.00

1.250 0.67 0.81 0.87

1.375 0.48 0.67 0.74

1.500 0.28 0.52 0.62

1.750 0.16 0.28 0.44

2.000 0.04 0.15 0.26

3.000 0.01 0.03 0.09

(a) Lode angle parameter ξ

RN (mm)

ARNR 1.587 3.175 4.763

1.000 1.574 1.297 1.148

1.250 1.559 1.284 1.138

1.375 1.533 1.269 1.129

1.500 1.508 1.257 1.120

1.750 1.463 1.225 1.097

2.000 1.419 1.194 1.075

3.000 1.334 1.118 1.013

(b) Stress triaxiality T
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Figure 3.21: Continuum parameters evaluated at εP = 0.5 for various RN
geometries

in the figure, the specimens were attached to the testing frame using round
pins outside of the notched section. As the specimens were subjected only to
monotonic tension, buckling of the specimens was not a factor, and the pin
support provided a more reliably uniaxial loading condition.

Using the results of the parametric study in the previous section, the spec-
imens were designed to have nominally identical notch radii and net section
areas, so as to limit the variation in stress triaxiality between the specimens.
Variation in the Lode angle parameter at the center of the specimen was
controlled by the net section aspect ratio. Details of the test series are pre-
sented in Table 3.10, including the geometry and selected results which will
be discussed in the following pages.

Nonlinear finite element models were conducted for each experiment (Fig-
ure 3.23). The simulations were based on the measured specimen geometry,
and were modeled as one-eighth of the specimens taking advantage of sym-
metry. The typical mesh consisted of 16,000 quadratic 8-node brick elements
with reduced integration (C3D8R in ABAQUS/Standard), which were sized
to provide a sufficient mesh density at the specimen notch.

A significant difference in the modeling of the RN specimens, as com-
pared to the modeling of the CNT and GP specimens was in the modeling
of the specimen supports. In the CNT and GP specimens, the FE model
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Figure 3.22: Rectangular Notch specimen: test configuration

extended only to the location where the specimen elongation was measured
with the axial extensometer (i.e. the 25.4 mm gage length). This strategy
requires the assumption of a uniform displacement field at the location of
the displacement measurement. While this assumption was validated for the
earlier specimens as part of the modeling process, the geometry of the RN
specimens (principally the large supporting area relative to the net section)
required additional consideration. The contours of the von Mises stress field
(Figure 3.23), demonstrate a lack of uniformity at the edge of the gage length.
To provide higher fidelity with the experiments, an additional length of the
specimen (equal to twice the gage length) was included in the simulation. A
location on the edge of the FE model, corresponding to the installed loca-
tion of the extensometer in the physical experiment, was tracked and used
to measure the simulated specimen displacement.

Detection of ductile fracture initiation

The results of the finite element simulations and the experimental observa-
tions demonstrate that fracture initiation occurs at the center of the Rect-
angular Notch specimens. Figure 3.24 shows the distribution of the VGM
fracture demand (Equation 2.17) over the center of an RN specimen, indi-
cating high fracture demand at the center of the specimen. However there is
a large external corner region which was not present in the round CNT spec-
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Figure 3.23: Rectangular Notch FE mesh and Mises stress distribution

imens and was much smaller in the GP specimens. This area of low demand
has the potential to ‘hang on’ while fracture initiation occurs at the center of
the specimen, preventing a sudden fracture event that is easily observable.

Figure 3.25 shows a representative load-displacement curve for one RN
specimen (Figure 3.25a), in which the initiation of fracture is marked by a
sudden change in the specimen stiffness (Figure 3.25b). Despite the absence
of a total and sudden fracture event as found in the CNT and GP specimens,
observing the stiffness change provided a clear indicator of fracture initiation.

Consistency of stress states leading to fracture

One of the key objectives of the RN test series is to provide highly controlled
stress states to systematically probe the relationship between ductile fracture
and the Lode angle parameter ξ. To judge the success of this objective,
the motion of each specimen through T-ξ space during loading is shown in
Figure 3.26. The calculated triaxiality of the RN specimens typically varied
by 0.2 between initiation of plastic flow and fracture, which is similar to the
variation in CNT and GP specimens. The variation in ξ is more significant,
where ξ typically decreases by up to 0.4 during the loading history, due to
the changing aspect ratio of the net section under plastic flow (transverse
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Figure 3.26: History of CNT, GP, and RN specimens in stress space

contraction of the notched area).
As the objective of the Rectangular Notch test series was to investigate

the effect of variation in the Lode angle parameter ξ, the significant variation
in ξ is not ideal. However, it is an inevitable side-effect of the geometry and
nature of plastic flow.

Contribution to fracture prediction under the entire stress space

The new Rectangular Notch specimens fill a significant gap between the CNT
and GP specimens (Figure 3.26), in that they allow systematic and fine-
tuned variation of the Lode angle parameter ξ leading to fracture initiation
at high stress triaxialities. Specifically, the RN specimens provide measurable
fracture initiation over the entire range of Lode angle parameter (0 < ξ < 1)
and a range of high stress triaxiality levels (1 < T < 2).

Conclusions

The results of the RN test series are summarized in Table 3.10, with reported
values of T , ξ, and η at the location of fracture initiation. As ductile fracture
in high triaxialities is driven by material damage (i.e. microvoid growth), it
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Figure 3.27: Evolution of continuum parameters in RN specimens

is appropriate to represent the specimen stress state histories with a strain-
weighted average (Equation 3.11). As with the CNT and GP specimens
presented earlier, the variations in stress triaxiality between specimens are
accounted for by the use of the VGM (Equation 5.2) parameter η to represent
the material ductility at varying stress states. The VGM is assumed to
accurately predict the impact of triaxiality on fracture, such that variations
in the specimen fracture behavior can be attributed to variation in the Lode
angle.

Figure 3.27 illustrates the history of the ξ and η parameters at the center
of each RN specimen up to the point of fracture initiation. The data in Ta-
ble 3.10 and the figure show a trend of higher fracture ductility in specimens
with lower levels of ξ. Specifically, the values of η range from 2.1 in the
axisymmetric case (ξ = 1) to 3.2 in the plane strain case (ξ = 0). These
values can be compared to the axisymmetric CNT specimens (η = 2.06) and
the plane strain GP specimens (η = 2.7), suggesting a similar trend and
confirming the results of the previous experiments.
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3.6 Inclined Notch specimens

Referring back to Figure 3.26, the most obvious gap in the specimens pre-
sented thus far is in the study of ductile fracture at low stress triaxiality
levels.

Low triaxiality stress states (T < 0.5) require fundamentally different
approach for experimental study than themore typical high-triaxiality con-
ditions. This difference is illustrated in Figure 3.28, which shows a two-
dimensional representation of principal stresses leading to high and low tri-
axiality along with representative specimens for achieving the desired stress
states. High triaxiality conditions are characterized by a large tension stress
in one principal direction in combination with smaller tension stresses in
the other principal directions. From an experimental perspective, a notched
specimen loaded in tension (similar to the CNT, GP, and RN tests) produces
(1) concentrated plasticity at the location of the notch and (2) the smaller
tensile stresses which lead to a high triaxiality stress state. It is relatively
straightforward to produce specimens which fracture under high-triaxiality
stress conditions.

Low triaxiality stress states are characterized by a large tension princi-
pal stress and smaller compressive (or zero) stresses in the other principal
directions. Such conditions are considerably more challenging to achieve
in practical experiments. The most direct strategy for producing ductile
fracture at low stress triaxiality is to directly apply an external compres-
sive stress (through a hydraulic fluid) to a specimen which produces high-
triaxilaity fractures in atmospheric pressure tests (e.g. Bridgman (1964)).
This method is effective, but requires a test chamber capable of containing
very large pressures of multiple times the yield stress of the material being
tested.

A more common method of producing ductile fracture at low stress tri-
axiality is to apply load to a notched specimen at a varied loading angle (i.e.
combined tension and shear). Examples of this strategy include tension-
torsion tests, tests using biaxial testing apparatus, and specimens in which
the net section is not perpendicular to the direction of applied load.

The following section will describe a new specimen designed for the study
of ductile fracture at low triaxiality, termed the Inclined Notch (abbreviated
IN) specimen. The Inclined Notch specimen features a compound notch
with a variable loading angle. The variable loading angle is the key feature
of these specimens, whereby adjusting the angle relative to the direction of
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High stress triaxiality is
 produced by necked specimen

Low stress triaxiality requires 
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Figure 3.28: Comparison of principal stresses and loading mechanisms for
high and low stress triaxiality conditions
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loading the critical area of the specimen can be loaded in tension, shear,
or any combination thereof. The specimens are further designed to support
loads applied in both tension and compression (suitable for development of a
cyclic fracture criteria) and to be tested in a standard uniaxial testing frame.
An optical measurement technique was applied to determine an accurate
displacement field for the specimen.

This section begins with a survey of related research to develop low-
triaxiality test specimens, which informed the design of the Inclined Notch
specimen. This will be followed by details of the IN specimen design and the
mechanism by which fracture is induced. The testing program and methods
will then be presented, with special emphasis on original methods which
were developed for the IN test series. Finally, a critique of the specimen is
presented to include conclusions and further recommendations.

3.6.1 Literature review and specimen alternatives

The need for variable-angle notched specimens to control the stress triaxiality
in fracture tests has been addressed in several ways by previous researchers.
In general, these efforts can be classified by (1) practical considerations, which
may affect the complexity and cost of the specimens and testing apparatus,
and by (2) functional considerations, which have a more significant affect on
the stress state and fracture characteristics of the specimens. This section
will begin by laying out broad categories for variable-angle specimens to
provide context for the literature review to follow.

The practical differentiation of inclined-notch specimens proposed in re-
search literature involves the balance between specimen complexity and test-
rig complexity. Representative examples of this variation are illustrated in
Figure 3.29. The first two examples in the figure illustrate ‘butterfly’ type
specimens in two types of loading apparatus. Butterfly specimens are typ-
ically symmetric about a central notch, and through the use of specialized
loading devices they can be tested at various loading angles. Figure 3.29a
illustrates a butterfly specimen in a two-actuator testing device (where the
relative proportion of force in the actuators defines the effective loading an-
gle), while Figure 3.29b shows a specimen in an ‘Arcan’ type apparatus
(where the configuration of the apparatus in a uniaxial test frame defines
the loading angle). An alternative to these specialized loading methods is to
manufacture specimens with a built-in angled notch as shown in Figure 3.29c,
referred to here as a ‘self-contained angle’ specimen. In general terms, but-
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b) c)a)

Figure 3.29: Specimens for mixed mode fracture: a) butterfly notch in biaxial
test device, b) butterfly notch in Arcan apparatus and c) self-contained angle

terfly specimens require the use of more complex loading apparatus, while
self-contained angle specimens require slightly more complex machining of
the physical specimen.

The primary functional difference between the studies in this review in-
volves the boundary conditions imposed on the experiments. Specimens
loaded at an angle have a tendency to ‘straighten’ with plastic strain, lead-
ing to a change in the effective loading angle and deviation from the orig-
inal stress state. Several researchers have attempted to mitigate this effect
by restraining the lateral motion of the specimen supports (e.g. Bai and
Wierzbicki (2008)). One possible mechanism of lateral restraint is indicated
by Figure 3.30, using as an example the self-contained angle specimens de-
scribed above. Figure 3.30a is an example of an unrestrained specimen (in
which the supports are allowed to freely rotate as the specimen deforms),
while Figure 3.30b shows a laterally restrained specimen. The effects of this
distinction will be explored in a later section, but it generally represents a
choice between consistency in the applied forces (laterally unrestrained - Fig-
ure 3.30a) and consistency in the applied displacements (laterally restrained -
Figure 3.30b). Unless otherwise specified, the tests described in the literature
are all examples of the unrestrained design option.
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b)a)

Figure 3.30: Comparison of laterally (a) unrestrained and (b) restrained
specimens with a variable loading angle

Literature review

Butterfly-type specimens were originally developed by Banks-Sills and Ar-
can in a numerical study (Banks-Sills et al., 1984) and tested in a later study
(Banks-Sills and Arcan, 1986). The focus of these studies was on mixed-mode
traditional fracture mechanics (i.e. mixed-mode KI/KII fracture). As such,
the specimen contained a preexisting flaw and the force demands were con-
siderably lower than required for a fully plastic net section. FE simulation
was used to characterize the crack tip stresses for various angles. The exper-
imental portion of the study was conducted with a Perspex thermoplastic to
allow photoelastic stress determination. The type of test rig used in these
tests is referred to as an Arcan apparatus, and is similar to the illustration
in Figure 3.29b. In the Arcan apparatus, the butterfly specimen is clamped
into a larger circular test device which can be pulled at various locations to
vary the effective loading angle.

Several research groups at MIT have performed fracture tests using an
adjustable butterfly test rig. The test device was originally constructed by
Mohr and Doyoyo (2004) to characterize the multiaxial plasticity of alu-
minum composites, with subsequent investigations focusing on ductile frac-
ture mechanics. This test device has the ability to operate in a laterally
restrained condition, such that the rigid body motion of the two supports
must remain colinear (i.e. lateral motion and rotation are prevented). The
merits of the laterally restrained test frame are discussed below.

The Mohr test apparatus was used subsequently by Bao and Wierzbicki
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(2004) to investigate ductile fracture in a ductile steel (A710). Eight speci-
mens were tested at loading angles between -10◦ to +90◦ (where 0◦ is pure
shear and positive values represent tension). Ductile fracture was observed
in the tension specimens (+90◦) at an equivalent strain of 1.45, compared
to an equivalent strain of 2.68 in the mixed-mode compression specimens
(-10◦). These tests were conducted with the laterally constrained test rig,
and featured a reduced thickness at the center of the notch axis to promote
fracture initiation.

Similarly, Mae et al. (2007) conducted a similar set of tests on cast
aluminum. A total of six specimens were tested at loading angles from -
10◦ to +20◦. The material ductility was compared between the compression
(-10◦) loading case (equivalent strain of 0.53) and a tension notched bar
(equivalent strain of 0.05).

Li-jun et al. (2011) used a traditional Arcan apparatus to test crack
growth in an aluminum specimen. Unlike the test series by Banks-Sills and
Arcan, these specimens featured an edge notch rather than a central notch,
introducing asymmetric effects.

Bao also designed and tested a type of inclined notch specimen with a
self contained angle (Bao and Wierzbicki, 2004). Two aluminum specimens
of this type were tested, with loading angles of 0◦ and 45◦. The Bao speci-
mens were similar to the specimens tested in the current study in that they
had pinned boundary conditions with a central inclined notch. These tests
were designed to investigate plane strain fracture, and were highly slender.
Considering the present study, these slender specimens are not suitable for
cyclic loading due to buckling concerns.

Bai performed a set of eight butterfly tests for 1045 steel (Bai and Wierzbicki,
2008). These tests were equivalent in geometry to the earlier experiments
using the Mohr test frame, but were tested using a special dual-actuator
test frame (similar to Figure 3.29a) capable of independently loading the
specimen in two directions. This type of test greatly improves the degree
of non-proportional loading which can be captured. However, the result-
ing specimen is indeterminate, requiring a high level of instrumentation to
measure the imposed forces.

Critique of butterfly and self-contained notch specimens

This section aims to review the lessons of the preceding literature review, in
conjunction with original modeling efforts, to facilitate the development of a
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new low-triaxiality specimen for this study.

Butterfly specimens (Figure 3.29 a and b) allow the investigation of frac-
ture under many loading angles with identical specimens, significantly reduc-
ing the required planning and manufacturing effort in comparison to speci-
mens with a built-in angle (Figure 3.29c).

The butterfly specimen and loading apparatus tend to be restricted in
size due to the use of clamping pressure to hold the specimen. The required
clamping area, as well as the mechanism for adjustment of the loading an-
gle, require a relatively large supporting apparatus. While this size is not
an obstacle for tests subjected to tensile loading, the butterfly apparatus re-
quires reinforcement to prevent buckling under compression or reverse cyclic
loading.

Additionally, butterfly specimens require the creation of complex FE
models to accurately reproduce the specimen boundary conditions. As the
only clearly measurable boundary condition is outside of the support appa-
ratus, the apparatus itself must be modeled - including the effects of friction
in the grip interface. Some efforts have sought to measure the displacement
of the butterfly specimen edges to provide a boundary condition closer to
the critical section. However, the resulting sub-model is highly indetermi-
nate - such that small errors in the measured displacements may result in
large errors in the stresses and strains in the critical section. In contrast,
the self-contained angle specimens can be loaded directly through a pin, re-
sulting in a deterministic boundary condition which may be applied to the
computational model.

The option of constraining the rotation and lateral motion of the spec-
imen during loading (as suggested by previous studies) was explored using
detailed finite element simulations of prototype specimens. While the dis-
placement of the constrained specimens is more uniform, large lateral forces
are required to enforce the constraint. It was found that these lateral forces
cause significant variation in the local stress state within the notch. In con-
trast, unconstrained specimens result in less consistent displacement fields
during loading (due to the tendency to ‘straighten’), but have higher consis-
tency in the applied forces. Thus, the geometrically unconstrained specimens
are capable of producing much more consistent stress states (i.e. consistency
in force boundary conditions is more important than consistency in displace-
ment boundary conditions).
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Figure 3.31: Typical Inclined Notch specimen

3.6.2 Inclined Notch specimen design and behavior

A typical Inclined Notch specimen is shown in Figure 3.31. The notch angle,
θN , controls the relative levels of shear and axial stress across the notch, and
the general level of stress triaxiality within the notch. Other critical param-
eters are RN , the radius of the inclined grooves, as well as wN and tNR, the
width and thickness of the inclined net section. The specimen length between
the pin supports is sufficient to accommodate the variable notch geometry
and minimize the change in stress state due to the geometrical straighten-
ing of the specimen during loading. The overall specimen thickness is 25.4
mm, which is necessary to prevent buckling under compressive loading. The
overall specimen dimensions (e.g. the total length and width) are sufficient
to prevent yielding outside of the notch vicinity.

Mechanism of ductile fracture

The mechanism by which fracture occurs in the Inclined Notch specimen is
complicated by the combination of tension and shear forces present in the
central notch. This interaction is illustrated in Figure 3.32, which shows the
effects of the stress concentrations provided by the through holes and the
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Figure 3.32: Interaction of stress concentrations in Inclined Notch specimens

inclined groove in the IN specimens.

Recall that in the previous specimens (CNT, GP, and RN), the effect
of the notch was to produce a highly triaxial stress condition at the center
of the specimen, promoting fracture initiation at that location. If oriented
at θN = 0◦, the notch in the Inclined Notch specimen functions similarly
(Figure 3.32c). However when in an inclined orientation, the stress concen-
trations due to the through holes in the specimen are not aligned with each
other or with the concentration due to the groove (Figure 3.32d), resulting
in a less smooth stress field. This effect is exacerbated by the lower average
stress triaxiality in the inclined specimens, which tends to inhibit fracture
and make the specimen more sensitive to small stress concentrations.

These effects are demonstrated quantitatively in Figure 3.33, which shows
the distribution of stress triaxiality through the center of a 50◦ Inclined Notch
specimen. Referring to the figure, the inclined groove does produce a slightly
elevated triaxiality level in the center of the notch. However, the through
holes serve as stress concentrations, boosting the stress triaxiality in the ad-
jacent material to higher levels than at the center of the specimen. Inspection
of the distribution of the fracture demand from the Void Growth Model (Fig-
ure 3.34) illustrates the effect of this high-triaxiality area, predicting fracture
initiation to occur on the edge of the specimen.

The notch aspect ratios for the IN specimens were studied through para-
metric FE simulations and tailored to limit the effect of sharp stress con-
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Figure 3.33: Triaxiality distribution on the inside of a 50◦ Inclined Notch
specimen

Figure 3.34: Distribution of VGM fracture demand parameter η inside a 50◦

Inclined Notch specimen
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Figure 3.35: Effect of notch width on the fracture location in Inclined Notch
specimens

centrations. Preliminary FE simulations suggested that the plane of concen-
trated deformation (shear plane) is not perfectly aligned with the specimen
net section axis (Figure 3.35). Fracture on the edge of the notch was pre-
dicted where the shear plane reached the free surface of the notch, due to
the combination of concentrated strains and raised triaxiality levels due to
the cut-out section (Figure 3.33). FE studies found that this effect could be
mitigated by extending the notch width (wN) or reducing the notch radius
(RN), such that the shear plane and notch axis did not meet on the free
surface, as illustrated by the dashed line in Figure 3.35.

3.6.3 Experimental procedure

As summarized in Table 3.11, a series of 7 monotonic and 11 cyclic experi-
ments were designed and tested. A non-shrinking urethane plastic was used
to make casts of the notch area on each side of the specimen. The casts were
measured to determine the as-manufactured dimensions, which are listed in
the table as noted.

As indicated in Table 3.11 the test suite includes six nominally different
specimen geometries as defined by the notch angle and radius. Examples of

93



Chapter 3. Monotonic and Cyclic Tests for the Evaluation of Ductile
Fracture Criteria

each of these designs are shown in Figure 3.36.

Instrumentation and specimen control

Quantitative load and displacement data were acquired during the experi-
ments through a combination of physical instruments and a specially designed
optical displacement measurement method. The physical and optical mea-
surements were combined and correlated to produce data for comparison to
FE simulations.

The applied load was measured by a load cell which was integrated with
the test frame, aligned and in series with the axis of the specimen. The axial
deformation of the specimen was measured by a displacement transducer
supported between the pin supports (Figure 3.37).

All specimens were loaded under displacement control, with a typical con-
stant actuator velocity of 0.05 mm per second. For cyclic specimens, load
reversal points were determined by real-time measurements of the pin-to-pin
specimen displacement. An approximate value of the pin slip displacement
(discussed below) was added to the desired specimen displacements to de-
termine the appropriate reversal points. Accurate measurements of the load
reversal points were obtained during post-processing of the physical and op-
tical measurements. The loading protocols for all Inclined Notch specimens
are reported in Table 3.11.

Refinements to the physical measurements

The physical measurement at the pins was designed to be consistent with the
FE simulation (in which boundary conditions are applied at the specimen pin
locations). However, the tolerance inherent in pinned connections was found
to be significant relative to the specimen displacement history (Figure 3.38a),
requiring additional consideration.

To improve the quality of the physical pin-to-pin measurement the degree
of pin slip was quantified. A ‘blank’ specimen (i.e. a specimen before the
machining of the internal notch, which can be treated as effectively rigid) was
instrumented with the pin-to-pin transducer and loaded by force controlled
cycles which exceeded the maximum force for the tested fracture specimens.
This produces a repeatable relationship between the load applied to the spec-
imen and the displacement due to the pin tolerance (Figure 3.38b).
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Table 3.11: Inclined Notch specimen list

Test θN RN(mm) tNR(mm) wN(mm) Displacement pattern(mm) ‡
IN30-1 30◦ 3.175 4.4196† 12.7 2.957

IN30-2 30◦ 1.588 4.7244† 12.7 2.344

IN30-3 30◦ 3.175 5.08 12.7 0, 2.050, 0.422, 2.136

IN30-4 30◦ 1.588 4.6228† 12.7 0, 1.336, 0.533, 2.949

IN30-5 30◦ 1.588 5.842† 12.7 0, (0.493, 0.445)x9, (1.461, 0.775)x3

IN30-6 30◦ 1.588 6.4008† 12.7 0, (0.33, -0.58)x8

IN50-1 50◦ 3.175 5.08 12.7 4.128

IN50-2 50◦ 3.175 4.2799† 12.7 3.617

IN50-3 50◦ 3.175 5.08 12.7 0, (2.44, 0.81)x3, 2.21

IN50-4 50◦ 3.175 4.064† 12.7 0, (0.75, -0.65)x8, 0.89, -0.75, -0.12

IN50-5 50◦ 3.175 4.826† 12.7 0, 2.585, 0.467, 3.310

IN70-1 70◦ 3.175 4.6101† 12.7 5.329

IN70-2 70◦ 3.175 5.08 12.7 0, (3.31, 0.60)x3, 3.21

IN70-3 70◦ 3.175 4.826† 12.7 0, 3.555, 0.695, 4.687

IN90-1 90◦ 3.175 5.08 12.7 0, 5.90

IN90-2 90◦ 3.175 4.5085† 19.1 0, 6.823

IN90-3 90◦ 3.175 5.08 12.7 0, (2.06, 0.44)x16, 1.016

IN90-4 90◦ 3.175 4.953† 12.7 0, 3.603, 0.544, 5.889
†: Measured dimension. All other dimensions are nominal.

‡: Monotonic tests are indicated by a single value corresponding to
the measured displacement at fracture. Cyclic histories are indicated by the
extent and number of cycles, followed by the fracture displacement in the
ultimate cycle.
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(a) IN30-2 (b) IN30-3 (c) IN50-5

(d) IN70-2
(e) IN90-2 (f) IN90-4

Figure 3.36: Photographs of representative Inclined Notch specimens
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Figure 3.37: Instrumentation of Inclined Notch specimen

The measured displacement between the support pins (∆pin−to−pin) can
then be separated into two components, the displacement due to pin slip
(∆tol) and the specimen displacement (∆specimen) (Equation 3.12). As the
pin slip is not modeled in the FE simulation, the specimen displacement
is appropriate for comparison of the simulated and modeled results. This
process is illustrated by Figure 3.38, whereby subtracting the pin slip dis-
placement from the measured displacement yields the displacement of the
specimen (Figure 3.38c).

∆pin−to−pin = ∆tol + ∆specimen (3.12)

In the ‘blank’ specimen, the value of ∆specimen is elastic and can be ap-
proximated through hand calculations, showing it to be insignificant relative
to either the pin tolerance or the specimen displacement of fracture speci-
mens. Thus, ∆tol is taken directly from the ‘blank’ specimen test data. The
results of the ‘blank’ specimen tests are shown in (Figure 3.38b) and were fit
empirically to (Equation 3.13) for tension loading.

∆+
tol = ∆+

gap +
Fmeas
K+
pin,1

+K+
pin,2(1− exp(−K+

pin,3 · Fmeas)) (3.13)
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Figure 3.38: Subtraction of pin slip displacement for Inclined Notch specimen
(IN70-3)

Within Equation 3.13, Fmeas refers to the measured force in the experi-
ment. The constants K+

pin,1, K
+
pin,2, K

+
pin,3 describe the shape of the empirical

fit; these constants were found to be consistent across all specimens and
were calibrated once for the entire data set. The constant ∆+

gap is equal to
the displacement gap at zero applied load. This parameter corresponds to
the tightness of the pin connection on each specimen, and is calibrated inde-
pendently for each specimen. A separate set of parameters were calibrated
for compressive loading.

The specimen displacement history (∆specimen) was found during post-
processing by subtracting the pin tolerance (∆tol) from the physical measure-
ment (∆pin−to−pin), shown in (Figure 3.38). While this produced a reasonable
estimate for the specimen displacement, errors were still present due to vari-
ation in the precise amount of slip in each specimen. The calculated physical
measurement was therefore not accurate enough to be used reliably in FE
simulations, and was supplemented by an optical displacement measurement.

Optical measurement of specimen deformation

A new method for optically measuring the deformation of the Inclined Notch
specimens was developed to improve upon the data gathered through phys-
ical sensors. This section will describe the mechanism and results of the
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Canon T2i 
Digital Camera

Lighting

Specimen

Figure 3.39: Optical displacement measurement setup

optical measurement system, while specifics of the algorithm can be found
in Appendix C. The new method relies on tracking the rigid body motion of
the elastic parts of the specimen, which can be used to recover the motion
of the supporting pins.

Prior to each test, the specimens were painted with a grid of red circles,
as seen in Figure 3.36. The diameter of the circles was 12.7 mm, and the
center-to-center spacing was also 12.7 mm. The paint was applied using a
plastic template which was bolted in place using the supporting holes in the
specimen, such that the grid was always in the same place relative to the
supports.

During the tests, a high-resolution commercial digital SLR camera was
mounted to the test frame, focusing on the painted face of the specimen
(Figure 3.39). The camera was triggered at intervals of 1 second by the test
control system so that the images could later be synchronized to the con-
trol signal and data from the physical sensors (displacement, load). During
post-processing of the test data the optical tracking algorithm recovered the
locations of the red circles in each photograph. This data was used to find
the rigid-body motion (vertical and horizontal translation and rotation) of
the top and bottom (elastic) portions of the specimen. From the rigid body
motion, the location of the pin supports throughout the test history could
be calculated. As the finite element models of the specimens did not include
the effects of slippage in the pin connections, this recovered pin location is
consistent with the boundary condition in the finite element model.
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The accuracy and resolution of the optical measurement method is the
product of averaging the tracked location of multiple painted circles (and
many pixels), and is difficult to quantify exactly. Using methods described
by Maletsky et al. (2007), which involve measuring the motion of an object
with a stationary or fixed displacement, the accuracy of the optical method
was found to be under 40 µm (and likely closer to 5 µm). This compares
favorably with the 5 µm accuracy of the physical displacement measurement.
The most dramatic improvement was in the quality of the data, as the optical
measurements were free from the issue of pin slippage and are suitable for
direct comparison with the finite element results.

Figure 3.40 compares the load-displacement curves found by the optical
and physical (corrected for pin slip) measurements. The figure shows that
the optical measurement system finds similar results to the physical mea-
surement, but without the subjective step of the pin-slip correction method
described above. The small gap in the optical displacement measurement
as it passes through the zero force level can be attributed to the specimen
resettling under compressive load.

Fracture observation using optical method

Due to the complex interaction of the plane of concentrated deformation
(visible in the εP contours in Figure 3.34) and the notch axis, the location of
fracture initiation in the Inclined Notch specimens was not restricted to the
specimen center, and did not necessarily occur over a large enough volume
to cause an observable drop in the specimen load. Therefore, the method of
fracture detection used for the previous specimens (inspection of the load-
displacement curve) is not adequate, and a supplementary method of fracture
detection is necessary.

Detailed photographic observations were made of the notched region dur-
ing the test with a frequency of 1 Hz (approximately every 0.03-0.05 mm of
pin displacement), using the same system as the optical displacement mea-
surement. These photographs were synchronized with the measured test
data, and collectively examined to determine the fracture initiation events.

Observations of fracture initiation are further complicated because frac-
ture can potentially occur anywhere within the volume of the notched sec-
tion. To account for this in the fracture observations, the notched area was
subdivided into three regions: the edge, surface, and center of the spec-
imen (Figure 3.41). The edge and surface regions encompass a depth of
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Figure 3.40: Comparison of optical and physical measurements of an Inclined
Notch specimen
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Figure 3.41: Fracture detection regions in Inclined Notch specimens

approximately 1 mm from the respective faces, while the center encompasses
the remaining volume. Through visual observations and inspection of the
load-displacement curves fracture can be separately detected in these three
regions. This effectively replaces each fracture specimen with three ‘virtual’
specimens, each providing valuable data for calibrating and validating the
fracture model.

Given the limitations of instrumentation and visual resolution, it is often
difficult to precisely quantify the moment of fracture initiation. For example,
under low magnification it is difficult to distinguish between highly concen-
trated plasticity and material separation (i.e. fracture initiation), as they
each manifest visually as a region of concentrated material damage. Previ-
ous studies of ‘butterfly’ type specimens focused relatively less attention to
the reliability of fracture observations, which were made by simple inspec-
tion of the load-displacement response (Bao and Wierzbicki, 2004) or visual
observation (Bai and Wierzbicki, 2008).

Fracture initiation is a continuous process beginning with the first coales-
cence between adjacent micro-voids and resulting micro-crack growth, and
ending with a macro-crack which propagates through the specimen. Obser-
vations of fracture in the Inclined Notch specimens should be comparable to
those made in the previously designed specimens, in order that they can be
used side-by-side in the calibration of fracture criteria. However, it is difficult
to know what level of visual observation (e.g. width of micro-crack, size of
highly plastic region) is comparable to a crack leading to fracture initiation
in a CNT specimen. To avoid biasing the results by subjectively selecting
a definition for visual fracture observations, a more flexible approach was
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applied to the data.
To address these issues, fracture observations in the IN specimens were

recorded as a window of potential initiation times - beginning at a time
when fracture had clearly not occurred and ending at a time when fracture
initiation had clearly occurred. The size of these windows ranged from one
experimental time step (when fracture was sudden and obvious), to a large
portion of the test history (when fracture initiation was very unclear or grad-
ual).

Further ambiguity was present when multiple observation scenarios were
recorded for each specimen. For example, if fracture initiation was uncertain
at any site (e.g. the center, edge, or surface), a separate scenario was created
for the ‘fracture’ case and the ‘no fracture’ case. The following example will
illustrate the crack detection methodology using specimen IN30-3. Similar
data for the remaining specimens will be presented in Appendix A.

Table 3.12 shows the fracture observations for the specimen. The frac-
ture observations recorded in the table are in terms of the cycle number and
displacement level. For example, the observation ‘2, 2.14’ represents fracture
initiation on the second tension excursion at the time when the measured
specimen elongation was 2.14 mm. All fracture observations occurred during
tension excursions. Referring to the table, no fracture initiation was observed
in the ‘surface’ region of the specimen. Possible fracture initiation was ob-
served on the specimen edge during the second tension excursion, indicated
in Figure 3.42. Given this observation, and the lack of observed crack growth,
three potential fracture scenarios are evaluated (Case 1-3). In Case 1, the
edge crack propagates through the specimen, causing total fracture without
independent fracture initiation elsewhere. In Case 2, the edge crack does not
propagate, and fracture initiation occurs independently at the center of the
specimen. As the contours of fracture demand are smoother at the center of
the specimen, we can assume that fracture initiation and propagation occur
rapidly. Thus, the total fracture of the specimen (at a displacement level of
2.14 mm) is immediately preceded by fracture initiation at the center of the
specimen.In Case 3, an edge defect was falsely reported as fracture initiation,
and fracture initiation actually occurs at the center of the specimen.

The three fracture cases are represented graphically in Figure 3.43. In
the space of the figure, fracture observation can fall into the ‘no fracture’
category or the ‘fracture’ category at a specific time. Separate observations
are made for the separate locations on each specimen, represented as multiple
dimensions in the figure. The dimension associated with surface fracture is
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omitted, as no fracture was observed on the surface of the specimen in any
of the cases.

As calibration methods and candidate fracture models are proposed in
the coming chapters, Figure 3.43 is representative of the comparison between
fracture predictions and fracture observations. Referring to the figure, frac-
ture predictions which fit into any of the three windows represent a successful
prediction, while predictions falling outside the windows represent failures.

Table 3.12: Observed fracture windows for Specimen IN30-3

Center Surface Edge

Specimen Case Lower Bound Upper Lower Upper Lower Upper

IN30-3 1 No Fracture No Fracture 2, 1.29 2, 1.96

IN30-3 2 2, 2.14 2, 2.14 No Fracture 2, 1.29 2, 1.96

IN30-3 3 2, 2.14 2, 2.14 No Fracture No Fracture

Observation events are of the format: Cycle number, displacement (mm).
Cycle counts are fully reversed cycles.

The system of fracture windows provides a more statistically robust way of
dealing with mixed-quality data. By allowing for ambiguity in observations,
the likelihood of reducing the model accuracy due to an incorrect observation
is reduced. Furthermore, by allowing multiple fracture locations in each
specimen, the value provided by each test is increased.

Simulation of Inclined Notch specimens

Complementary FE simulations were conducted to evaluate the continuum
parameters corresponding to recorded fracture events. A typical FE mesh
is shown in Figure 3.44, showing the simulation of one half of the specimen
(taking advantage of symmetry).

Load was applied to the FE model through the round pin holes, The nodes
around each hole were rigidly coupled together and fixed to a reference node
at the center of the hole. This node was permitted to rotate in the plane of the
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Figure 3.42: IN30-3 Potential fracture observation

specimen, was fixed horizontally, and the measured specimen displacement
history applied in the vertical direction. As such, the coupled pin hole acted
as a perfect version of the physical pin (i.e. free from friction and slippage
in the joint). Recall that the experimental ‘perfect pin’ displacement was
recovered from the optical measurement system - it was this deformation
history which was applied to the finite element model.

In accordance with the fracture observations described in the previous
section, the finite element model was subdivided into several regions. The
approximate number of elements in each of these regions are listed in Ta-
ble 3.13. The portion of the specimen outside of the notched area is modeled
using tetrahedral elements (element C3D10M in ABAQUS/Standard) with
an elastic constitutive model. A smaller region in the center of the specimen
is modeled in more detail with 20-node quadratic elements with reduced
integration (element C3D20R in ABAQUS/Standard). Within the plastic
region, the area where potential fracture initiation occurred was separated
into the center, surface, and edge regions as indicated previously. The region
in the center of the specimen (including the notch and the nearby area) is
modeled using second-order hexahedral elements.

Data which were specifically recorded from the finite element simulations
of the Inclined Notch specimens include the displacement and reaction forces
at the specimen pin supports, and all relevant continuum parameters (includ-
ing the full stress and strain tensors and all invariants described in Chapter 2)
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Figure 3.43: IN30-3 Fracture windows

in the region of potential fracture initiation.

Results of the Inclined Notch test series

As demonstrated by the Inclined Notch test series, testing of ductile frac-
ture at low stress triaxialities presents numerous challenges when compared
to standard high-triaxiality tests. These challenges include the analysis of
the test data against both the specimen design objectives and the expected
results.

Detection of ductile fracture initiation

The first specimen design objective, that fracture initiation should be easily
observable, was not met by the Inclined Notch test series. Instead, a program
of visual observations was necessary to provide information regarding fracture
events. This issue is not specific to the Inclined Notch specimen design, but
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Table 3.13: Elements in regions of Inclined Notch specimens

Region Number of elements

Center 5000

Edge 8000

Surface 7000

Notch total 20000

Plastic region total 21000

Elastic support 1000

Specimen total 42000

is a common challenge in the study of low-triaxiality ductile fracture through
mixed tension/shear loading. For example, Bai (2008) experienced a similar
issue in his inclined butterfly-type tests, which also required the use of video
observations to detect fracture initiation.

Consistency of stress states leading to fracture

Figure 3.45 shows the history of stress conditions at the fracture initiation
sites on all monotonic specimens leading to fracture (labeled by arrows). Re-
call that in the previous (high triaxiality) specimens, the fracture initiation
site was established at the center of the specimen. In contrast the fracture
initiation site for the Inclined Notch specimens cannot be pre-established, as
the entire notched section is considered. To provide a single history for use
in this plot, the 20 elements in each IN specimen with the greatest fracture
demand are judged to represent the fracture-critical location in the speci-
mens. The stress invariants T and ξ are averaged for the selected elements,
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Figure 3.44: Finite element mesh of the Inclined Notch specimen (a) complete
model and (b) close-up view of plastic region

yielding a single representative stress state which can be compared to the
earlier data.

Referring to the figure, the Inclined Notch specimens are effective at ex-
ploring a wide region of stress space, providing data for most low-triaxiality
conditions. There are two notable stress conditions which were not investi-
gated by any of the fracture specimens.

1. The first such condition is that of very low stress triaxiality (i.e. T <
0.3) and high values of the Lode angle parameter (i.e. ξ > 0.5).

2. The second condition is represented by low stress triaxiality (i.e. T <
0.5) and perfectly plane strain values of the Lode parameter (i.e. ξ = 0).

As discussed in Chapter 2, these stress conditions are not representative
of ductile fracture in any realistic structural engineering situation. As such,
they are interesting only in an academic sense, and do not represent a serious
deficiency in the testing program.
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Figure 3.45: History of all monotonic specimens in stress space

Conclusions of Inclined Notch specimens

Due to the complex nature of the Inclined Notch specimens, it is difficult to
draw direct conclusions from the test data. Specifically it is impossible to
make an a priori determination of the fracture critical location within each
specimen, preventing the determination of scalar values for the fracture strain
to be compared between specimens. Chapter 4 will discuss a new method for
evaluating the ‘window’ based fracture observations against potential fracture
models. Chapter 5 will use this method to describe a new model for ductile
fracture initiation, demonstrating the value and the quantitative results of
the Inclined Notch test series.

A rough interpretation of the results of the Inclined Notch tests can be
taken directly from the test data, excerpted in Table 3.14. The table contains
only monotonic specimens with a notch radius of 3.175 mm, such that the
ultimate displacement of each specimen (at which total fracture occurred) is
approximately proportional to the plastic strain inside the specimen notch.
Referring to the table, there is a clear positive trend between the notch
inclination (θN) and the specimen deformation at fracture.

Table 3.14 also reports values of the average stress state and fracture
strain. The stress state parameters T and ξ are reported at the center of the
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Table 3.14: Deformation of monotonic Inclined Notch specimens at fracture

Test θN RN (mm) Ultimate Tavg ξavg Average

elongation (mm) Strain

IN30-1 30◦ 3.175 2.95 0.54 0.85 0.93

IN50-1 50◦ 3.175 4.12 0.48 0.62 1.30

IN50-2 50◦ 3.175 3.61 0.45 0.58 1.14

IN70-1 70◦ 3.175 5.32 0.34 0.27 1.68

IN90-1 90◦ 3.175 5.90 0.14 0.09 1.86

IN90-2 90◦ 3.175 6.82 0.13 0.05 2.15

specimen, while the average strain is averaged over the entire notched area.
These results confirm the expectation of higher fracture resistance at lower
levels of stress triaxiality.

3.7 Conclusions

This chapter has demonstrated the use of four types of specimens for the
study of ductile fracture under widely varying stress conditions. The speci-
mens designed to fracture at high stress triaxialities were found to be highly
effective at allowing deliberate control over the stress conditions causing frac-
ture and in providing high-quality data regarding the time of fracture ini-
tiation. These specimens confirmed the influence of the stress triaxiality
on fracture ductility for all levels of the Lode angle parameter (i.e. ranging
from axisymmetric to plane strain conditions), and further suggest a negative
influence of the Lode parameter ξ on fracture ductility.

The Inclined Notch specimen design is developed to fill the need for low-
triaxiality study of ductile fracture, and further demonstrates the increase in
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fracture ductility for decreasing levels of triaxiality.
The lessons of this chapter can also be applied to suggest ideal fracture

specimens whose use here was infeasible. Combining the Rectangular Notch
specimen design (which allows deliberate variation of the Lode angle param-
eter at high triaxiality) with a high-pressure test chamber (similar to that
used by Bridgman (1964), which allows deliberate variation of the stress tri-
axiality) could provide high quality fracture data in all regions of the stress
space.
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Chapter 4

Calibration Methods for
Plasticity and Fracture Models

The use of local fracture models to make predictions of ductile fracture in
the presence of large-scale yielding requires detailed finite element simulations
that can determine local stress and strain quantities resulting from geometric
and material non-linearities. The accuracy of the finite element simulations,
and of the fracture predictions in turn, depends on the accurate simulation
of the material constitutive response. The first part of this chapter will
focus on the issue of calibrating material constitutive models, motivating the
issue by examining the sensitivity of fracture predictions to typical errors
in calibration and proposing a new method of automating the calibration
process.

The second part of this chapter will focus on methods developed for cal-
ibrating fracture models using the local parameters derived with the aid of
the calibrated finite element simulations. By applying a probabilistic frame-
work to local fracture models (1) fracture predictions can be made with
greater fidelity to the underlying fracture process, (2) the varied test data in
the previous chapter may be considered side-by-side, and (3) the method of
Maximum Likelihood parameter Estimation (MLE) can be used to accurately
calibrate the fracture model.
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4.1 Optimized calibration of cyclic plasticity

model

This section (4.1) is excerpted from the paper: Smith, C.M., Kanvinde, A.M.,
Deierlein, G.G. Optimal calibration of continuum cyclic constitutive model
for structural steel using Particle Swarm Optimization, (in progress)

4.1.1 Abstract

A methodology for automated calibration of constitutive model parameters
for structural steel is presented and illustrated through a set of cyclic tests
of CNT specimens. Due to challenges in applying large (>10-15%) strains
homogeneously to calibration specimens, model parameters are traditionally
calibrated based on trial and error approaches, wherein parameters are varied
until the load displacement curves from simulations and experiments are well-
matched.

These approaches involve computationally expensive finite element sim-
ulations as well as manual intervention and judgment to improve parameter
estimates. To address this, the calibration exercise is posed as an optimiza-
tion problem whose objective is to minimize error between the test and simu-
lated load displacement curves. The solution to the problem comprises three
elements (1) development of a robust error measure or objective function, (2)
selection of an effective solution search algorithm (a Particle Swarm algorithm
is found to work well), and (3) a rigorous exercise to determine appropriate
tuning parameters and best practices for implementation of the algorithm.
All these elements are specifically designed for the structural finite element
problem, which is characterized by high-dimensionality of the search space
as well as computational expense and granularity of the objective function.
The methodology is implemented for the calibration of six parameters of
the Armstrong-Frederick cyclic constitutive model for metals. A series of
nine round notched coupon tests is used as the test-bed for calibration. The
method is determined to be highly effective for calibrating the model, result-
ing in fits that are superior to those achieved through manual calibration.
The approach has limitations, arising from the empiricism used in developing
it. These limitations are discussed, along with recommendations for refine-
ments and use of the method in more general situations involving analysis
parameter calibrations.
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4.1.2 Introduction

Continuum Finite Element (FE) simulations are commonly used to char-
acterize limit states in structural components that involve large inelastic
strains, leading to geometric (buckling) and material (fracture) instabilities.
This includes, for example, inelastic-cyclic response of steel plate shear walls
(Purba and Bruneau, 2009) and steel braces (Fell et al., 2009b). Typically,
the ultimate limit states are preceded by large strains (>10-20%) in critical
regions, necessitating the calibration and implementation of material models
that are accurate in this regime. In components where critical regions are
subjected to these large strains, global response and local continuum fields
are often highly sensitive to minor variations in material parameters (Milani
et al., 2009). This is because the response is controlled by highly nonlinear
interactions between material response and the deformed component geom-
etry. Therefore, effective simulation of such limit states requires accurate
constitutive models and calibration techniques.

The calibration of constitutive models from experimental data requires
the transformation of a measurable response (typically load-displacement
data) from the parameters of the material constitutive model. Models in low
strain regimes are traditionally calibrated through uniaxial tests on prismatic
coupons (e.g. American Society for Testing and Materials (2012)), where
homogeneous strains and stresses may be applied and measured directly from
the global load-displacement response. However, it is practically impossible
to apply strains greater than 10-15% in a homogeneous manner, since some
form of localization (necking in tension or buckling in compression) occurs
at strains beyond this value. The violation of homogeneity requires the use
of complementary FE simulations to indirectly calibrate material parameters
by fitting the global load-displacement response, rather than the stress-strain
response.

Under such conditions, constitutive material models are typically cali-
brated through a trial and error process, wherein the constitutive model pa-
rameters are adjusted until the simulated load-displacement response agrees
with the experimental load-displacement response. This approach has sev-
eral challenges. First, each iteration (within the trial and error process)
requires nonlinear finite element simulations, which are computationally ex-
pensive. Second, and perhaps more significant, the load-displacement curve
is a complex (and interactive) product of material and geometric nonlineari-
ties. Thus, it is difficult and time consuming to predict a priori the effect of
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varying material parameters on the output response. For example, increasing
material hardening may not necessarily elevate the load displacement curve,
since it may hasten localization in a small region of the component owing
to strain gradients. This process can require tens or hundreds of trials to
find a reasonably accurate calibration point, each of which requires manual
intervention for adjustment of parameters. Comparisons between the simu-
lated and target load-displacement response are typically performed visually
leading to considerable subjectivity in the calibration process.

Motivated by these issues, this paper presents an automated and rigor-
ous approach for the calibration of material constitutive models in the large
strain regime. The method formulates the problem within the framework
of established optimization theory (Rao, 2009), enabling its solution in an
algorithmic manner. This formulation requires (1) definition of an error (ob-
jective) function which quantifies the goodness of fit between the tests and
the simulations, and (2) implementation of an automated algorithm that can
minimize the objective function with the parameter space of the selected
material constitutive model.

The paper begins with a discussion of prior research in the area, focusing
on current methods for material model calibration and optimization theory.
The paper then reviews the popular Armstrong-Frederick material model for
cyclic metal plasticity, which is used as the test-bed constitutive model for
this study. The optimization methodology is then described, examining alter-
natives for error functions as well as search algorithms. Based on evaluation
of alternative methods, the Particle Swarm Optimization (PSO) method is
determined to be the most effective for the specific problem. Appropriate
tuning values are recommended for the PSO algorithm, with demonstrative
examples. The paper concludes by discussing limitations of the approach
and areas for refinement.

4.1.3 Background

As discussed in the introduction, accurate calibration of material constitu-
tive models poses many challenges. These challenges have been identified
previously by Obrzud et al. (2008) in the context of geotechnical mate-
rials, Bursi and Jaspart (1997) for structural components, and Mae et al.
(2007) for aluminum coupons. The application of optimization methods for
constitutive models is not new (Pal et al., 1996); however, an exhaustive
review of literature indicates that the application of optimization techniques
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has mainly been studied for model fitting in the stress-strain space. Ow-
ing to the issues described previously (interaction of geometric and material
nonlinearity, as well as the computationally expensive transformation from
stress-strain space to load-displacement space); the problem of optimization
based on load-displacement has not been as well studied.

This paper leverages several aspects of optimization theory and tech-
niques that are fairly well-established. While not discussed in detail here, a
brief overview is presented for appropriate context, with more comprehensive
discussion of optimization theory and techniques presented by Rao (2009).
In a generic sense, optimization problems require the determination of a set
of input parameters that minimize the value of an objective function. Opti-
mization methods are most attractive when no closed form of the objective
function exists, yielding three primary steps (as indicated in Figure 4.1)

2. Simulation Tools

3. Search Algorithm 1. Objective Function

∆
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Test Data

Direct 
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Figure 4.1: Calibration process for constitutive models

1. Development of an objective function. In the context of the material
calibration problem, this is the measure of fit (e.g. residual error) be-
tween the experimental data and a simulated data set. The objective
function is designed to measure fit for a specific application, such that
the quantified error is inversely proportional to the quality of the cali-
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bration. The development of a suitable objective function is a subject
of emphasis in this paper.

2. The simulation tools (or mathematical functions) necessary to evaluate
the objective function at a given design point. For the calibration prob-
lem in stress-strain space, this is simply the mathematical (typically
algebraic) constitutive function. For the calibration problem in load-
displacement space addressed here, it is a nonlinear finite element pro-
cedure (implemented through the analysis platform ABAQUS) which
can generate simulated load-displacement results for a given design
point (candidate parameter set for the material model).

3. The search algorithm. To find the optimal design point (i.e. minimize
the value of the objective function), an intelligent method of selecting
and refining candidate design points is required. The development of
search algorithms is the primary focus of research in optimization. Ex-
amples of commonly used algorithms include variations on the simplex
method, gradient descent, and genetic algorithms. Different classes of
search algorithms are appropriate for corresponding classes of objective
functions.

The above three aspects of optimization are necessary in all cases of it-
erative calibration (e.g. when constitutive parameters cannot be extracted
directly from the test data), including the traditional manual calibration
method. During manual calibration, each of the three steps typically re-
quires some degree of manual intervention, leading to the difficulties de-
scribed above: visual fitting is used instead of a rigorous objective function,
manual pre- and post-processing of the FE simulation data, and the search
algorithm proceeds through a series of semi-educated guesses. The proposed
approach automates each part of the process, with emphasis on a rigorous
objective function and an efficient search algorithm. The specific objectives
of this paper are

1. To develop and present a rigorous, robust, and general optimization
methodology for parameter calibration of a commonly used model for
cyclic material plasticity.

2. To apply this methodology in a demonstrative sense to a common prob-
lem in structural and fracture mechanics.
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3. To provide guidance for the use of this method (e.g. selection of ap-
propriate tuning parameters) for most effective performance.

4.1.4 Experimental data and Finite Element models
used for method development and validation

The test-bed experiments and FE simulations used to apply the optimization
methods are based on a Circumferentially Notched Tensile (CNT) specimen,
as illustrated in Figure 4.2. The CNT specimen is axisymmetric, with its re-
sponse controlled by the key dimensions of the root diameter (DNR), overall
diameter (DUN) and the notch radius (RN). These specimens are attrac-
tive because they facilitate controlled variation of the local stress state in
the notch region under global uniaxial loading, which is convenient to apply
with common testing equipment. The stress state is largely controlled by the
notch diameter (specifically the ratio of the notch radius RN to the root di-
ameter DNR), wherein sharper notches produce a more triaxial (hydrostatic)
stress state, whereas smoother notches produce a more uniaxial (shear dom-
inated) stress state. The axisymmetric geometry of the CNT specimens is
also utilized to simplify the FE models. Nine experiments conducted by
Kanvinde and Deierlein (2004a), summarized in Table 4.1 were used for this
study, where the multiple notch geometries exercise the constitutive model
over various stress triaxiality conditions. Typical values of the stress tri-
axiality (the ratio between the hydrostatic pressure and equivalent stress)
during specimen yielding for each specimen geometry are indicated. Several
loading histories were applied to the specimens, including monotonic as well
as cyclic histories with variable and irregular amplitudes. The variation in
cyclic histories is especially important because it can directly interrogate the
effects of isotropic and kinematic hardening of the material. All specimens
were fabricated from ASTM A572 Grade 50 (345 MPa yield strength) steel,
a low-carbon structural steel commonly used in civil construction in North
America. From each specimen, the load versus displacement history, mea-
sured over a 25.4 mm gage length encompassing the notch (see Figure 4.2),
were recorded, denoted as ∆meas and Fmeas, respectively.

4.1.5 Finite element simulation

Complementary FE simulations were conducted for each test reported in
Table 4.1. The mesh for each FE simulation (Figure 4.2) was composed
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Table 4.1: Test Matrix

Test DUN DNR RN Test Stress

# (mm) (mm) (mm) Type1 Triaxiality

1 12.7 6.35 3.18 M 1

2 12.7 6.35 1.52 M 1.3

3 12.7 6.35 6.35 M 0.7

4 12.7 6.35 1.52 CP 1.3

5 12.7 6.35 1.52 CI 1.3

6 12.7 6.35 0.76 C 1.5

7 12.7 6.35 3.18 C 1

8 12.7 6.35 3.18 CP 1

9 12.7 6.35 3.18 C 1

1 The following designations define the loading history:
M: Monotonic tension
C: Constant large amplitude cyclic loading
CP: Typically 3 large amplitude cycles followed by monotonic tension
CI: Irregular cyclic loading
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Figure 4.2: CNT specimen geometry

of roughly 500 quadratic axisymmetric elements with reduced integration
(CAX8R). All simulations were conducted using the platform ABAQUS
(2012) including large deformation formulations. For illustration of deforma-
tion patterns, the shading indicates the equivalent plastic strain (εP ) field.
Loading is applied in the form of displacement boundary conditions to match
the displacement history (∆meas) applied in the experiments, and the result-
ing force, (FFEM), is recovered from the support reactions. As illustrated in
Figure 4.2, FE simulations are run multiple times (each time with a differ-
ent set of material parameters) within the optimization framework described
previously.
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4.1.6 Armstrong-Frederick model for metal plasticity

To represent material constitutive cyclic plasticity response, a variant of the
model proposed by Armstrong and Frederick (1966) was used in the simula-
tions. The model is based on a von Mises yield criterion (i.e. the plastic flow
is isochoric and is controlled by a pressure independent yield surface). The
Armstrong and Frederick (A-F) model is attractive because it can represent
several aspects of material hardening including nonlinear isotropic hardening
and kinematic hardening with only six adjustable parameters. Moreover, it
is widely implemented in FE platforms such as ABAQUS (2012). The model
is similar to bounding surface models (e.g. Dafalias and Popov (1975)), while
offering improvements in the area of numerical implementation. A detailed
description of the model, including algorithmic considerations such as the
flow rule and consistency condition may be found in the ABAQUS Theory
Manual (ABAQUS, 2012). In this paper, only a brief overview is provided
to introduce the hardening parameters.

Figure 4.3a provides a graphical interpretation of the A-F hardening re-
sponse for a uniaxial stress-strain condition, and Figure 4.3b shows the cor-
responding motion of the von Mises yield surface in the projected principal
stress plane, i.e. the π-plane. As illustrated in these figures, the hardening
may be decomposed into the isotropic part (expansion of the yield surface),
and the kinematic part (translation of the yield surface, resulting in the
Bauschinger effect). Equations 4.1 - 4.4 below represent these types of hard-
ening through evolution of the yield surface, relating certain stress quantities
(σ) to the plastic strain (εP ).

σiso = Q∞
(
1− e−bεP

)
(4.1)

σkin,1 = |α1| = C1εP (4.2)

σkin,2 = |α2| =
C2

γ2

(
1− e−γ2εP

)
(4.3)

σY = σ|0 + σiso + σkin,1 + σkin,2 (4.4)

Equation 4.1 represents the isotropic component of the hardening (i.e.
expansion of the yield surface), based on two parameters, Q∞ and b, whereas
Equations 4.2 and 4.3 represent the kinematic translation of the yield sur-
face, based on multiple backstress vectors (representing the center of the yield
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Figure 4.3: Armstrong-Frederick plasticity model

surface) which grow with plastic strain according to the parameters C1, C2,
and γ2. The instantaneous yield stress (σY ) is equal to the sum of the initial
yield stress (σ|0) and the hardening components (Equation 4.4, Figure 4.3a).
Additional kinematic hardening terms may be included; however two back-
stress parameters are judged to provide a good balance between accuracy and
risk of model over-fitting (i.e. too many non-physical parameters leading to
non-robust calibration). For the two-backstress variant of the A-F model, a
total of 6 parameters must be calibrated to represent material constitutive
response (in addition to the elastic modulus E and Poisson’s ratio ν, which
are treated as constants). While the two-backstress A-F model allows for
accurate modeling of cyclic response under variable cyclic loading histories,
determination of the model parameters by back-calibration is challenging.

However, this presents complications in the context of automated cali-
bration. This is because different combinations of parameters produce quali-
tatively similar response. For example, the magnitude of material hardening
can be represented by the total saturated hardening (i.e. the sum of expo-
nential hardening terms at strains approaching infinity, Q∞ + C2/γ2 in the
above equations). This combined parameter has a strong influence on the net
load-displacement response and, thus, the model fit. However, in the above
formulation this parameter is dependent on several calibrated values, all of
which must be modified in concert by the search algorithm. This challenges
the optimization process, since many search algorithms cannot simultane-
ously traverse multiple parameters to find the optimal solution.
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Table 4.2: Parameters Z1 - Z6 over which the PSO search is conducted and
their relationship to A-F model parameters

Search A-F Model

Parameter Parameter

Z1 σ0

Z2 σTSat

Z3 C1

Z4 b

Z5 γ2

Z6
C2

γ2
/σTSat

The complicating effect of combined parameters has been previously doc-
umented for optimization benchmark functions in the context of genetic algo-
rithms (Salomon, 1996), and PSO (Auger et al., 2009), finding that reorient-
ing the search space significantly improves the performance of some search
algorithms. Specifically, the transformation is designed to maximize the inde-
pendence of each transformed input variable. The relationships between the
transformed variables (Z1 through Z6) and the original parameters are shown
in Table 4.2. The principal transformation is the grouping of all saturated
exponential hardening magnitudes (i.e. C2/γ2 and Q∞) into one term, the
total saturated hardening (σTSat). The fraction of the total saturated hard-
ening provided by the kinematic term is represented by Z6 (ranging from
0 to 1.0), and the isotropic portion of the saturated hardening (Q∞) is the
remainder. The remaining parameters are not highly correlated and are left
untransformed, i.e., where Z1, Z3, Z4 and Z5 are defined by the parameters
listed in Table 4.2. Once the optimal solution is found in terms of Z1 through
Z6, these terms are transformed back into the original model parameters.
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4.1.7 Error or objective function to compare load-displacement
curves

Based on the calculated and measured forces and deformations, the next step
is to develop an error measure, which is then minimized by the optimization
search algorithm. The error term is formulated to be (1) accurate, i.e. a
perfect fit corresponds to zero error, with smoothly increasing error as the
fit degrades, and (2) balanced, i.e. the error should not be biased towards
specific types of errors or specimens. These two considerations were realized
through a careful trial and error process during which multiple poorly per-
forming error measures were revised, ultimately resulting in the error measure
(ε(Z, S)) proposed in Equation 4.5 and illustrated in Figure 4.4 for one half
cycle.

ε (Z, S) =
∑
i∈S

∫
|Fmeas − FFEM ||d∆P |∫

|Fmeasd∆P |
ωi (4.5)

The above equation expresses the error for a given parameter set Z (a
vector of parameters described in Table 4.2), aggregated over all the tests
S. Thus, choosing the design point Z to minimize the above should result in
the “best” fit for the considered set of experiments. Within the integrals,
Fmeas and FFEM refer to the experimental and simulated force at a given in-
stant, whereas d∆P refers to the incremental plastic strain in that time step.
The term ωi represents a weight factor whose importance is discussed below.
The error measure is based on the energy (area) between the experimen-
tal and simulated load-displacement curves. Note that the error function in
Equation 4.5 employs several modifications that distinguish it from standard
energy measures, such as examined previously (Pal et al., 1996). These modi-
fications are necessary because for realistic test data, the “best fit” simulated
response will not perfectly coincide with the experimental response, due to
a combination of experimental variability and the inability of the continuum
model equations to perfectly match the measured material response. The
following is a discussion of specific issues arising from this, and refinements
that mitigate it.

1. For a set of tests with similar model error, the numerator of Equa-
tion 4.5 is proportional to the test duration and specimen size (i.e.
specimens with higher absolute values of force and displacement). This
tends to bias the computed error towards larger specimens with more
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Figure 4.4: Illustration of error function used for constitutive model calibra-
tion

cycles; i.e. the search algorithm will work harder to fit these tests
at the expense of smaller tests. To mitigate this bias, the denomi-
nator of Equation 4.5 reflects the total energy flux throughout each
experiment. This is equal to the dissipated energy except that elastic
unloading causes a positive rather than negative contribution (hence
the absolute value). This maintains consistency with the numerator
(which is also an absolute value) wherein error can be accumulated
during elastic unloading.

2. In a stabilized hysteretic loop (i.e. when isotropic hardening is satu-
rated), a simple energy based error function will aggregate error from
multiple cycles of the same amplitude repeatedly, biasing the error func-
tion against less common cycles containing valuable information. To
mitigate this issue, the integrals in Equation 4.5 are evaluated only for
the first two half-cycles that exceed the previous extreme displacement.

3. Both the error and the normalization term are evaluated with respect
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to the load versus plastic displacement history, rather than the load
versus total displacement history. This is because error during periods
of elastic unloading is highly dependent on the error at the ‘turnaround’
time step, resulting in bias towards that step. Subtracting the elastic
displacement from the data prevents the accumulation of error during
elastic unloading, thus mitigating the bias.

4. Despite the above corrections, some bias still persists with respect to
loading history. To mitigate this, ideally, the set of calibration ex-
periments should be balanced with respect to test type (e.g. similar
numbers of monotonic and cyclic tests). The weighting factor ωi in
Equation 4.5 allows for dissimilar weighing of different types of exper-
iments. In balanced data sets, ωi = 1.0 for all tests.

These refinements were developed through a trial an error approach, such
that the error determined as per Equation 4.5 is fairly consistent with intu-
itive expectation of model fit. The representative load-displacement plots
shown in Figure 4.5 illustrate several error levels calculated as per Equa-
tion 4.5.

4.1.8 Selection and tuning of search algorithm

With the above framework in place for transforming design points (Z) into
an error function, a search algorithm must be implemented to locate the
value of Z which minimizes the error. After considering several optimization
methods, the Particle Swarm Optimization method was found to be most
suitable for the calibration problem. Other search methods that were exam-
ined include (1) gradient descent methods such as BFGS (Broden-Fletcher-
Goldfarb-Schanno, Rao (2009)), (2) the pattern search gradient-free method,
(3) a genetic algorithm, and (4) uniform random sampling of the search space
to provide a benchmark. A comparison of the effectiveness of these meth-
ods is summarized in Table 4.3. In the table, the ‘Typical Best Solution’
is the average test error calculated with Equation 4.5. As the magnitude
of the minimum error value is highly dependent on the experimental data
set, the reported values are provided as a qualitative comparison. The term
‘Objective Function Evaluations’ quantifies the number of times the objec-
tive function (with corresponding FE simulation) was evaluated to reach the
‘Typical Best Solution’. As shown in the table, PSO was the only opti-
mization method to outperform the baseline random method. Referring to
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Figure 4.5: Load-displacement plots at selected error levels

Table 4.3, the comparison of the above search algorithms revealed several
characteristics of the objective function which led to the choice of PSO for
the specific problem

Computational Expense- The computational expense required for evalu-
ation of the FE error function requires a highly efficient search algo-
rithm.

High-dimensional search space- The dimensionality of the search space
is based on the number of parameters in the material model, e.g. 6
parameters in Equations 4.1 - 4.4. The dimensionality of this search
space (6) is high relative to benchmark objective functions (Bratton
and Blackwell, 2007), and precludes response surface methods that are
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Table 4.3: Comparison of Search Algorithms

Algorithm Comments on appli-
cation

Typical
Best
solution

Objective
function
evaluations

Brute Force random
sampling of solution
space

Baseline method 0.065 1500

Gradient descent Overly sensitive to error
discontinuities

N/A N/A

Genetic Algorithm Combinatorial evolu-
tion is less successful for
continuous search space

0.12 1000

Particle Swarm Opti-
mization

0.032 500
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more tractable for lower-dimensioned problems (Yang and Elgamal,
2003).

Granularity- The evaluation of the error function is a complex process in-
volving multiple software packages (an interface between the FE soft-
ware and the MATLAB-calculated error function is required), produc-
ing a function which is not smooth at the small scale (potentially due
to rounding errors). This can produce spurious results of gradients cal-
culated with the finite difference method. This makes gradient based
approaches specifically challenging for addressing the error minimiza-
tion.

Gradient descent methods (Yang and Elgamal, 2003) and genetic algo-
rithms (Samarajiva et al., 2005) have been successfully used to calibrate con-
stitutive models. However, the above characteristics impede the use of both
of these popular methods. Gradient descent is sensitive to non-smooth ob-
jective functions, requiring the use of detailed error handling. Additionally,
the dimensionality of the search space makes gradient calculation expensive.
Metaheuristics, including genetic algorithms, are more robust, because they
make few or no assumptions about the problem, and can traverse extremely
large parameter spaces. Genetic algorithms were designed for use in discrete
parameter spaces. While they have been adapted for continuous-valued pa-
rameter spaces, they function in a primarily combinatorial sense. Combina-
torial methods operate by trading parameters between successful individuals,
and have difficulty negotiating hyper-valleys in the objective function.

PSO was first proposed by Kennedy and Eberhart (1995) and refined in
a number of subsequent studies ((Bratton and Blackwell, 2008); (Shi and
Eberhart, 1998)). PSO is notable for its simplicity and robustness compared
to other search algorithms, and is classified as a type of metaheuristic. PSO
works by iteratively improving the positions of a group (swarm) of candi-
date solutions (particles) in the parameter space, inspired by a flock of birds
searching for food. The particle swarm is initially distributed throughout the
search space according to a uniform random distribution. Each particle is
present throughout the history of the analysis, and moves around the param-
eter space with a calculated velocity. At each “time” step, the velocity of each
particle is calculated as per Equation 4.6, and an illustrative two-dimensional
cross section of two steps in a PSO analysis is shown in Figure 4.6. Note that
the particles each travel in the general direction of the global and personal
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(i.e. specific to the particle) best known locations (see notation below Equa-
tion 4.6 for an elucidation of these terms). A random perturbation ensures
that they do not travel directly to the best known point, so as to explore the
neighborhood around the current optimum.
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Figure 4.6: Behavior of PSO algorithm for two steps

vi+1 = wvi + φgug (g − xi) + φpup (p− xi) (4.6)

Where:
vi is a the velocity (change in position per step) of the given particle at

step i.
u(g,p) are stochastic perturbations selected separately from the uniform

random distribution U(0,1) for each particle for each step.
xi is the location of the current particle in parameter space.
p (personal best) is the location in parameter space of the best solution

yet found (i.e. minimum error measure) for the given particle.
g (global best) is the location in parameter space of the best solution yet

found across all particles.
w acts as the inertia of the particle, allowing velocity to be carried over

between steps and providing a degree of randomness.
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φ(g,p) (gravity) are constants determining the degree to which the particle
is attracted to the global and personal bests, respectively.

In Equation 4.6, the values w, φg, φp are tuning parameters that con-
trol the behavior of the PSO swarm. In addition, the number of particles
in the swarm and the duration of the algorithm may also be considered
turning parameters. Appropriate selection of these parameters enhances the
effectiveness (speed and accuracy) of the search. Selection of the tuning pa-
rameters is based in empiricism rather than analysis. For several problems,
researchers have suggested setting the parameters to a constant [1, 2, 2] re-
spectively (Kennedy and Eberhart, 1995) or setting φg = φp to eliminate
one parameter (Bratton and Blackwell, 2007). While these and other studies
have proposed optimal parameters for the PSO method, the objective func-
tions studied by previous researchers (which tend to be convoluted and con-
tain many local minima, but are inexpensive to evaluate) differ considerably
from the objective functions that arise in a constitutive calibration problem
(wherein the objective function is “well-behaved”, but determination of its
value is computationally expensive). The FE based error function presented
above is too computationally expensive to allow for an independent study to
determine optimality of the tuning parameters themselves. Thus, uniaxial
stress-strain data is used as a surrogate test case, against which various tun-
ing parameters are examined. This offers the advantage that the surrogate
error may be calculated directly without the use of FE simulations, reducing
the computational cost by a factor of 105. The surrogate error is calculated
by Equation 4.5. The measured response is provided by tests of an ASTM
E8 0.505” (12.8 mm) round tension coupon, while the calculated response is
generated directly from Equations 4.1 - 4.4. To evaluate candidate tuning
parameters, a success rate was defined for each set of tuning parameters.
The success rate reflects the ratio of ‘successful’ trials to the total number of
trials for that tuning parameter set. Each PSO trial represents one attempt
by the PSO algorithm to minimize the value of the surrogate error function
(i.e. calibrate the constitutive model). A successful trial was defined as a
calibration attempt resulting in a relatively low error value; the error thresh-
old was set such that the surrogate calibration success rate was similar to
the FE error function success rate. Success rates were calculated from 1000
repeated trials for each set of tuning parameters. Within this framework,
parametric studies were conducted to determine (1) the ideal gravity and
inertia factors in the PSO equation, (2) the ideal population size, and (3)
some experimental adjustments to the PSO algorithm.
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Suggested values for gravity and inertia

The effect of the gravity and inertia parameters on calibration success rate is
shown in Figure 4.7, by way of a contour plot of the success rate plotted in
the space of the gravity and inertia terms. Separate tuning parameters for
φg and φp were also investigated, but resulted in no significant improvement.
Thus, the recommended tuning parameters are w = 0.55, φg = φp = 1.5.
Some researchers have suggested decreasing the inertia (w) at each step of
the analysis in order to zero in on the optimum point at the end of the
analysis (Bratton and Blackwell, 2007). The number of steps in the PSO
analysis was fixed, so the value of w at each step could be determined from
the initial and final values. Linearly reducing the inertia throughout the
analysis, such that the final inertia was 50% of the initial value, was found to
increase the probability of success from 83% to 90%. The analyses described
later in this paper follow this linear decreasing method, and referenced inertia
values are the initial values.

Suggested values for optimal number of particles and repeated tri-
als

The selection of optimal population size (number of particles) for PSO anal-
yses has received less study than that of other parameters. The general
consensus is that optimal population size is highly dependent on the shape,
and not the dimensionality, of the objective function (Zhang et al., 2005).

Figure 4.8 shows the success rate for various population sizes as a function
of the number of function evaluations (equal to the product of the population
size and the number of steps). Remarkably, the effect of the population size
on the success rate is limited. The total number of function evaluations is a
much better predictor of the success rate, illustrating the fact that PSO is
simply an intelligent method of randomly sampling the parameter space.

Figure 4.8 also illustrates the diminishing returns of long analyses (i.e.
those with many iterations) when compared with multiple shorter analyses.
As shown in the figure for a population size of 15, running a single PSO
analysis for 300 function evaluations yields a success rate of 0.89, while a run
lasting 150 evaluations yields a success rate of 0.74. Two of the shorter anal-
yses can be run in the same time as the longer analysis. As the individual
success rates are statistically independent, the combined success rate can be
calculated as PC = 1− (1− 0.74)2 to be 0.93, higher than that of one longer
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Table 4.4: Optimal parameters and practices for Particle Swarm Optimiza-
tion

Property Value

Gravity: φg and φp 1.5

Inertia: ω Initially 0.55

Ultimately 0.275

Linearly decreasing

Population size 20

(number of particles)

Iterations 13

Number of PSO runs At least two

analysis (success rate of 0.89). The limit at which the multiple analysis strat-
egy is more effective occurs at success rates of between 0.8 and 0.9, indicating
that there is little incremental benefit to running analyses for more than 250
evaluations. This is reflected in the recommended tuning parameters and
strategies for the PSO search algorithm presented in Table 4.4.

4.1.9 Application of the optimization methodology to
the test data set

Once the tuning parameters and best practices for the PSO algorithm were
determined through trials on the surrogate error function (based on measured
stress-strain data), they were applied to determine optimal model parameters
based on the set of nine CNT tests described previously. The PSO search
algorithm and objective function evaluation were implemented in MATLAB,
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while ABAQUS/Standard was used for the FE simulations. Communication
between the two software packages was facilitated by the ABAQUS/Python
scripting interface. As discussed above, the stochastic nature of the PSO
search method results in a probability of success for each trial calibration.
Validation of the proposed method requires demonstrating that the success
rate is high enough to be practically feasible.

A series of 10 independent (starting from a different random population
of particles) trial calibrations were conducted with the tuning parameters
recommended above. Each of these trials (with approximately 2,300 FE sim-
ulations) requires about 14 hours to execute on a 2.40 GHz 8-core workstation
with the ability to run 5 FE models simultaneously. Figure 4.9 illustrates
the results of this exercise. For each of the 10 runs, the figure plots the evo-
lution of the minimum error level from the 20 particles (population) used in
the PSO evaluation (each trial calibration contains 13 steps and requires 260
function evaluations). For reference, the figure also provides a qualitative
description of the error level in the context of Figure 4.5 shown previously.
Of the trial calibrations, 8 of 10 successfully located a design point with
“Very Low” calibration error, and the remaining two trials resulted in “Low”
error. The load displacement response of the overall optimum calibration
parameters is compared to the experimental data in Figure 4.10.

From a practical standpoint, design points meeting the “Very Low” error
criteria may be considered successful calibrations, since they reflect a fit that
is within the experimental error of the test data. Any further improvement
within the “Very Low” regime is unlikely to improve the performance of the
model on data outside the training set. Even the design points attaining
the “Low” error criteria would be acceptable in a manual calibration based
on “eyeball fitting”. Under closer scrutiny of the two “Low” error runs, the
particle response histories are determined to be stuck in a local minimum of
the objective function, a condition which further iteration did not improve.
As found with the simplified error function above, conducting two or more
runs (with different random seeds) allows a ‘very low’ error calibration to
be found reliably and consistently. For context, it is relevant to discuss that
with current computing technology, the 10-run ensemble discussed in this
section requires analysis time that is comparable to that required for manual
calibration (2-3 working days). The automated calibration method could
be further accelerated through more highly parallelized computation and
through the use of newer and faster computers, meaning that the advantage
of automated calibration can be expected to increase in the future.
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In summary, the PSO algorithm, if adapted appropriately, is an effective
tool for calibrating material constitutive parameters. It eliminates the sub-
jectivity associated with manual fitting resulting in more accurate fits. But
more importantly, it does not require manual intervention and completes
the analysis automatically in approximately the same time as a human with
equivalent or superior results. With advances in computing technology, it
is anticipated that the methodology will become even more attractive, espe-
cially because the error may be greatly minimized by conducting additional
runs.

4.1.10 Summary and conclusions

Effective calibration of material constitutive response is critical for FE simu-
lations that characterize extreme limit states in structural components. How-
ever, calibration of these models in the large strain regime is challenging
because they require the use of a trial and error approach involving com-
putationally expensive FE simulations as well as manual intervention and
judgment to improve parameter estimates. This paper presents a methodol-
ogy for automated calibration of material constitutive parameters based on
the adaptation of concepts from optimization theory. The key features of
this methodology are (1) a robust and accurate error or objective function
that quantifies goodness of fit between the test and simulation (2) selection
and implementation of a search algorithm suited specifically to the needs of
structural FE simulation (3) recommendations regarding tuning parameters
and other best practices for the most effective performance.

The Armstrong-Frederick constitutive model was selected as the test-bed
model owing to its versatility and prevalence for modeling cyclic plasticity
in steel. The model has six hardening parameters that must be calibrated
to simulate nonlinear isotropic and kinematic hardening. The model was
implemented through detailed nonlinear FE simulations of the calibration
test specimens. Calibration of these six parameters was posed as an opti-
mization problem whose objective is to minimize error between the test and
simulated load displacement curves. All aspects of the optimization problem
required adapting existing approaches to the specific challenges of the prob-
lem. For example, a new objective function was developed specifically for
cyclic load-deformation curves of structural components. This new function
overcomes limitations of previously proposed measures through several re-
finements. These refinements mitigate bias in the objective function, which
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arises due to differences between true and simulated constitutive response.
The objective function is determined to be highly effective in characterizing
model fit, while eliminating the subjectivity and inaccuracy in eyeball fitting
that is inherent in traditional approaches. Particle Swarm Optimization was
selected after a rigorous examination of numerous search algorithms. It was
determined that classical optimization techniques, such as gradient descent
methods or genetic algorithms are not as effective for this problem, which
is characterized by high computational expense, a high-dimensional search
space, and granularity in the objective function (i.e. the use of finite ele-
ment simulations inhibits the calculation of gradients). Tuning parameters
and best practices for the PSO method are ascertained through a rigorous
parametric study seeking to maximize the calibration success rate.

The method thus developed (along with the optimal tuning parameters)
is implemented to calibrate the A-F model based on a series of 9 tests on
Circumferentially Notched Tensile specimens on a low carbon structural steel.
The test specimens interrogated a range of stress states as well as loading
histories. The optimization method was highly successful in calibrating the
A-F model, such that excellent fit was achieved for a large majority of the
runs.

Computational expense represented a critical constraint on the devel-
opment and implementation of this method. Restricting the calibration to
axisymmetric specimens limited the computational expense, as axisymmetric
specimens can be modeled accurately with 2D axisymmetric finite element
models. With these developments, a successful calibration required approx-
imately 48 hours to run on a modern computer (roughly equivalent to the
time required for manual calibration).

In summary, a comprehensive methodology was developed, validated and
demonstrated for calibration of a material constitutive model for structural
steel. This included the definition of a robust error measure, and the exami-
nation and adaptation of established techniques to devise optimal strategies
for calibration.

While the proposed approach is attractive, several factors may limit its
general applicability. First, it is important to recognize that aspects of the
process were informed by a modest set of data and specimen geometries.
Thus, the process may not scale well to situations where the interactions
between geometric and material nonlinearities are even more severe (e.g.
inelastic buckling). A related issue is that of non-uniqueness, i.e. for some
test data sets, multiple parameter sets may show excellent fit for all the data,
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owing to the flatness of the objective function. In such cases, the method
will likely converge to a solution based on noise in the test data. Parameters
calibrated in this way, in general, are non-robust and have poor predictive
value for components or loading histories dissimilar to the ones used for
calibration. While the method described in this paper can reduce this effect,
it cannot fully correct for it. Therefore careful judgment in choosing and
limiting the bounds of the model parameters must be exercised. For example,
measurements of response (i.e. load and displacement) are most effective (i.e.
do not exhibit flat regions in the objective function), if they are measured
close to the critical areas of yielding. Calibration specimens that reflect this
are more likely to produce robust calibration. Similarly, the findings of this
paper are also limited by the choice of the A-F model, and the assumption
that true response may be represented by it with a high degree of accuracy.
Thus, when applying the method, care should be exercised to ensure that
true material response will be well represented by the selected constitutive
model.

In contrast to traditional approaches for calibration, the automated method
provides a highly attractive alternative. Automated methods similar to the
one presented are likely to gain popularity as advances in technology reduce
some of the computational costs that encumber them.
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4.2 Maximum likelihood method for calibrat-

ing local fracture model

The remainder of this chapter describes adaptations to the maximum likeli-
hood method to calibrate a damage-based fracture model to the test data in
Chapter 3. The probabilistic framework provides several advantages over the
traditional deterministic method of calibration including (1) greater fidelity
to the fracture prediction process with its inherent uncertainty, (2) quantifi-
cation of the uncertainty behind fracture predictions, and (3) incorporation
of uncertain fracture observations into the calibration process.

4.2.1 Motivation for a Maximum Likelihood frame-
work in fracture prediction

The observation and prediction of fracture initiation is a random process,
stemming from uncertainty in experiments and the fracture process itself.
This uncertainty has traditionally been addressed through the use of regression-
based approaches to fit models to the test data, for example by minimizing
the sum-of-squares error between the observed and predicted fracture in-
dexes. Given the unpredictable and often nonlinear rate of damage accu-
mulation in fracture models, especially when applied to cyclic tests, this
‘vertical’ error metric can lead to biased fracture predictions.

A probabilistic framework has been previously proposed to address these
issues for the Cyclic Void Growth Model (Myers et al., 2009). This approach
explicitly models the uncertainty in the fracture process, thereby providing an
estimate of the uncertainty to measure the confidence in fracture predictions.

Furthermore, by dealing with the more meaningful probability of fracture
observations rather than the deterministic error between fracture observa-
tions, disparate data sources are weighted appropriately. This is especially
important when considering the test data from this study, as it provides a sys-
tematic way to combine experimental observations with varying confidence
levels.

This study will expand upon the probabilistic framework for fracture
prediction developed by Myers et al. (2009) so as to be applicable to the
current test data and fracture models.
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4.2.2 Sources of random variation

Potential sources of uncertainty in the fracture prediction have been identi-
fied by Myers et al. (2009). However, the fracture behavior of the Inclined
Notch specimens in Chapter 3 introduce new sources of uncertainty, justify-
ing further examination. The following section outlines six sources of uncer-
tainty in fracture observation and prediction that are relevant to the present
study. Generally, the uncertainty in fracture prediction may be divided into
experimental uncertainty and uncertainty in the fracture process.

Experimental uncertainty

Experimental uncertainty can be categorized as epistemic uncertainty, and
is caused by incomplete measurements of the fracture behavior (i.e. incom-
plete agreement between the physical experiment and the complementary FE
simulation). The sources of this uncertainty include (1) the observation of
fracture, (2) measurement of the specimen geometry, and (3) the measure-
ment of the loading history.

Uncertainty in the fracture observation measures how accurately the time
of fracture initiation is measured. Using examples from the previous chapter,
the Circumferentially Notched Tension specimens allow nearly instantaneous
measurement of the fracture event, as fracture initiation is closely followed
by a total loss of load capacity (low observational uncertainty). Fracture
detection in the Inclined Notch specimens relies on the subjective visual
observation of fracture, and results in higher uncertainty.

The evaluation of continuum parameters associated with fracture requires
the creation of FE models that accurately reproduce the geometry of the
physical specimen. The fidelity of these models is limited by the accurate
measurement of the specimen geometry, and by the presence of imperfections
in the physical specimen that cannot be reproduced in the simulation (e.g.
machining marks).

Finally, discrepancies between the boundary conditions applied to the FE
simulation and the experiment can contribute to further uncertainty. This
type of error is especially important for cyclic test data, wherein errors in the
cyclic amplitude have a compounding effect as the number of cycles increases.
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Uncertainty in the fracture process

The second category of uncertainties are related to the randomness in the
fracture process, and can be classified as aleatory uncertainty. This uncer-
tainty is characteristic of multiple identical specimens with identical loading
histories which fracture at different times. The sources of this uncertainty in-
clude (1) spatial variation in material parameters and (2) inherent variability
in the ductile fracture process.

The ductile fracture process is dependent on the constitutive behavior of
the material which governs plastic flow and the sensitivity of the material to
fracture during plastic flow. In terms of the fracture predictions, these factors
are represented by the material constitutive model and the local fracture
model, respectively. Both the constitutive response and the fracture process
vary spatially, such that the material parameters of individual specimens
taken from one piece of material are sampled from the larger distribution.
Sources of this variation include the random distribution of chemistry and
micro-structural features within the steel, variation in heat treatment, and
work hardening during the manufacturing process.

Non-simulated aspects of the ductile fracture process represent another
source of uncertainty, typically classified as epistemic uncertainty. For ex-
ample, most local fracture models do not simulate the effects of highly non-
proportional loading - e.g. apply uniaxial deformation in one direction en-
couraging void elongation in that direction, then apply uniaxial deformation
at 90◦ to the first direction. Without the development of a fracture model
which incorporates theses new effects, this error may not be corrected and it
will appear in the data as experimental variation between tests.

Spatial correlation of uncertainties

The effects of the uncertainty discussed above are dependent on the level
of correlation between different fracture observations. To identify this cor-
relation, it is useful to consider two length scales: between different speci-
mens (inter-specimen), and between locations on the same specimen (intra-
specimen). Individual locations within the fracture surface of one specimen
are typically separated by 10mm, while the fracture surfaces of multiple
specimens are separated by more than 100mm when taken from a larger
piece of material.

The assumed correlation between each type of uncertainty at each scale
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Correlation

Uncertainty type intra-specimen ( 10mm) inter-specimen (> 100mm)

Observation No No

Geometry Partial No

Load history Yes No

Constitutive parameters Yes No

Fracture parameters Yes No

Fracture process No No

Table 4.5: Correlation of uncertainties

is listed in Table 4.5 and justified below:

Observation Visual fracture observations are made independently at dif-
ferent potential fracture sites.

Geometry Uncertainty in the specimen geometry include variation in the
overall notch dimensions (affecting all fracture sites), and local machin-
ing imperfections (affecting one fracture site).

Load history Errors in the loading history will affect the fracture prediction
in all locations in a given specimen identically. For example, an error
in the cyclic loading amplitude for one test will affect the fracture
predictions made at the center and the edge of that specimen in the
same way, but will not affect the fracture predictions of a different
specimen.

Parameter variation Both the constitutive and fracture parameters are
assumed to vary spatially throughout the material, due to factors re-
lated to the manufacturing process. However, we assume that this
variation occurs at a scale between 10mm and 100mm.

Fracture process The inherent randomness in the fracture process is not
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based on any measurable property, and is therefore uncorrelated on
both levels.

Quantifying the magnitude of each source of uncertainty and their re-
spective correlations would require an extensive testing program and is not
practical. To represent the partially correlated nature of the intra-specimen
fracture events and predictions, random variables within the same specimen
are assigned a correlation coefficient of 0.5.

Random variables and distributions

It is useful to define a generalized version of a local fracture model to ex-
plain the probabilistic framework for the calibration process. Equation 4.7
describes such a model, which predicts fracture when the damage (D) ex-
ceeds a value of unity. The damage grows with the equivalent plastic strain
at a rate determined by the stress state, represented by the function inside
the integral. The next term is a function of the material parameter λ, which
determines the rate of damage which is not related to the stress state, but is
instead related only to some significant portion of the material plastic strain
(εsigP ). Finally, the parameter C is the principal material parameter which
defines the general rate of damage with plastic strain. As such, C is repre-
sentative of the damagability of material with respect to ductile fracture and
is inversely related to the material ductility.

Existing fracture models such as the CVGM (Kanvinde and Deierlein,
2007a) and the model developed in the next chapter are both special cases
of this generalized model.

D = C

∫
εP

func(σ)dεP e
−λεsigP (4.7)

Given the newly defined general fracture model, the overall process of
predicting fracture initiation for an experiment is illustrated in Figure 4.11.
The symbols C and λ in the diagram indicate the parameters of the gen-
eral fracture model, and the remaining inputs reflect the fracture prediction
process and sources of uncertainty described in the previous section.

One method of accounting for the uncertainty in the fracture prediction
process would be to explicitly model each source of uncertainty. In addition
to requiring a prohibitive amount of data to model each input individually
this would require the use of fracture models with large numbers of param-
eters, increasing the risk of overfitting. An alternative strategy is to assume

146



Chapter 4. Calibration Methods for Plasticity and Fracture Models

Fracture
prediction

Fracture
model

Finite
element
model

Material
parameters

(constitutive) 

Material
parameters

(fracture)
C,   λ

Geometry

Loading

Fracture
observation

Local
parameters

(σ, ε)

Sources
of

uncertainty

All uncertainty is lumped together 
into the random variable C

Figure 4.11: Flow chart of the fracture prediction procedure showing the
grouping of multiple sources of uncertainty in the random variable C

that each of the sources of uncertainty has a parallel effect on the fracture
prediction. Following this assumption the various sources of uncertainty may
be lumped together and provide the same overall distribution of fracture pre-
dictions.

The damageability parameter C is a convenient choice as it has direct and
linear influence on the fracture prediction, and is a single parameter which
can be easily assigned a probability distribution. Referring back to the figure,
all of the uncertainty in the prediction process will be lumped together into
the parameter C.

The probability distribution of the random variable C is assumed to be
log-normal. Referring to Figure 4.11, the various sources of uncertainty gen-
erally have a multiplicative effect on the overall fracture prediction (i.e. un-
certainty in the constitutive parameters will compound the effect of uncer-
tainty in the fracture parameters). The lognormal distribution is appropriate
for this circumstance, as it arises naturally from the multiplication of many
other distributions (Benjamin and Cornell, 1970). This assumption will be
further validated in Chapter 5 as the distribution is compared to the exper-
imental data.

The Probability Density Function (PDF) of the assumed log-normal dis-
tribution is calculated as per Equation 4.8, where x is a particular realization
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of the random variable C. In the equation, the parameters µC and σC are
the mean and standard deviation, respectively, of the associated normally
distributed random variable. The Cumulative Distribution Function (CDF)
of the log-normal distribution is calculated by integrating the equation with
respect to x. As there is no closed-form solution to this integral the CDF
must be calculated numerically.

fC(x) =
1

xσC
√

2π
exp

[
−1

2

(
lnx− µC

σC

)2
]

(4.8)

Recall from the previous section that fracture predictions are assumed to
be partially correlated on the intra-specimen level, while uncorrelated on the
inter-specimen level. For many of the specimens tested in Chapter 3 (all those
other than the Inclined Notch test series), fracture was only observed at the
center of the specimens. In this case, the issues of intra-specimen correlation
do not need to be considered, as there is only one possible location for fracture
to be predicted in the specimen.

In the Inclined Notch specimens, fracture was observed at one of three
possible sites within the notch region (referred to in Chapter 3 as the ‘Center’,
‘Edge’, and ‘Surface’). As follows from the previous discussion, each Inclined
Notch specimen was assigned a random fracture parameter for each location:
Ccent, Cedge, and Csurf . The distribution of each of these random variables
is based on the shared distribution parameters µC and σC . The regions
corresponding to the random fracture parameters are shown in Figure 4.12.

The correlation matrix between the three variables is shown in Table 4.6.
The values in the covariance matrix are equal to the Pearson product-moment
correlation between the respective variables. The more commonly used co-
variance matrix between the variables can be found by multiplying the cor-
relation matrix by the variance of the random variable C (i.e. cov(i, j) =
ρi,jσiσj = ρi,jσ

2
C).
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CcentCedge Csurf

λ

Figure 4.12: Fracture parameters assigned to regions in Inclined Notch spec-
imens

Table 4.6: Pearson product-moment correlation for Inclined Notch fracture
parameters

ρ Ccent Cedge Csurf

Ccent 1.0 0.5 0.5

Cedge 0.5 1.0 0.5

Csurf 0.5 0.5 1.0

4.2.3 Methodology

Given the established need for a probabilistic formulation of the fracture
model, the following sections detail the steps in the application of the max-
imum likelihood method. The focus of these sections is on the novel and
complex aspects of the maximum likelihood formulation; refer to Benjamin
and Cornell (1970) for an overview of the maximum likelihood method, and
to Myers et al. (2009) for a more general treatment of probabilistic fracture
prediction.
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Use of mixed test data with maximum likelihood method

The preceding section motivated the use of a probabilistic framework for
fracture prediction, in which one or more deterministic parameters of the
fracture model are replaced by random variables with some associated prob-
ability distribution. Maximum likelihood estimation (MLE) is a method of
estimating the parameters (i.e. mean and variance) of this distribution, in
which the parameters are selected to maximize the likelihood of the experi-
mental observations.

This final point demonstrates much of the value of the MLE method, in
that any experimental observation which can be predicted by the probabilis-
tic model can provide valuable data for the calibration of the model. The
simple case of instantaneous fracture observations, in which a fracture event
is observed at a discrete time, have an associated probability and can be eval-
uated with the MLE method. Additionally, the probability of not observing
fracture in a given test (or portion a test) can be evaluated, which is useful
when calibrating models based on proof loading of civil structures.

The testable observations from the fracture specimens in Chapter 3 in-
clude discrete observations (in which the exact time of fracture observation
is known), windowed observations (in which fracture was observed within a
certain range of times), and negative observation (in which fracture was not
observed during the test). The maximum likelihood method is capable of
handling each of these observation types side-by-side. The following section
demonstrates this ability through the use of a simplified example.

Conventional probability notation is used in this chapter to label the
distributions and random variables. Random variables are referred to by
uppercase variables (e.g. X), and specific realizations of the random vari-
ables are lowercase (e.g. x). Functions referred to with uppercase notation
(e.g. FY (y)) are cumulative distribution functions (CDFs), while functions
in lowercase notation (e.g. fY (x)) are probability density functions (PDFs).
Equation 4.9 describes the relationship between the CDF and the PDF.

FX(x) = P (X < x) =

∫ x

− inf

fX(s)ds (4.9)

Consider a material with one ductility parameter Y , which is investi-
gated with a series of tests. To account for the effect of aleatoric and epis-
temic uncertainty, Y is defined as a random variable according to a normal
distribution with mean µY and standard deviation σY . The calibration of
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the ductility model, based on the maximum likelihood framework, relies on
selecting the probability distribution which maximizes the likelihood of ob-
serving the calibration tests. For this example, we will consider observations
that are categorized as discrete, windowed, and negative.

Discrete observations

The first observation is categorized as discrete, in that the specimen is ob-
served to fail at a ductility level y = y1. Given the underlying distribution of
the random variable Y (i.e. µY and σY ) As Y is a continuously distributed
random variable, the probability of observing a specific discrete value is in-
finitesimal. However, the probability density is proportional to the probabil-
ity of making the observation and can be used as a surrogate, as shown in
Equation 4.10.

P (Y = y1) = fY (y1) (4.10)

Windowed observations

The second observation is described as ‘windowed’, as it falls between two
values of the ductility y2 and y3. The probability of observing the ductility
parameter within that window, given the underlying distribution, is calcu-
lated using the CDF (Equation 4.11).

P (y3 < Y < y2) = FY (y3)− FY (y2) (4.11)

Negative (proof) observations

The third observation is a negative observation, or proof loading. In this
test, the material is loaded to a certain level (corresponding to a ductility of
y4) and does not fail. In the context of structural reliability, this situation
would apply to a structure that is being proof tested to less than its desired
capacity. In the context of fracture mechanics, this applies to a specimen
which is loaded to a stress or strain level and does not fracture. The resulting
observation is that the ductility of the specimen is greater than the proof
testing load, and the probability of the observation is determined using the
CDF.

P (y4 > Y ) = 1− FY (y4) (4.12)
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An illustration of the probability of making the three observations listed
above is shown in Figure 4.13.

y1 y2 y3 y4

P=F(y3)-F(y2)

P=1-F(y4)P=f(y1)

μY y

f

Figure 4.13: Probability calculation for three observation types

As the three observations are independent samples from the same under-
lying distribution, the probability of making all of the observations is simply
the product of making each observation individually. By inference, the likeli-
hood that the underlying distribution is represented by the given parameter
set µY and σY given the experimental observations is equal to the probability
of making those observations given the parameter set. As such, the likeli-
hood associated with a particular calibration is calculated as the combined
probability of all observations given that calibration (Equation 4.13).

L =
n∏
i=1

Pi (4.13)

It is convenient to work with the natural logarithm of the function, or
the ‘log-likelihood’ (Equation 4.14). The log-likelihood allows for comparison
between small likelihood values, and as the logarithm is a monotonically
increasing function, it does not change the behavior of the optimization.

LL = ln(L) (4.14)

In the method of maximum likelihood parameter estimation, the values of
the distribution parameters are chosen to maximize the value of the combined
likelihood function as in Equation 4.15.
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µY , σY = max
µY ,σY

(LL) (4.15)

Definition of fracture event in simulations

To compare the observed and predicted fracture events, we need to define a
fracture event within the FE simulation that is equivalent to visually observed
fracture. This is a challenging process for the Inclined Notch specimens, as
the location of fracture initiation (within each zone) is not precisely known.
Rather than introducing additionally uncertainty by attempting to manually
select the site of fracture initiation, the fracture criteria is evaluated for the
entire critical region. The initiation location is then found programatically,
based on the following criteria.

The numerical nature of the FE simulation has the potential to create
spurious results, especially given the complex mesh geometry necessary for
the Inclined Notch specimens. To prevent these inconsistent results from
biasing the results, a single numerical point exceeding the critical value of
the fracture criterion was not considered to be fracture initiation. Instead,
fracture initiation was defined as satisfaction of the fracture criterion over
a critical volume. Based on examination of the scale of the continuum pa-
rameter gradients, the critical volume was defined as 0.25 mm3, representing
the volume of typically 10 elements within the model. The fracture dam-
age at any point in the specimen loading history is therefore the maximum
damage that is exceeded in one critical volume worth of elements as shown
in Figure 4.14. Figure 4.14 illustrates this quantity for a typical simulation,
showing the damage history of all finite elements in the critical region and
the calculated overall damage. Referring to the picture, at all times the gray
lines above the solid line represent a group of elements in the finite element
model. The solid line is defined such that the combined volume of the el-
ements in that group is at least equal to the critical volume required for
fracture prediction ((0.25mm)2).

This factor bears some superficial similarity to the length scale parameter
(l∗) which was an important part of the CVGM (Kanvinde and Deierlein,
2007a). The length scale parameter was typically on the order of 0.08 mm,
and is designed to predict fracture in the presence of severe stress gradients
at the tip of sharp cracks.
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Figure 4.14: Determining the fracture damage using the critical volume
method
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Transformation of fracture observations into parameter space

The experiments in Chapter 3 provide observations of fracture initiation in
the specimen time domain. The distribution of fracture parameters, which
will be compared to these observations, exists in the space of the damage-
ability parameter C. It is necessary to reconcile these two domains such that
the parameter distribution can be compared to the fracture observations.

The process of this transformation is demonstrated for a single fracture
observation in Figure 4.15. Referring the figure and to Chapter 3, the origi-
nal fracture observation is made through examination of the specimen load-
displacement response or the accompanying video and is defined in terms of
the time elapsed during the test. Using the results of the complementary
finite element simulation and the deterministic fracture model parameters
(e.g. λ from Equation 4.7) the fracture damage is calculated for a unit value
of C (Figure 4.15b). As it was calculated using a unit value for the damage-
ability, the resulting quantity is equal to the ratio between the damage and
damageability (i.e. D(t)

C
, wherein D(t) is the damage at time t).

The next question is what value of the damageability parameter cor-
responds to a fracture prediction at a given time, which can be found by
setting D = 1 and solving for C. This result is shown in Figure 4.15c, and
is roughly equal to the inverse of the previous plot. The divergence between
Figure 4.15c and the inverse of Figure 4.15b is that the the calculated values
for C are restricted to be monotonically decreasing, such that there is a one-
to-one correspondence between the fracture observation and values of C, to
prevent ambiguity in the fracture predictions.

Figure 4.16 shows the process of converting a series of fracture observa-
tions from the time domain to the domain of the damageability parameter C
for the specimen IN30-3 from Chapter 3. In the figure, the dimension associ-
ated with surface fracture is omitted since all three cases all lie within the ‘no
fracture’ plane of that dimension. The first part of the figure is repeated from
the previous chapter, indicating the observation of three potential fracture
cases.

Figure 4.16b focuses on the first fracture case. For each of the locations
(i.e. the edge and center of the specimen) the value of the damageability
C which would cause fracture at each time step is calculated, transforming
the bounds of the fracture windows from the time domain to the parameter
domain.

The three fracture cases, thus transformed, are located in the space of
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∆
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(if D = 1)

(b) Fracture damage history per unit damagability 

Fracture observation 
in parameter-domain

(c) Solving (b) for D = 1 yields the damagability 
corresponding to fracture prediction at each point

(a) Original fracture observation in time-domain

Figure 4.15: Transformation of fracture observation into parameter space
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the damageability parameters (Ccent, Cedge, and Csurf ) in Figure 4.16c. Also
shown in the figure is a hypothetical probability distribution of the fracture
model parameters, showing the correlation between parameters at the three
location. The probability of making the observations in this test is equal to
the volume of the multi-variate PDF which falls within the three fracture
cases.
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Figure 4.16: Transforming fracture observations into parameter windows
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Evaluation of multivariate CDF

The previous section described the procedure for transforming the fracture
observations from Chapter 3 into the space of the fracture model parameters.
The resulting bounds can be represented as three dimensional rectangular
volumes in the space of the multivariate distribution of fracture parame-
ters. The following section details the method of calculating the probability
enclosed by the bounds.

Figure 4.17 shows the bounds of one fracture observation in the space of
the three C parameters. Note that the bounds are rectangular (i.e. the limits
of Ccent are not dependent on Cedge, etc). This independence is required for
the calculation of probabilities with the multivariate CDF.

Ccent

Cedge

Csurf

Ccent

1 2
Ccent

Cedge

Cedge

1

2

Csurf

Csurf
2

1

Figure 4.17: Three-dimensional observation window

The probability enclosed in the bounds is found using the CDF through
the following equation. In the equation, C1

cent and C2
cent represent the lower

and upper bounds of a fracture observation at the specimen center, respec-
tively.

P
(
C1
cent < ccent < C2

cent, C
1
edge < cedge < C2

edge, C
1
surf < csurf < C2

surf ,
)

=
2∑
i=1

2∑
j=1

2∑
k=1

F
(
Ci
cent, C

j
edge, C

k
surf

)
•
{

+1 if i+ j + k is even

−1 if i+ j + k is odd

(4.16)
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4.2.4 Summary

The need for a probabilistic formulation of ductile fracture models has been
previously established for simple specimens, and validated using the maxi-
mum likelihood method (Myers et al., 2009). The challenges presented by
the tests described in Chapter 3 require several extensions to the standard
formulation of the maximum likelihood method including (1) the side-by-side
use of discrete and windowed test data, (2) the use of finite element simu-
lations to evaluate the experimental observations, and (3) consideration of
the effects of statistical correlation of multiple fracture predictions in each
specimen.

The proposed methodology is demonstrated for a general damage-based
fracture model which is representative of models like the CVGM and the new
fracture model to be presented in this study. The procedure assumes that the
several sources of uncertainty in the ductile fracture process can be simulated
by uncertainty in the damagability parameter C, which is assumed to follow
a lognormal distribution. Chapter 5 will use the proposed framework to
evaluate proposed fracture models against the test data in Chapter 3.
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Chapter 5

New Models for Ductile
Fracture and Ultra-Low Cycle
Fatigue

This chapter presents new models for the prediction of ductile fracture ini-
tiation in structural steel based on the objectives, test data, and calibration
methodology developed in the preceding chapters. The problem of ductile
fracture prediction is separated here into three models, representing specific
categories of fracture problems. As these categories are aligned with existing
fracture models and test data, they allow the new models to be viewed in the
proper historical context. The scope of the models is defined by the stress
states for which they are designed and whether they simulate Ultra-Low
Cycle Fatigue.

As discussed in Chapter 2, the ultimate objective of this work is to present
a model which is applicable to the full range of stress states of interest to
structural engineers and to Ultra-Low Cycle Fatigue. The range in stress
states is defined by the typical geometry and loading conditions of structural
components, including positive values of the Lode angle ξ (ranging from
0 < ξ < 1), and positive values of the stress triaxiality T (ranging at least
from 0 < T < 2). Within this range, existing research has concentrated on
high triaxiality (T > 1) and axisymmetric (ξ = 1) stress states, and only
recently have models been proposed for more general conditions.

Previous research has resulted in models that predict ductile fracture ini-
tiation under a limited range of stress states and cyclic loading profiles. For
example, models based on the simulation of void growth can successfully
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predict fracture in conditions of high stress triaxiality, and they have been
extended to cases of ULCF. As these existing models are supported by sig-
nificant test data and theoretical justification, they form the foundation for
the new models being presented here. Beginning with the example of ex-
isting void growth models, each new model proposed in this chapter builds
upon existing models so as to predict fracture over an increasing number of
conditions.

The model development process is illustrated in Figure 5.1. Referring to
the figure, each model is generally characterized by the stress triaxiality (T)
and Lode angle parameter (ξ) for which it is intended, as well as whether the
model is applicable to monotonic or cyclic loading. The Void Growth Model
(VGM, Rice and Tracey (1969), Panontin (1994)), and Cyclic Void Growth
Model (CVGM, Kanvinde and Deierlein (2007b)) are existing models that
have been well validated. The new models presented in this chapter (section
numbers shown in parentheses) are described in more detail as follows:

Model 1 - Full axisymmetric: A new model (Section 5.1) for fracture in
axisymmetric stress states, extending the VGM over the complete range
of triaxiality levels l(−2 < T < 2). Axisymmetric fracture models are
commonly used in the development of more general fracture models, so
this model provides a natural basis for more general models and is useful
for calibration to axisymmetric test data. The principal improvement
of the new axisymmetric model is in the prediction of damage at low
stress triaxiality levels, including the incorporation of a fracture cutoff
- a minimum triaxiality level necessary for ductile fracture to occur.

Model 2 - Lode angle influence at high triaxiality: A general model
(Section 5.2) for fracture at high triaxiality, including non-axisymmetric
stress states. Highly triaxial stress states are the most susceptible to
fracture and represent the majority of conditions within structural en-
gineering where ductile fracture is observed. This model improves upon
existing high-triaxiality models through the inclusion of a Lode angle
parameter (ξ).

Model 3 - Stress-Weighted Damage Model: The new Stress-Weighted
Damage Model (Section 5.3) is valid for all stress states commonly
found in structural engineering, including fracture under monotonic
and ULCF loading histories. This new model is based on the simula-
tion of damage which is independent of the stress state, and which is
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found to significantly effect the fracture behavior at low stress triaxi-
alities and for UCLF loading.

T: High ξ: Axisym

Loading: Monotonic

Void Growth Model
(after Rice, Tracey 1969)

T: High ξ: Axisym

Loading: Cyclic

Cyclic VGM
(after Kanvinde 2004)

T: All ξ: Axisym

Loading: Monotonic

Full axisymmetric
(5.1)

T: High ξ: All

Loading: Monotonic

General high triaxiality 
(5.2)

T: All ξ: All

Loading: Cyclic

Stress-Weighted 
Damage Model (5.3)

Decreasing test data and historical validation

Proposed modelExisting model

Triaxiality levels
High: T>1

All: T>0

Lode angle levels
Axisymmetric: ξ =1

All: -1<ξ<1 

Figure 5.1: Relationship chart describing model hierarchy

5.1 Axisymmetric model

The use of stress triaxiality as the primary predictor of ductile fracture strain
in ductile metals has been well established since the work of McClintock
(1968) and Rice and Tracey (1969), and has its roots in the first half of
the 20th century with the work of Bridgman (1964) and other researchers
who studied the role of hydrostatic pressure on ductile fracture. Rice and
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Tracey analyzed the growth of a spherical void of radius Rv in a rigid-plastic
continuum with no strain hardening and found the void growth rate to be
related to the strain rate dεP and the stress triaxiality T by:

dRv

Rv

= 0.283dεP e
1.5T (5.1)

By assuming that void coalescence and fracture initiation occur at a crit-
ical void size, Equation 5.1 can be regarded as a rate of change in material
damage. Integrating the damage (D) rate yields:

D = C

∫
εP

e1.5TdεP (5.2)

In Equation 5.2, the constant C is a material parameter calibrated such
that the damage, D = 1 at the time of fracture initiation. In many cases, the
stress triaxiality remains relatively constant throughout the loading process,
and the integral may be pre-evaluated. This forms the basis for the Stress
Modified Critical Strain model proposed by (?), who found the fracture ini-
tiation strain εf by inverting Equation 5.1. The resulting Stress Modified
Critical Strain model predicts the strain at which fracture will initiate in
material subject to a given stress triaxiality level according to:

εf = αe−1.5T (5.3)

The material constant α is related to the fracture resistance of the mate-
rial, which is influenced by several factors, including the size and distribution
of inclusions, hardening behavior, and other factors. Several refinements to
each of the above equations have been proposed, but the exponential form
proposed by Rice and Tracey has formed the basis for most subsequent re-
search.

For separate reasons, the focus of the experimental and analytical models
has been on fracture under axisymmetric stress states (characterized by two
identical principal stresses and one larger principal stress). In the case of
the analytical model proposed by Rice and Tracey, results were presented
for non-axisymmetric void growth. However, the derivations were completed
based on the growth of spherical voids, and extension to non-axisymmetric
stress states was not recommended as it would violate the spherical void
assumption. In the experimental studies (Johnson and Cook (1985), among
others), axisymmetric stress states are found at the center of round tension
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specimens (with and without a circumferential notch). These specimens are
attractive due to their simplicity and well controlled fracture behavior, and
form the foundation for most experimental studies and models.

Subsequent research has extended the above axisymmetric models to
earthquake-type cyclic loading (Kanvinde and Deierlein, 2007b) and a wide
variety of stress states (e.g. Mae et al. (2007), Coppola et al. (2009)). As
the axisymmetric models are currently accepted as an foundation to more
advanced fracture models, the accuracy and extensibility of these models is
critical. This section will review the justification and accuracy of these ex-
isting models, demonstrating that their extension to alternate stress states is
not appropriate. A new model will be proposed which matches the behavior
of the exponential model in the high triaxiality regime, and is extensible to
all levels of stress triaxiality.

This section will begin by identifying the sources of evidence for the new
fracture model, including: meta-analysis of test data, analytical void me-
chanics, and computational void mechanics. The presence and location of a
low triaxiality limit on fracture initiation will be demonstrated. Finally, a
new functional form will be proposed and validated using the above evidence.

5.1.1 Scientific basis for axisymmetric fracture criteria

Two types of fracture specimens form the major historical evidence on which
axisymmetric fracture criteria have been established. The first type of spec-
imen is a standard round tension coupon tested in a high pressure chamber.
By manipulating this external hydrostatic pressure, the internal hydrostatic
stress in the specimen can be changed to control the stress triaxiality. The
second type is a round bar with a circumferential groove cut into it. In
these specimens the groove provides a level of constraint at the center of the
specimen, which induces highly triaxial stress states.

High pressure tests

The most detailed source of data for fracture at very low triaxiality (T < 1
3
) is

in the pressurized tension specimens tested by Bridgman (1964). These tests
were conducted by encasing a round tension coupon in a chamber filled with
highly pressurized hydraulic oil, providing a precisely controlled hydrostatic
compression stress state. A deviatoric stress was applied by axial pulling
of the specimen, and the axial load and displacement were measured. To
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maintain low triaxiality throughout the test large hydrostatic pressures, well
above the material yield stress, are required.

More recently, other researchers have conducted similar tension tests with
significant externally applied hydrostatic pressure (e.g. Kao et al. (1990),
Brownrigg et al. (1983)). Balzer (1998) conducted a survey of highly pres-
surized test data and methodology, including an extensive list of researchers
in the field.

Test data selected from the Bridgman study include 290 round bars tested
at hydrostatic pressure levels between zero and 3000 MPa. The tests include
a total of 8 materials (or 33 counting separate heat treatments), designated
materials 2 through 9 in the Bridgman report.

Analysis of Bridgman data set

Given the assumption that ductile fracture is a damage-based process, the
stress and strain history inside the specimen is needed to evaluate potential
fracture models. In modern tests the stress-strain history can be determined
through complementary finite element simulations, but this level of detail is
not available using historical data. To consider the effects of the continuum
parameter history without the use of a finite element analysis, an approxi-
mate method can be used which is based on derivations by Bridgman.

Data available from the Bridgman tests are limited to: the axial stress
at initial yielding (σY ), necking (σmax), and fracture (σf ), the test chamber
pressure p, the neck aspect ratio DNR

RN
measured after the specimen fracture,

and the reduction in specimen area Ai

Af
.

From this information, three points in the specimen history can be calcu-
lated, as indicated by Figure 5.2. These points are (1) the initial undeformed
conditions, (2) the initiation of necking, and (3) the ultimate fracture of the
specimen.

First, the point of initial yield is calculated by Equations 5.4 and 5.5.
For tests without a reported initial yield stress, the stress at the point of
maximum load (σmax) was substituted for the yield stress. Note that the
externally applied pressure is negative (compressive) and remains constant
throughout the test.

T =
1

3
+

p

σY
(5.4)

εP = 0 (5.5)
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Figure 5.2: Approximate history of continuum parameters in Bridgman spec-
imens

Second, the conditions at the initiation of necking are determined from
the point of maximum load in Equations 5.6 and 5.7. The plastic strain
level at necking was found by Bridgman to be constant and equal to 0.2
(Bridgman, 1964).

T =
1

3
+

p

σmax
(5.6)

εP = 0.2 (5.7)

Bridgman developed an analytical relationship between the ultimate notch
geometry (i.e. notch radius and diameter) and the internal stress states. Us-
ing modern FE tools, Bao (2005) proposed a refined version of the Bridgman
equation, accounting for the effects of strain hardening and nonuniform con-
tinuum fields across the neck, shown in Equation 5.8. By assuming a rela-
tively smooth strain distribution (validated by Bridgman) across the notch
root, the fracture strain may be calculated by Equation 5.9.

T =
p

σf
+

1

3
+ 1.4 ln

(
1 +

DNR

4RN

)
(5.8)
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εP = ln
Ai
Af

(5.9)

By interpolating between the above points, an approximate triaxiality-
strain history was constructed for the Bridgman specimens, allowing investi-
gation of damage-based fracture criteria.

Cylindrically Notched Tension test data

A database of Cylindrically Notched Tension (CNT) tests conducted at Stan-
ford University was used for the evaluation of the proposed fracture models
at high stress triaxiality. These tests were conducted in studies by Kanvinde
(2004a) and Myers (2009), and compiled by Myers (2009). A total of 62 CNT
specimens and 5 standard round tension coupons which were tested in the
previous studies were used here.

Triaxialities and plastic strains in the smooth tension specimens were cal-
culated using Equations 5.4 through 5.9. Triaxiality and plastic strains at
fracture for the CNT specimens were taken from the Myers test database.
Myers calculated the CNT values through detailed FE simulations using con-
stitutive models calibrated to each material. In contrast to the smooth ten-
sion coupons, where the stress state changes due to the evolution of the neck
geometry, the stress triaxiality in CNT specimens is driven by the preexisting
notch and it is assumed to remain constant throughout each test.

Analytical void mechanics

Following the original work of Rice and Tracey (1969), void growth models
have been extended to more complex materials and stress states by Huang
(1991), among others. Huang re-evaluated the solutions for the void growth
by accounting for more complex displacement fields (expanding the approxi-
mation using more terms) and proposed replacing the Rice and Tracey void
growth rate (Equation 5.1) with the piecewise equation shown in Equa-
tion 5.10.

dRv

Rv

=

{
0.427dεP e

1.5T for T ≥ 1

0.427T 0.25dεP e
1.5T for 1

3
< T < 1

(5.10)

The Huang solution finds a general increase in the void growth rate, along
with a more complex solution for triaxiality levels as low as 1

3
. This is an
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(a) Single void model

(b) Multiple void model

Figure 5.3: Microscale FE meshes

expansion in scope over the solution of Rice and Tracey, which was intended
for triaxiality levels above 2.0.

It should be noted that for non-spherical void growth (e.g. at low stress
triaxialities), the average void radius calculated by Huang et al. is proba-
bly a less reliable indicator of fracture initiation. This suggests that more
empiricism is appropriate in the fracture models at low triaxiality levels.

Computational void models

The micromechanical modeling reported in this section was executed by Ryan
Cooke as part of a joint project. The following summary of the methods and
results was written by the author.

At low triaxiality levels (especially T < 0.5), the effects of void dilation
limit the validity of analytical void growth models (which typically assume a
spherical void). Cooke (2013) developed microscale FE simulations to study
the effects of void growth and strain localization in this regime. A typical
FE mesh for these simulations is shown in Figure 5.3. Referring to the two
figures, the single-void model was used to study the growth of individual
voids, while the multi-void model was used to study the effects of strain
localization in intervoid ligaments.

Void growth was examined by modeling a single void in a periodically re-
peating unit cell (Figure 5.3a) using ABAQUS/Standard (ABAQUS, 2012).
The void is modeled as an spherical cavity the size of a typical steel inclu-
sion (1.5 µm). The intervoid matrix is modeled with von Mises yielding
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and Ramberg-Osgood exponential strain hardening. Approximately 27000
second-order hexahedral finite elements are used in the model.

The boundary conditions applied to the model are designed to mimic
a periodically repeating cell, where due to symmetry, the median surface
between voids remains planar during loading. The internal stress state in the
cell is controlled through the application of normal stresses to the cell walls.
Tractions were applied in a normal direction to the sides of the cell to control
the stress state and cell deformation. The ratio between the tractions was
chosen to achieve a target average stress state (triaxiality and Lode angle
parameter) inside the cell. A modified-Riks step was used to control the
deformation of the cube as the forces were applied.

Several studies have concluded that void growth alone is not a good pre-
dictor of fracture strain at low values of stress triaxiality, and that changes
in the mechanism of void coalescence play an increasingly important role as
triaxiality declines (Koplik and Needleman (1988), Barsoum and Faleskog
(2007)).

Void coalescence and strain localization are caused by the interaction of
multiple voids, and so cannot be effectively studied using the single-void
model. To overcome these limitations a second model was created with 64
evenly spaced voids (i.e. a grid of size 4x4x4). This multi-void model follows
the same modeling assumptions and techniques as the single void model - e.g.
symmetric boundary conditions, stress state controlled through Riks step.
Whereas the purpose of the single-void model was to monitor void growth,
the purpose of the multi-void model was to monitor both void growth and
the localization process. In the multi-void model localization is considered
to be concentration of the void growth in a single plane of voids, similar to
a necking instability in a tension coupon.

A major simplification in the void cell models is in the treatment of
voids as empty cavities (i.e. not modeling the inclusions), which prevents
consideration of the inclusion decohesion process and any following contact
interaction between the inclusion and the void walls. The strain required for
the inclusions to separate from the surrounding matrix (often referred to as
void nucleation) is relatively small in relation to the ultimate fracture strains
of structural steel (Argon et al., 1975). The interaction between growing
voids and the inclusions inside them is a more significant concern, as it may
have dramatically different effects at high triaxiality (wherein the void grows
isotropically and does not impact the inclusion) and low triaxiality (where
the void tends to shrink in directions of compressive principal stress and
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applies significant pressure to the inclusion). At triaxiality levels below 0.5
the voids are observed to contract in the lateral direction, meaning that in
a realistic material there would be a contact force between the inclusion and
the edge of the void. This limits the validity of the void cell models at these
low values of stress triaxiality.

Material variation in void cell models

Experimental studies of ductile fracture have demonstrated that while void-
growth based fracture models are successful for a wide range of ductile met-
als, significant variations in ductility exist between materials (Myers et al.
(2009), Hancock and Mackenzie (1976)). To validate the void-cell models,
it is important that (1) this variability can be explained by micro-scale pa-
rameters (i.e. reasonable changes in the parameters of the void cell models)
and (2) that for any variation in the void-cell model parameters, the overall
fracture models remain applicable. Six hypothetical ’materials’ were created
to investigate this variability using the void-cell models by varying the void
volume fraction and the matrix hardening response. The void volume frac-
tion (VVF) in the void-cell models represents the ratio between the volume
of voids and the total volume of each model (including the voids and the
matrix). The VVF is also representative of variations in the inclusion size
and spacing between different physical materials. The hardening response of
the inter-void matrix was varied through changes in the hardening exponent
n. Table 5.1 shows the combinations of these two parameters for which the
void-cell models were evaluated.

Data collected from void cell models

Unlike physical experiments, where fracture initiation is directly observable
(given sufficient detection methods), in void cell models the ultimate mate-
rial separation process is difficult or impossible to simulate. The micro-scale
fracture process occurs through the elimination of the inter-void ligament
through 100% area reduction (and thus infinite strains), transgranular frac-
ture, or inter-granular separation Simulation of these severe limit states re-
quires the consideration of the crystalline nature of the steel matrix, which
presents significant challenges in both modeling and calibration. Given the
inability to detect actual fracture initiation in the void cell models, micro-
scale indicators are used which can be measured and which are well correlated
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Table 5.1: Virtual materials studied using void cell models

Material Hardening exponent n Void Volume Fraction (VVF)

1 0.1 0.0005

2 0.1 0.01

3 0.27 0.0005

4 0.27 0.01

5 0.35 0.0005

6 0.35 0.01

with the ultimate fracture process. For the purpose of this study, these in-
dicators are the simulated growth rate of the microvoids (for the single-void
model) and the transition to unstable void growth (for the multi-void model).

The correlation between void growth rates and ductile fracture initiation
has been effectively demonstrated by the widespread and successful use of
void growth-based fracture models (Rice and Tracey, 1969) to predict fracture
in experiments (Myers et al., 2009). In the single void model, the void growth
rate is measured as the relative change in average void radius per equivalent
plastic strain (Equation 5.11), where Rv represents the average void radius
and εP represents the equivalent plastic strain.

Void growth rate =
dRv

RvdεP
(5.11)

As the voids are roughly elliptical, the average void radius is calculated
as the geometric mean of the three principal void radii. The equivalent plas-
tic strain is calculated from the deformations of the entire void cell model.
During loading, the rate of void growth of the single void models is not con-
stant, due to such factors as residual elastic areas, anisotropic void growth,
and interaction between the void and the sides of the FE model. To prevent
this variation from impacting the results of the simulations, the instanta-
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neous (one simulation step) void growth rate was evaluated at 5% plastic
strain (sufficient to ensure an entirely plastic model) and at the point of
strain localization in the multi-void model (typically at least 50% equivalent
plastic strain). The impact of this choice on the interpretation of the data
was found to be insignificant, thus justifying the use of the 5% plastic strain
growth rate, which is reported in the remainder of this section.

The multi-void FE models are designed to improve the accuracy of the
model by simulating the interactions between a regular grid of voids to pre-
dict strain localization. Within the ductile fracture process, void coalescence
is immediately preceded by strain localization in the inter-void ligament,
which leads to a net-section based softening of the material. As this soft-
ening occurs within a very small thickness of material (potentially a plane
which is one void thick), the available elastic strain energy is sufficient to
quickly drive coalescence. The strain required to produce this instability
was measured through inspection of the stress-strain response of multi-void
FE models. The localization process is shown in Figure 5.4, illustrating the
model conditions during (1) periods of stable void growth, (2) the instability
point when unstable growth begins, and (3) during the unstable void growth
phase. Referring to the figure, preferential void growth in a single plane is
found to begin after the point of maximum stress in the material (at which
point the tangent stiffness becomes negative). The point of maximum load
was recorded for each simulation, and can be treated as an effective indicator
of fracture initiation.

5.1.2 Existence of a low-triaxiality fracture cutoff

At sufficiently low triaxiality levels, ductile fracture initiation is completely
impossible. The cutoff is described explicitly by Bao and Wierzbicki (2005),
and was previously acknowledged by Rice and Tracey (1969) and various
researchers in the field of cold metal forming (although the earlier observa-
tions were not incorporated into modern fracture models). The presence and
location of the cutoff will be examined through an analysis of metal forming
practices, the Bridgman database, and original computational void modeling.

In the following discussion of the fracture cutoff, it is necessary to es-
tablish a meaning for the idea of prohibited fracture. For example, in a
ductile tension specimen where fracture is inhibited by external pressures,
the specimens ultimately will fail by means of necking and total reduction
of the cross sectional area. Note that it is difficult to tell the difference be-
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tween failure by complete area reduction and failure by nearly complete area
reduction followed by fracture. Additionally, the uncertainties developed at
severe strain levels (due to inconsistent test methodology or micro-scale ma-
terial properties) provide significant obstacles to effective fracture models in
these regimes. Thus, for the purposes of this study, measured logarithmic
fracture strains of greater than 3.0 (corresponding to 95% area reduction in
a tension specimen) will be considered effectively infinite, corresponding to
non-fracture failure caused by total loss of cross sectional area.

Metal forming processes

Metal forming processes rely on the application of extreme plastic strains
without inducing fracture or significant material damage. The example of
wire drawing involves passing a round metal wire through a tapered cone-
shaped die, producing a compressive axisymmetric stress state at the center of
the wire. Fracture occurring at the center of the wire is referred to as ’central
bursting’, and is a limiting factor on the design of the die and applied forces
(Avitzur, 1968). Figure 5.5 shows a schematic of the wire drawing process
and failure by the central bursting mechanism.

Clift et al. (1990) studied central bursting through experiments and com-
plementary FE simulations, finding that the value of hydrostatic pressure at
the initiation of central bursting is close to zero. Referring to Figure 5.5, this
condition arises when the hydrostatic tension stress (caused by the pulling
force) is greater than the hydrostatic compression stress (caused by the com-
pressive effect of the die). The balance between the two forces is controlled
by the angle and friction coefficient of the die. Reddy et al. (2000) proposed
a fracture criteria based on the Clift et al. findings and other test data (re-
ferred to as the Hydrostatic Stress Criteria), stating that any positive (i.e.
tension) hydrostatic pressure at the specimen center causes central bursting.
None of the above studies place much emphasis on the strain required for
fracture initiation, but logarithmic strains greater than 5.0 in wire drawing
processes are not uncommon (Biselli and Morris, 1996). Following the argu-
ment presented earlier, these strain levels are effectively infinite in structural
engineering applications, suggesting that the fracture cutoff can be located at
the point of no net hydrostatic pressure where the stress triaxiality is equal
to zero.

While the focus of this section is on the axisymmetric fracture criteria
and fracture cutoff, it is worth mentioning the value of examples in metal

174



Chapter 5. New Models for Ductile Fracture and ULCF

forming for stress states other than axisymmetric tension.
Cold rolling of flat plates is a similar process to the wire drawing example

presented above, except that the material is in a state of plane strain, rather
than axisymmetric tension. Rajak and Reddy (2005) found that the same
fracture criteria used to predict central bursting during wire drawing could
also predict fracture in the center of cold rolled steel plates. More specifi-
cally, their experiments and simulations placed the fracture cutoff point at a
triaxiality level of zero for material under a plane strain condition.

Axisymmetric compression (which includes the case of uniaxial com-
pression) represents a different stress condition than axisymmetric tension
(which includes uniaxial tension), and some recent evidence has suggested
that they be treated separately in terms of ductile fracture initiation (Bai
and Wierzbicki, 2008). Upsetting tests are a classical specimen to assess the
formability of metals, and provide information regarding the fracture cut-
off in axisymmetric compression. The specimens in these tests are cylinders
which are tested in compression. If frictionless loading platens are used (by
periodically releasing the load and using grease on the platens), then even
with significant plastic strains the specimen will remain in a state of uniaxial
compression - corresponding to a triaxiality level of T = −1/3. In this case,
fracture initiation is not observed, demonstrating that the fracture cutoff for
axisymmetric compression is no lower than T = −1/3 (Vilotić et al., 2006).
No specimens are available to locate the axisymmetric compression fracture
cutoff more accurately, but it can be reasonably assumed to follow the trend
of the other metal forming examples and be located at T = 0.

Bridgman high-pressure test data

An initial analysis of the Bridgman high pressure data set was performed by
considering the conditions at the end of each experiment (stress and strain
levels) and whether or not the specimen fractured. Figure 5.6 shows the
final stress triaxiality and logarithmic plastic strain of each Bridgman test,
along with indicators showing whether or not fracture was observed. The
outliers in this data set were neglected, and can be attributed to the fact
that relatively limited data was recorded in the test database. Additionally,
recall in a previous section that plastic strains higher than 3.5 correspond to
extreme reduction in the specimen cross sectional area, and can be treated
as effectively infinite. Neglecting these two groups of data points, the figure
shows that fracture only occurs at triaxiality levels above +0.4. Since fracture
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is clearly observed in this condition, we can place the upper limit on the
fracture cutoff at T = +0.4. Due to the high variation in triaxiality during
each test, consideration of the history effect is necessary to more accurately
identify the fracture cutoff.

Using the method described above, interpolated triaxiality-plastic strain
histories were constructed for each of the Bridgman specimens (Figure 5.7).
The principal conclusion of this data set arises in the comparison of the
atmospheric pressure test data (specimens which originate at T = 1

3
) and

the pressured test data (originating at T < 1
3
). Despite the significantly

higher plastic strain reached by the pressurized tests, the triaxiality values
at fracture are substantively identical.

A more detailed study of this issue is demonstrated by Figure 5.8, which
shows the evolution of one pressurized and one unpressurized Bridgman test.
Referring to the figure, the amount of plastic strain experienced by each test
at triaxiality levels greater than 1/3 is similar. Furthermore, in each specimen
the material damage necessary to induce fracture was partially developed at
triaxiality levels above 1/3, and partially developed at triaxiality levels at or
below 1/3 (labeled as A and B in the figure). As the ’A’ portions of the two
specimen histories are similar (in terms of the triaxiality and strain rate),
we can infer that the damage during each ’A’ portion was similar. Since the
total ’fracture damage’ for the specimens are equivalent, this suggests that
the damage during the ’B’ portion of each loading history is also similar for
both specimens. More precisely, the damage sustained by the unpressurized
specimen due to a plastic strain of 0.2 is similar to the damage sustained by
the pressurized specimen due to a plastic strain of about 2.0.

The only possible explanation for this finding is that the rate of fracture
damage with plastic strain drops off significantly at very low triaxiality levels
(T < 1/3). However, given the limited data and significant assumptions
required in analyzing the Bridgman tests, the precise value of the fracture
cutoff cannot be determined.
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Figure 5.5: Fracture in wire drawing process under axisymmetric stress state
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Computational void models

The results of the single- and multi-void computational models provide the
most controlled data for establishing the triaxiality fracture cutoff, over-
coming the limitations of the data sets described earlier. The value of the
Bridgman data was diminished due to the history effect and the wire draw-
ing example required significant assumptions regarding the die friction to
determine the stress state. In contrast, the void cell models are capable of
enforcing constant and well defined stress triaxiality and strain conditions.

The single- and multi-void cell models were evaluated for each of the ’ma-
terials’ described earlier over a range of triaxiality levels T = 0, 0.1, 1/3, 0.5, 0.8, 1, 1.25, 1.5.

The multi-void simulation predicts the effects of void coalescence (in ad-
dition to void growth), which may be more closely correlated with fracture
in real materials. Figure 5.9 shows the localization strain for each material
and simulated triaxiality level. The localization strains are calculated as the
point of maximum applied stress in the model, as shown in Figure 5.4. Re-
ferring to Figure 5.9, as the stress triaxiality approaches zero the localization
strain for all materials grows very quickly. For the two lowest triaxiality
levels (T = 0 and 0.1, localization was not observed in the multi-void sim-
ulations. Due to the deformation limits of the finite elements used in the
model, plastic strains larger than εP > 2.5 could not be reliably simulated.
It is possible that these simulations would show localization behavior given
sufficient modeling capabilities, but recall from the previous discussion that
strains in this regime can be considered practically infinite.

The single void cell model provides complementary data to the multi-void
model. The void growth rate simulated by the single void models is more
removed from the fracture process than the coalescence simulated by the
multi-void models. However, because the void growth rate can be measured
at relatively low strain levels, it is highly useful in understanding behavior
at low values of triaxiality (where no localization can be observed).

The effect of triaxiality on void growth rate is shown in Figure 5.10 for the
six simulated materials and the triaxiality levels listed above. In the figure,
the void growth rates are reported as the instantaneous growth rate at 5%
plastic strain (which represents a fully plastic section). Each of the materials
demonstrates decreasing void growth at lower values of stress triaxiality. In
relation to the triaxiality level of the fracture cutoff, at triaxiality levels
near T = 0 no average void growth was observed in any of the materials.
Following the assumption that void growth rate is proportional to material

181



Chapter 5. New Models for Ductile Fracture and ULCF

0 0.5 1 1.5
0

1

2

3

1

2

3

4

5

6

Triaxiality

Lo
ca

liz
at

io
n 

st
ra

in

Simulated materials numbered 1 through 6 (Table 5.1)

Figure 5.9: Localization strains in multi-void models

182



Chapter 5. New Models for Ductile Fracture and ULCF

0 0.5 1 1.5
0

5

10
1

2

3
4
5
6

Triaxiality

d
R

R
d
ε̄
p

Void growth rate
evaluated at ε̄p = 0.05

Simulated materials numbered 1 through 6 (Table 5.1)
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damage leading to fracture, this suggests fracture to be impossible at or
below triaxiality levels of zero.

Discussion of fracture cutoff

The understanding of the fracture cutoff is informed by the analysis of the
Bridgman data set, metal forming research, and void cell models presented
above. This section will discuss and combine these data and other evidence
to propose a triaxiality value for the fracture cutoff.

Bao and Wierzbicki (2005) were the first to explicitly define the fracture
cutoff, placing it at a triaxiality level of T = −1

3
. Their study focused on the

Bridgman data set and a series of cylinder upsetting tests. Upsetting tests
are a common test of metal forming ductility, and are cylindrical specimens
tested in compression and which fracture due to barreling. In their analysis of
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the Bridgman data they use the average stress triaxiality (based on the initial
and final values) to determine the location of the cutoff. As illustrated in
Figures 5.7 and 5.8 is not compatible with the notion of fracture as a damage-
based process. Since damage is not expected to accumulate below the fracture
cutoff, the inclusion of stress states below the cutoff in the averaging process
will distort the results. Therefore, one can argue that the T = −1

3
cutoff

proposed by Bao and Wierzbicki (2005) is too low.
The sources of data for information on the fracture cutoff triaxiality are

described here, including the drawbacks of each method and their respective
conclusions.

Metal forming research: The example of wire drawing in metal forming is
highly relevant to ductile fracture under axisymmetric stress states, and
to the fracture cutoff in particular. The main drawback of this data
source is that finite element simulations of the wire drawing process
require significant assumptions regarding friction between the wire and
die, which may introduce some errors into the calculated triaxiality
levels. Most studies (Clift et al., 1990) and resulting models (Venkata
Reddy et al., 2000) of fracture during wire drawing place the fracture
cutoff at T = 0

Bridgman high pressure data: Highly pressurized tests like those of Bridg-
man provide the most effective way to experimentally explore the frac-
ture cutoff. However, the tests are reliant on the necking process to
produce fracture initiation, causing large variations in the stress state
throughout each test. Analyzing the Bridgman data while taking the
history effect into account suggested a fracture cutoff between T = 0
and T = 1

3
.

Computational void coalescence measurements: The computational void
cell models can be evaluated for controlled stress and strain conditions,
but require the calibration of microscale parameters which can not be
verified experimentally. Multi-void models were used to investigate the
strain localization process, which immediately precedes the formation
of micro-cracks. These models found no strain localization for triaxi-
ality levels below T = 1

3
, suggesting this to be the upper limit on the

fracture cutoff.

Computational void growth measurements: Single-void finite element
models were used to measure the growth rate of voids under a range
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of triaxiality levels. The value of these models at low triaxiality levels
was diminished as they did not consider the interaction between the
microvoid and the inclusion inside it. Void growth was observed to
stop completely at triaxiality levels near to T = 0, suggesting this as
the location of the fracture cutoff.

Based on the data sources presented in the list above, there is some level
of ambiguity regarding the exact location of the fracture cutoff. However, the
data which provide precise information regarding the cutoff without being
influenced by the strain-triaxiality history effect (i.e. wire drawing and void
growth measurements) both suggest the cutoff to be at a triaxiality level
of zero. It is clear from the Bridgman high pressure data that the rate of
material damage at low triaxiality levels is extremely low. Therefore, unless
a material is being loaded to fracture under constant triaxiality levels (as in
the wire drawing example), the precise location of the fracture cutoff is not
of great importance.

5.1.3 Axisymmetric fracture criteria

The presence of the fracture cutoff located near T = 0 is not compatible
with most models for ductile fracture which are presently in use. As these
popular models are based on the exponential relationship between triaxiality
and ductility arising from the work of Rice and Tracey (1969) and Johnson
and Cook (1985), they predict finite fracture strains at negative triaxiality
levels.

A new axisymmetric fracture model is needed which is anchored by the
established high-triaxiality models, while incorporating the expected behav-
ior at the fracture cutoff. Several existing models which potentially address
this issue will be discussed, followed with the description and validation of a
new fracture model.

Literature review of previous models

Kuwamura and Yamamoto (1997) studied ductile fracture in round notched
bars and tension coupons in several structural steels. Their paper did not
reference the exponential models of Rice and Tracey or others, instead pro-
ducing an original and purely empirical fracture model. The resulting frac-
ture criterion was based on a power function of the stress triaxiality, such
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that predicted fracture strains are proportional to 1/T 2. Figure 5.11 illus-
trates the difference between the shapes of the exponential fracture model
(using the Rice-Tracey (1969) derived constant 1.5) and the power model.
Considering the difference between the two curves, it is useful to consider
that the primary experimental validation of each model arises from tests of
Cylindrically Notched Tension (CNT) specimens, which are only capable of
producing fracture over the range of triaxiality (1 < T < 2) indicated in the
figure. Referring to the figure, the exponential and power models agree very
well with one another over the range of the CNT triaxiality conditions.

The major difference between the two models is clear at low triaxiality
levels. While the exponential model predicts fracture at triaxiality levels of
zero (and below), the Kuwamura model captures the existence of the fracture
cutoff at T = 0. This was not the intention of Kuwamura and Yamamoto,
as they only considered triaxiality levels above T = 0.6 in their paper.
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Figure 5.11: Comparison of exponential and power models for ductile fracture
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Bao and Wierzbicki (2005) provide a fracture model which includes the
effect of the triaxiality fracture cutoff. Their fracture criterion is shown in
Equation 5.12 and illustrated in Figure 5.12. The piecewise nature of the
model is designed to capture what they found to be the separate fracture
mechanisms of (1) void growth and coalescence and (2) shear fracture. In
more recent studies Bai and Wierzbicki (2008) have found that the need for
a piecewise function is explained because their earlier study did not con-
sider the effect of the Lode angle parameter (i.e. non-axisymmetric stress
conditions) in the fracture criteria.

εfP =

{
T > 1/3 : 1

T
−1
3
< T < 0 : 1

T+ 1
3

(5.12)

In addition to the exponential model which has seen wide use, Rice and
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Tracey (1969) proposed a more detailed formulation of their results. Refer-
ring back to the original paper, the exponential formula for the void growth
rate was a simplification of their results for cases of high stress triaxiality.
The paper also presented a more general model which matched their ana-
lytically derived results for all triaxiality levels (both positive and negative).
In this model, the void growth rate was predicted to be proportional to the
function sinh(1.5T ). The details of the hyperbolic sine based fracture model
will be discussed in the following section as a new fracture model. A compar-
ison between the exponential and hyperbolic sine functional forms is shown
in Figure 5.13. In the context of the data presented thus far, the hyperbolic
sine form has two key features: (1) strong agreement with the exponential
functional form at high triaxiality levels (T > 1) and (2) a prediction of zero
void growth when the stress triaxiality is zero. If void growth is assumed
to be proportional to material damage causing fracture, this second point
supports the existence of a fracture cutoff at T = 0.

Proposed axisymmetric fracture criteria

A significant body of research (e.g. Myers et al. (2009), Hancock and Brown
(1983)) is available which validates the Rice-Tracey exponential model in
high triaxiality stress states that are common in traditional CNT specimens
(T > 1). However, the existence of a low-triaxiality fracture cutoff demon-
strates the need for a new model to accurately predict low-triaxiality fracture.
The objective of the proposed model is to maintain agreement with the expo-
nential model at high triaxiality while predicting the observed fracture cutoff
and minimizing the additional complexity of the model.

Multiple functional forms were considered which accomplished these ob-
jectives, including modifications of each form proposed in the literature re-
view above. It is important to consider that all of the existing fracture
models and data that they are based on were created empirically. This in-
cludes the exponential model of Rice and Tracey (1969) which was generated
as the best fit to the results of a numerical integration. Even the Rice-Tracey
(1969) equation for predicting the growth rate of voids, which is often treated
as theoretically derived, was actually the best fit model to the results of nu-
merical integration. Considering the empirical nature of the existing data,
no functional form has any special justification other than through providing
a good fit to the experimental, computational, and analytical fracture data.

From the possible forms considered for the new fracture model, the best
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option was found to be based on the hyperbolic sine based model originally
presented by Rice and Tracey (1969). Their study found that a hyperbolic
sine function approximates the void growth rate for all triaxiality levels.
Their study found that in comparison with the exponential model in Equa-
tion 5.1, which predicts void growth for high triaxiality (T > 1.5) conditions,
a hyperbolic sine function (Equation 5.13) accurately predicts void growth
for all triaxiality levels.

dRv

Rv

= 0.283dεP sinh 1.5T (5.13)

Assuming the fracture damage rate to be proportional to the void growth
rate yields the damage rate (D) shown in Equation 5.14. The generalized
constants in the equation are B, representing the magnitude of the damage
rate and A, representing the rate of triaxiality dependence.

dD

dεP
= 2B sinh(AT ) (5.14)

Using mathematical identities, Equation 5.14 can be decomposed into the
more accessible form in Equation 5.15.

dD

dεP
= B(eAT − e−AT ) (5.15)

Figure 5.13 illustrates the difference between the hyperbolic sine based
functional form (Equation 5.15) and the familiar exponential form (Equa-
tion 5.1). As shown in the figure, the difference between the two forms is
negligible at higher triaxiality levels (T > 1.5). Additionally, the hyperbolic
sine form captures the point of zero damage at T = 0, and the negative
damage rate at negative triaxiality levels.

At negative triaxiality levels, Rice and Tracey predicted voids to shrink
with plastic strain according to the hyperbolic sine relationship. Because they
assumed that the matrix behavior is rigid-plastic and that the void growth
is measured instantaneously, the void growth rate is anti-symmetric about
the T = 0 axis. Referring to Figure 5.13, at highly negative triaxiality levels
(T < −1) the damage reduction due to void shrinkage is closely approximated
by the equation −e−1.5T . This approximate form is used directly by Kanvinde
and Deierlein (2007a) to model restoration of damage during compression
cycles of ultra-low cycle fatigue loading.
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Figure 5.13: Comparison of hyperbolic sine and exponential forms

Experimental and analytical studies, including the computational void
mechanics portion of this project (Cooke, 2013), have suggested that the
void growth rate and shrinkage rate are not necessarily identical. A more
general form of the damage rate equation is shown in Equation 5.16, where
B+ and A+ dominate the behavior of the damage rate in cases of positive
triaxiality while B− and A− control the negative triaxiality behavior.

dD

dεP
= (B+eA

+T −B−e−A−T ) (5.16)

Following its use by Kanvinde and Deierlein (2004a), the constant β
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(Equation 5.17) is used to represent the ratio between the void growth and
shrinkage rate (positive and negative damage). This allows the damage rate
to be written (Equation 5.18) in terms of a single parameter C which controls
the magnitude of the damage rate function (and thus the overall material
ductility). The additional parameters β, A+, and A− govern the shape of
the damage rate function which has generally been found to be relatively
material independent.

β =
B+

B−
(5.17)

dD

dεP
= C(βeA

+T − e−A−T ) (5.18)

Integrating Equation 5.18 over the strain history yields the fracture cri-
teria in Equation 5.19. In this criteria, fracture initiation is predicted when
the damage D exceeds 1.0.

D =

∫
εP

C(βeA
+T − e−A−T )dεP (5.19)

The new axisymmetric fracture model in Equation 5.19 provides flexibility
for the modification of the model form with the presence of more detailed
data to better establish the fracture cutoff triaxiality or the relative rates of
void growth and shrinkage. The parameter β allows for adjustment of the
relative magnitude of the growth and shrinkage rate, while the parameters
A+ and A− allow for different levels of triaxiality influence as voids grow and
shrink. Additionally, the fracture cutoff location (Tcutoff ) may be modified
through the three parameters according to Equation 5.20.

Tcutoff = − ln β

A+ + A−
(5.20)

Figure 5.14 demonstrates this process, wherein each curve is generated
by different choices of the model parameters and yields a different triaxiality
level for the fracture cutoff (indicated by the damage rate D = 0 in the
figure).

If the triaxiality is assumed not to depend on the plastic strain (i.e. it
does not change during the material loading history), then the integral in
Equation 5.19 can be replaced with a product and the fracture criteria re-
duced to Equation 5.21. This form provides a critical strain level necessary
for fracture, similar to the SMCS criterion in Chapter 2.
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εcritP =
1

C(βeA+T − e−A−T )
(5.21)

Mathematically, the relative contribution of the compression term (e−A
−T )

diminishes quickly at high triaxiality, such that when T > 1 the model can
be simplified to the SMCS fracture criterion (Equation 5.3).

Proposed parameters for axisymmetric fracture model

The damage model proposed in Equation 5.19 is intentionally presented in
its most general form, so as to allow the model to be refined in future studies.
However, previous models and data provide evidence which will be used to
recommend material independent values for most of the model parameters.
This evidence includes the results of analytical void models, experimental
data (including pressurized tests and high triaxiality CNT tests), and the
computational studies of void mechanics which were a part of this study.

The parameter C acts as the scale factor on the damage function, and is
calibrated based on the ductility of each individual material. The shape of
the damage function, which is controlled by the remaining parameters, has
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generally been found to be less material dependent - at least for related ma-
terials such as low-carbon structural steels (Kanvinde and Deierlein, 2004a).

The choice of the ’shape’ parameters (β, A+, and A−) was evaluated
against each data source. Given a set of shape parameters (e.g. β = 1,
A+ = 1.5, and A− = 1.5) and data source (e.g. CNT experiments) the
ductility parameter C was calibrated so as to minimize the error in fracture
predictions. The resulting error metric was recorded as the best possible
calibration for the chosen shape parameters. The shape parameters were
then chosen for each data source to minimize the calibration error while
respecting the expected behavior of the model. In many cases the effect of
the shape parameters on the calibration was small, and default parameters
were chosen. For example, the rate at which voids grow and shrink were
assumed to be equal unless there was strong evidence to the contrary.

Table 5.2 provides the results of the axisymmetric damage model as cal-
ibrated to each of the following data sources:

Rice and Tracey (1969) exponential void growth model: The Rice-Tracey
void growth rate predictions were compared to the damage rate model
(Equation 5.18) over the range of high triaxiality levels (T > 1.5) which
the exponential approximation was designed for. In this range the ex-
ponential and hyperbolic sine forms are mathematically very similar,
so it is not surprising that the parameters match those derived by Rice
and Tracey.

Updated void growth solution of Huang (1991): The updated void growth
predictions by Huang was evaluated in the same way as the Rice and
Tracey result. However the range was expanded in accordance with the
authors’ recommendation to include all triaxiality levels above T = 1

3
.

Figure 5.15 illustrates the fit of the axisymmetric damage model against
the void growth predictions of Rice and Tracey and Huang.

Computational void growth simulations: The void growth rates mea-
sured from the single-void cell models (taken at 5% plastic strain) were
compared to the damage rate model (Equation 5.19). While the other
data sources were restricted to evaluating the shape of the damage
model in tension, triaxiality levels ranging from -2.0 (compression) to
2.0 (tension) were simulated in the void cell model. Figure 5.16 il-
lustrates the fit damage model to the simulated void growth data. A
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slight difference was observed in the data between positive and negative
triaxiality levels.

CNT specimens (Myers et al., 2009): The database of Cylindrical Notched
Tension specimens provided by Myers was evaluated using the axisym-
metric damage function (Equation 5.19). In addition to the 62 CNT
specimens, five round tension coupon tests were also available and used
in the calibration. Triaxiality-plastic strain histories were generated us-
ing the methods described above (Equations 5.4 - 5.9), and used to eval-
uate the damage at fracture for each specimen (where a damage level
of 1.0 represents a perfect prediction). As these tests entirely mono-
tonic, they provide no useful information about the damage model in
compression so the parameters β and A− were disregarded in the cali-
bration. Figure 5.17 shows the relationship between triaxiality and the
material damage for each specimen in the database. If the model and
test data were perfect, the damage in each specimen at the point of
fracture would be equal to unity. As such, the figure shows relatively
close agreement between the prediction and measurement.

Pressurized tension coupons (Bridgman, 1964) The triaxiality-strain
histories of the Bridgman tests (Figure 5.7) were evaluated using the
integral form of the damage function (Equation 5.19) to provide frac-
ture predictions. As discussed in reference to Figure 5.7, the Bridgman
tests all had nearly identical triaxiality-strain histories (after discount-
ing the portion of the history below the fracture cutoff). As a result,
the tests had no sensitivity to the shape of the damage function, except
in regards to the location of the fracture cutoff itself.

The best ’shape’ parameter sets for fitting to each of the data sources
are listed in Table 5.2, wherein the final parameter set represents the over-
all best fit for all of the data. There is no obvious way to determine this
overall fit, because 1) the error for the experimental data and the analytical
predictions are derived through different processes and cannot be directly
compared and 2) there is no quantitative way to judge the relative value of
each data set. Instead, the overall parameter set was determined based on
judgment, assuming that well-controlled experimental data is more realistic
than computational models, which in turn are more realistic than idealized
analytic formulations. Therefore, more weight was given to the CNT test
data and computational void growth data.
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Table 5.2: Axisymmetric damage rate fit to multiple data sources

Data source β A+ A−

Analytical void growth: Rice and Tracey (1969) 1.0 1.5 1.5

Analytical void growth: Huang (1991) 1.0 1.5 1.5

Computational void growth model data at εP = 0.05 0.96 1.36 1.30

CNT tests: Myers et al. (2009) >1.0 1.23 1.23

Pressurized tension coupons: Bridgman (1964) >1.0 - -

Combined fit 1.0 1.3 1.3

Further, lacking strong evidence for an axisymmetric model (i.e. A+ 6=
A− or β 6= 1), the following simple symmetric model is proposed -

dD

dεP
= C(e1.3T − e−1.3T ) (5.22)

5.1.4 Conclusions and future recommendations

This section has examined the use of exponential models to predict fracture
under axisymmetric conditions, including the consideration of the historical
justification for such models and their deficiencies.

Models for ductile fracture under axisymmetric stress conditions have
traditionally been based on the idea that material damage is proportional
to an exponential function of the stress triaxiality. These exponential mod-
els are particularly important because in addition to their original use for
axisymmetric high-triaxiality conditions, they have been extended to alter-
native conditions including cyclic loading (Kanvinde and Deierlein, 2007b)
and non-axisymmetric stress conditions (Wierzbicki et al., 2005).

A significant limitation of exponential fracture models is their failure to
capture the low-triaxiality fracture cutoff, a triaxiality level below which
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fracture cannot occur. Evidence from multiple data sources which have been
reviewed previously in this chapter suggests the cutoff to occur at a triaxiality
level of T = 0. This implies that ductile fracture is impossible without the
presence of tensile hydrostatic pressure (positive triaxiality).

The objectives of this study are to find a fracture damage model which (1)
closely approximates the results of established models at high stress triaxial-
ity, (2) captured the effect of the low triaxiality fracture cutoff, (3) provides
flexibility to allow accurate fits to higher quality data sets, and (4) requires
relatively few calibration parameters. These objectives are achieved through
the adaptation of an existing model proposed by Rice and Tracey based on
the hyperbolic sine of the stress triaxiality. The model was further adapted
to accommodate features such as dissimilar void growth and shrinkage rates.
The model contains four parameters, three of which are shown to be material
independent. Recommended values of these parameters are presented based
on a combined analysis of the available data. This results in a model with
only one parameter that needs to be calibrated for specific materials.

The rediscovery of the hyperbolic sine based fracture prediction model
which was originally proposed by Rice and Tracey in 1969 is an interest-
ing development. The Rice-Tracey exponential model has previously been
adapted to simulate fracture under cyclic loading (Kanvinde and Deierlein,
2007a) and low-triaxiality stress states (Bai and Wierzbicki, 2008), includ-
ing the effect of the triaxiality fracture cutoff (Bao and Wierzbicki, 2005).
Curiously, the hyperbolic sine formulation by Rice and Tracey encompasses
these objectives in a simple and theoretically justified form. Only minor
modification of their model is necessary to accurately fit it to experimental
data.

Considering the axisymmetric model in the context of the more general
model which is the primary objective of this study, Figure 5.18 illustrates
the increased range of coverage achieved by the newly proposed model. The
figure axes refer to the discussion in Chapters 2 and 3, describing the full
range of the stress triaxiality and Lode angle parameter ξ where fracture
can occur. The shaded lines in the plot represent the range in stress space
over which the axisymmetric model has been calibrated and validated in this
section. For axisymmetric tension, the Rice and Tracey (1969) derivation
provides a framework for the model over the full range of triaxiality levels, and
the model is validated using the more limited results from void cell models
(Cooke, 2013), high pressure tension tests (Bridgman, 1964), and CNT tests
(Myers et al., 2009). While axisymmetric compression (ξ = −1) is not a
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primary focus of this section, the model is validated in that region through
void cell simulations (Cooke, 2013) and through the correspondence of the
model with the CVGM validated with cyclic CNT specimens (Kanvinde and
Deierlein, 2007a). As discussed in both Chapter 3 and in the next section,
the Grooved Plate (GP) specimens tested in this study further validate the
model for the special case of plane strain (ξ = 0).

While the figure demonstrates the validity of the new model for several
specific values of the Lode angle parameter, the referenced data does not pro-
vide any information on the form or justification for the influence of the Lode
parameter on fracture. The following section will explore this issue through
the use of the new Rectangular Notch specimens which were described in
Chapter 3.
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5.2 Influence of the Lode angle on ductile

fracture

The influence of the stress triaxiality on ductile fracture in metals is fairly well
understood, as demonstrated by the data presented in the previous section.
Chapter 2 described how the stress triaxiality cannot uniquely define the
stress state in an isotropic yielding material without the use of another stress
invariant to describe the nature of the deviatoric stress state. This additional
stress invariant ξ, which is related to the Lode angle through Equation 2.7,
has been found in recent studies (Bai and Wierzbicki (2008) Coppola et al.
(2009)) to have a significant impact on ductile fracture. This section will
investigate and quantify this influence.

5.2.1 Interaction between triaxiality and the Lode an-
gle fracture models

Existing models, such as the Stress-Modified Critical Strain (Johnson and
Cook, 1985) and the Void Growth Model (Panontin, 1994), can accurately
predict the effect of triaxiality on fracture for highly triaxial, axisymmet-
ric (ξ = 1) stress states. In Chapter 3, these models are further applied
and validated for a plane strain condition (ξ = 0) using the Grooved Plate
specimens. Given that these triaxiality-based models are valid for axisym-
metric and plane strain conditions (which represent the extreme values of
the Lode parameter), we can infer that they are also valid for intermediate
cases (0 < ξ < 1).

The following equations describe a framework for simulating the interac-
tion between the previously established fracture models, which incorporate
the effects of triaxiality, and a new model that incorporates the Lode angle
influence on fracture. In the equations, the nomenclature gT (T ) denotes a
function which is proportional to the rate of fracture damage at a constant
level of the Lode parameter ξ, and is dependent only on the stress triaxiality.
For example, in the Void Growth Model derived from the Rice and Tracey
(1969) expression, gT (T ) = e1.5T . Similarly, the function gξ(ξ) is proportional
to the damage rate a constant triaxiality level and is a function only of the
Lode parameter.

The combined damage rate, described as a function of both invariants, is
shown in Equation 5.23. In the equation, C is a constant of proportionality
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which represents the material variation in fracture ductility.

dD

dεP
= CgT (T )gξ(ξ) (5.23)

The overall damage can then be calculated, according to Equation 5.24,
by integrating with the equivalent plastic strain.

D =

∫
εP

gT (T )gξ(ξ)dεP (5.24)

For the special case where the stress state is constant, the integral is
unnecessary and the model can be written in a ’critical strain’ form (Equa-
tion 5.25).

εcritf = (gT (T )gξ(ξ))
−1 (5.25)

The focus of this section is to evaluate specifically the gξ(ξ) part of the
model To do so it is helpful to separate out the triaxiality dependence. As
formulated by Kanvinde (2004a), the Void Growth Model (VGM) can be
written in terms of the function gT (T ) ( Equation 5.26). In the equation
the parameter η (which represents the fracture damage in the VGM), can
be thought of as a triaxiality-adjusted strain measure. That is, η is similar
to the equivalent plastic strain, but is weighted by the stress triaxiality in
accordance with existing fracture models.

η =

∫
εP

e1.5TdεP =

∫
εP

gT (T )dεP (5.26)

Substituting η into Equation 5.24 yields the form shown in Equation 5.27.

D = C

∫
η

gξ(ξ)dη (5.27)

Noting the similarity between Equation 5.27 and Equation 5.26, in this
form, the ξ influence on fracture damage can be investigated in the same way
that the triaxiality influence was investigated in previous studies. Figure 5.19
shows the evolution of the high-triaxiality specimens from Chapter 3 in the
space of ξ and η. The figure shows that the axisymmetric ξ = 1 specimens
fracture at lower values of η (i.e. adjusted strain) than plane strain ξ = 0
specimens, meaning that fracture ductility decreases as ξ increases. This
effect will be quantified through the introduction of a new model for the ξ
influence on fracture.
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Figure 5.19: Triaxiality-adjusted ductility for range of ξ
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5.2.2 Literature review and discussion

Several researchers have proposed models for the ξ-ductility relationship,
each with varying forms and supporting data.

Early acknowledgment of the influence of the Lode angle on fracture can
be found in the early paper by Rice and Tracey (1969). While the approxi-
mate solution of the exponential relationship between triaxiality and fracture
damage has found wide use, Rice and Tracey also provided a more detailed
solution which includes the effect of the Lode angle on void growth. The
result of their detailed solution is a small and linear relationship between the
Lode angle parameter and the rate of volumetric void growth. The volumet-
ric void growth rate for axisymmetric conditions is predicted to be 1% larger
than the growth rate for plane strain conditions, a much smaller difference
than found in experimental studies. It is likely that changes in the volumetric
void growth rate (as predicted by Rice and Tracey) are not responsible for
the Lode angle effect on fracture initiation.

Xue and Wierzbicki (2005) proposed a general model for fracture at low
and high triaxiality levels which included the effect of the Lode angle param-
eter. A series of tests of several high-strength steels using CNT, Grooved
Plate-type, and flat specimens with an inclined notch provided the basis for
their model. The model itself featured an elliptical dependence on the Lode
parameter ξ, such that the major axis of the ellipse spans ξ = [−1, 1] and
the semiminor axis of the ellipse is the drop in ductility in a plane strain
condition (ξ = 0).

Coppola, et al. (2009) also proposed a general fracture model for low and
high triaxiality, based on experiments on several high-carbon steels. Their
study featured an original series of tests, including CNT specimens as well
as 3-point bend specimens and pipes which were crushed to provide a plane
strain condition. Of these specimens, only the CNT specimens were in a
state of high triaxiality. The resulting model was based on an existing brittle
fracture criteria and features a multi-term sinusoidal relationship between
the Lode parameter and the fracture strains.

Bai and Wierzbicki (2008) fit several models to the results of their exper-
imental tests on aluminum and steel. The tests included CNT and grooved
plate specimens at high triaxiality, and a butterfly-type specimen which pro-
vided an intermediate Lode parameter at a lower triaxiality level. The result-
ing models fit to their data included a second-order polynomial dependence
on ξ. Due to the lack of effective test data at negative values of ξ, they fit
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one model which was not symmetric about the ξ = 0 axis, and one model
which was symmetric.

A selection of the forms of the gξ(ξ) function from each of these references
is shown in Figure 5.20 to illustrate the range in form and in overall trend
present. The figure shows the calculated fracture strains of a continuum
piece of material using the calibrated models provided by the references.
The strains are calculated at a stress triaxiality of 1.0 and over a range of the
Lode angle parameter between −1 ≤ ξ ≤ 1. To more directly compare the

models, the index
ε1,ξf

ε1,1f
is introduced, which is the ratio of the fracture strain

at a given value of ξ and the value of the fracture strain at ξ = 1. Referring
to the figure, the three models represent a wide variation in both the sign
of the Lode angle dependence (i.e. whether fracture strains in axisymmetric
conditions are higher or lower than those in plane strain conditions) and its
magnitude and shape.

−1 −0.5 0 0.5 1
0

0.25

0.5

0.75

1

ε f
/ε

f1,
1

ξ

Xue

Coppola (typ)

Bai

1,
ξ

Figure 5.20: Selected ξ-ductility relationships for high triaxiality (T = 1.0)

It is important to note that none of the above models were fit to a dense
data set at high stress triaxialities. In each case, information regarding the
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ξ ductility relationship was determined through a mixture of high- and low-
triaxiality data. This is an important point because without systematic test
data (i.e. tests exhibiting a wide range of ξ values for similar triaxiality
levels), the form of the model for ξ dependence is dependent on the accuracy
of the model for T dependence.

The test data from the above studies is summarized in Table 5.3. Where
possible, the data reported corresponds to experiments conducted in the re-
spective studies, rather than to evaluations of the fracture models that were
proposed in each study. For each study, the absolute ductility of the mate-
rial is listed as the critical fracture strain at the stress state T = 1, ξ = 1
(ε1,1f ). Additionally, the relative ductility between axisymmetric stress and

plane strain states is reported as
ε1,0f

ε1,1f

. The A572 material is that tested in the

present study as reported in Chapter 3 In most of the published sources, the
critical strain is lower in the plane strain condition relative to the axisym-
metric condition. This trend is the opposite of that for the A572 material,
which was confirmed through the CNT, Grooved Plate, and Rectangular
Notch specimens in Figure 5.19.

Several explanations for this discrepancy with existing literature were
investigated:

Oversensitivity of continuum results to plasticity model: The results
of the plasticity model calibration in Chapter 4 suggest that local con-
stitutive parameters are highly sensitive to small changes in the plastic-
ity model, and that this sensitivity may be overlooked when calibrat-
ing based on load-displacement curves. The test data from Chapter 3
(CNT, GP, and RN specimens) was analyzed with two alternate plas-
ticity models which were also calibrated to the global load displacement
response, producing slightly different results but the same qualitative
trend. This implies that errors in the plasticity model are not respon-
sible for the finding of higher fracture toughness under plane strain
conditions as compared to axisymmetric conditions.

Strain-dependent influence on ξ effect: As a structural steel, the A572
material is more ductile than metals commonly tested in fracture me-
chanics studies. This introduces the potential that the ξ influence on
ductility is strain dependent (i.e. that the trend may be reversed for
more and less ductile materials). Based on the data in Table 5.3, there
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Table 5.3: Relationship between absolute ductility and ξ influence on ductil-
ity

Material ε1,1f
ε1,0f

ε1,1f

1045A 0.09 0.58

DH36A 0.72 0.88

2024-T351B 0.15 0.75

VariousC (0.1-0.5) 0.2

A572 0.47 1.52

εx,yf : Fracture strain (based on test data or proposed fit) at the stress state
T = x, ξ = y
A steel (Bai and Wierzbicki, 2008)
B aluminum (Wierzbicki et al., 2005)
C steel (Coppola et al., 2009)
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is some evidence that the relative ductility (
ε1,0f

ε1,1f
) is influenced by the

absolute ductility (ε1,1f ), in that materials with low ductility have a
high positive correlation between ξ and ductility, while higher ductility
materials have less correlation. Due to the limited data, the discrep-
ancy may be due to material variation (whether or not the variation is
related to material ductility).

Test methodology: The testing methodology used to create the results
presented in Table 5.3 varies widely. In many cases, the ξ dependence
at high triaxiality levels is inferred from test data at lower triaxiality
levels, for example by comparing the results of CNT tests and butterfly-
type shear tests. Any errors in the triaxiality-dependent fracture crite-
ria which are necessary to compare high- and low-triaxiality specimens
would also produce errors in the derived Lode angle dependent fracture
criteria. The previous section demonstrated the deficiency in existing
exponential models for the triaxiality-fracture relationship. Errors due
to the improper extrapolation of low-triaxiality data were prevented in
the current study by restricting the test data to high-triaxiality speci-
mens.

These findings demonstrate that the variation in behavior between the
A572 steel and those found in literature is not due to a methodological error,
but represents a new fracture parameter which must be calibrated for each
tested material.

5.2.3 Impact of Lode angle on the ductile fracture mech-
anism

The effect of the Lode angle on ductile fracture has been demonstrated empir-
ically in previous studies (Bai and Wierzbicki (2008), Coppola et al. (2009))
and through the data in Chapter 3. However, the present understanding of
the micromechanism of the Lode angle influence is very limited, especially
when compared to the understanding of the triaxiality influence.

As described earlier, the most influential finding of Rice and Tracey (1969)
was on the relationship between stress triaxiality and the volumetric (i.e.
average) void growth rate. However, their paper offers several more detailed
solutions which incorporate the effect of a Lode angle parameter. First, they
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find that the volumetric void growth rate is slightly influenced by the Lode
angle, such that for a constant triaxiality the void growth rate is 2% higher
when ξ = 0 than when ξ = 1. The form of this influence was fit to a
hyperbolic cosine function of the Lode parameter.

Rice and Tracey (1969) also provided a model for predicting the deviatoric
growth rate of microvoids (i.e. the non-volumetric shape change), finding the
void growth rate in any direction to be equal to the volumetric growth rate
plus 5

3
times the plastic strain in that direction (Equation 5.28). In the

equation, the plastic strain and void size are represented as tensors with the
index i.

dRi

Ri

= Volumetric void growth +
5

3
εP,i (5.28)

The Rice-Tracey solution for overall void deformation (volumetric and
deviatoric) was utilized to simulate the void behavior for selected stress states
and strain levels. In the simulations, an equivalent plastic strain of 50% was
applied to the model in 50 equal increments. Figure 5.21 shows the results
of the simulations for a high triaxiality (T = 1.5) stress condition with two
values of the Lode angle parameter ξ = [0, 1]. Of specific interest is the shape
of the void transverse to the direction of principal loading, as inspection of
ductile fracture surfaces shows this to be the plane of void coalescence. As
expected, the figure shows the void under axisymmetric stress conditions
(ξ = 1) to grow equally in the two transverse directions. The void subjected
to a plane strain condition (ξ = 0) grows notably larger in one transverse
direction than the other.

It is important to understand that these simulations apply the Rice-
Tracey solution to situations for which it was not designed. Their original
solution was to predict the growth and deformation of a spherical void, an
assumption which is violated as the spherical shape of the void is lost as the
void stretches under high strains. Computational void cell models were used
to avoid these assumptions and provide a more accurate picture of the effect
of the Lode angle parameter on void growth and coalescence (Cooke, 2013).

The void cell models were described in more detail in Section 5.1.1, the
same modeling assumptions and procedures were followed for this portion of
the study. As in the earlier section, a single void cell model (Figure 5.3a)
was used to investigate void growth rates and a multi-void cell model (Fig-
ure 5.3b) was used to investigate void coalescence.
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Figure 5.21: Effect of Lode angle parameter on the predicted void shape at
50% plastic strain using the solution by Rice and Tracey (1969)

Figure 5.22 shows the impact of the stress triaxiality and Lode angle
parameter ξ on the volumetric void growth rate, as measured at 5% plastic
strain in the single void model. The volumetric void growth rate in the figure
is measured as the relative change in the average void radius per equivalent
plastic strain, where the average void radius is measured as the geometric
mean of the void radii in the principal stress directions. Referring to the
figure, the void growth rate decreases slightly as the Lode angle parameter
increases. This effect matches the findings of Rice and Tracey (1969), who
also found a slight decrease in volumetric void growth rate under axisym-
metric stress states. Similarly to the Rice and Tracey findings, the change
in the void growth rate as predicted by the void cell models is too small to
explain the variation found in the experimental data.

Figure 5.23 illustrates the effect of the stress state on the void coales-
cence and strain localization process. Recall that the strain of localization
is measured as the point where the tangent stiffness of the model becomes
zero (Figure 5.4). Referring to the figure, the Lode angle parameter has no
meaningful effect on the localization strain.

Figure 5.24 shows representative fractographs from two high-triaxiality
specimens, in which fracture occurred at low and high ξ levels. Referring
to the figure, there is no systematic difference between the fracture surfaces.
The uneven void growth predicted by the Rice-Tracey model in Figure 5.21
is not present, as the dimples on the fracture surface are relatively equiaxial.
A possible explanation for this may be that while the initial void growth is
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Figure 5.22: Influence of the Lode angle parameter ξ on volumetric void
growth rate as measured by the single void cell model (Cooke, 2013)
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Figure 5.23: Influence of the Lode angle parameter ξ on strain localization
in the multi-void cell model (Cooke, 2013)
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Figure 5.24: Effect of Lode angle parameter ξ on ductile fracture surfaces

affected by the deviatoric stress state, the coalescence process (and thus the
void shape post-fracture) is dominated by intervoid interactions which are
not dependent on the macro-scale stress state.

5.2.4 Proposed model

The observed variation in the rate of fracture damage with the Lode param-
eter ξ can be modeled with an exponential function (Equation 5.29). In the
following equations the fracture criteria are assumed to be symmetric about
the ξ = 0 axis, justifying the use of |ξ|.

gξ(ξ) = eκ|ξ| (5.29)

Combining this equation with the axisymmetric damage rate (Equation 5.18)
within the proposed framework (Equation 5.23) yields a damage rate model
which includes the effects of the stress triaxiality and the Lode angle param-
eter (Equation 5.30).

dD

dεP
= C

(
βeA

+T − eA−T
)
eκ|ξ| (5.30)

In the equations, κ is a adjustable parameter that controls the change
in damageability with the Lode angle parameter and can take positive and
negative values. Negative values of κ represent materials with a lower dam-
ageability (i.e. higher ductility) for axisymmetric (ξ = 1) relative to plane
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strain (ξ = 0) stress states, while positive values of κ correspond to the in-
verse trend. Changing the sign of κ allows the model to represent materials
with each of these trends, as found in Table 5.3.

Consider further that under most circumstances the κ parameter falls
within the range −1 < κ < 1, which corresponds to a factor of three change
in ductility between axisymmetric and plane strain conditions (0 < ξ < 1).
Within this range, the exponential function is nearly linear.

In many conditions with high stress triaxiality, the stress state does not
vary appreciably during plastic deformation. In such cases, the high triaxi-
ality approximation for the triaxiality-dependent model can be made (Equa-
tion 5.1), and the integral can be replaced by a product. This results in a
critical-strain based model as shown in Equation 5.31.

εcritP =
1

C
e−A

+T e−κξ (5.31)

5.2.5 Validation

The combined fracture model (Equation 5.30) was calibrated and evaluated
against the high-triaxiality data set (i.e. the Cylindrically Notched Tension,
Grooved Plate, and Rectangular Notch specimens). The low-triaxiality In-
clined Notch test series were omitted from this calibration for two reasons.
First, they include the complicating effect of severe changes in the stress
triaxiality, such that errors in the triaxiality-dependent fracture model (i.e.
gT (T )) would propagate to errors in the Lode parameter dependent model
(i.e. gξ(ξ)). Second, the observations of fracture initiation within the Inclined
Notch tests were not as reliable or discrete as those in the high-triaxiality
tests.

The rate of material damage in the high-triaxiality specimens was cal-
culated using Equation 5.30 and integrated with plastic strain to determine
the predicted damage history and fracture point of each specimen. The ma-
terial parameter κ was then calibrated using both the maximum likelihood
estimation method presented in Chapter 4 and a more traditional regression
method (i.e. choose κ so as to minimize the average error in fracture pre-
diction). The maximum likelihood calibration method yielded a calibrated
value of κ = 0.50, and the regression calibration found κ = 0.52.

The combined fracture model with the calibrated parameters is shown in
Equation 5.32.
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Figure 5.25: Linear model for ξ -ductility relationship

D =

∫
εP

C
(
1.0e1.3+T − e1.3−T

)
e0.5ξdεP (5.32)

Figure 5.25 demonstrates the effectiveness of the proposed ξ-damage re-
lationship. For each high-triaxiality experiment (i.e. the GP, CNT, and RN
test series) the history of the damage function (Equation 5.32) with the ξ
parameter is shown, with the observed time of fracture marked with a star.
If both the model and the test data were perfect, each specimen would frac-
ture when the damage function reaches 1.0. While there is variation in the
test data due to experimental errors, there is no overall trend with ξ as there
would be if there was a systematic error in the fracture model.

A leave-one-out cross validation (LOOCV) analysis was conducted to
compare the fracture model to alternative formulations. In the LOOCV
method, the fracture model is calibrated based on every experiment except
for one, then used to make a fracture prediction for the experiment which
was left out. Successive calibrations are conducted leaving out each test in
turn, and the prediction errors are averaged to determine the LOOCV error
estimate.

Despite the efforts of the research efforts discussed previously, no consen-
sus exists for the functional form of the Lode angle influence, or its underlying
mechanism. To represent the variety of models detailed in the earlier litera-
ture review (Figure 5.20), a series of polynomial functions of varying degrees
were evaluated using the LOOCV approach. The models and results of the
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Table 5.4: Cross-validation of various models for ξ-fracture relationship

Model Average error

εfP = eκξ 0.106

εfP = a0 0.208

εfP = a0 + a1ξ 0.100

εfP = a0 + a1ξ + a2ξ
2 0.086

εfP = a0 + a1ξ + a2ξ
2 + a3ξ

3 0.076

analysis are detailed in Table 5.4, comparing the exponential model to con-
stant (i.e. no ξ influence on the damage rate), linear, quadratic, and cubic
models (with constants indicated by ai).

Referring to the table, the exponential and linear models are similar in
accuracy and represent a significant improvement over the constant model,
suggesting that there is a high benefit to fracture models which simulate
the effect of the Lode angle parameter. However, there is comparatively
little improvement beyond that point in the quadratic and cubic models,
despite the use of additional calibration parameters. The exponential model
was selected from this analysis as it has good predictive ability with the
calibration of only one parameter. Furthermore, the exponential model can
be easily inverted to produce a critical strain model (i.e. Equation 5.31), a
task which is more difficult with the polynomial models.

5.2.6 Conclusions

This section has combined and analyzed the high-triaxiality test data from
Chapter 3 with the goal of developing a better understanding of the influence
of the Lode angle (specifically the parameter ξ) on ductile fracture initiation.

The impact of the Lode angle on fracture has only been investigated in
recent years. A review of the relevant literature demonstrates that there is
no scientific consensus regarding (1) the mechanism underlying the Lode de-
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pendence, (2) the functional form of models for predicting the dependence,
and (3) the magnitude of the dependence - or even whether the Lode angle
has a positive or negative effect on ductility. The void growth mechanism is
revisited here with regard to the Lode angle influence, but the variations in
the predicted volumetric void growth are too small to explain the variability
in the experiments. In light of the limited physical justification, the devel-
opment of the fracture model proceeded with a strictly empirical approach.

The effect of the Lode angle on ductile fracture must be considered in the
context of the stress triaxiality (which is generally the strongest influencer of
fracture ductility). To limit the extent to which inaccuracy in the established
triaxiality-based fracture models could impact this study of the Lode angle
effect, the experiments used were highly constrained in terms of the stress
triaxiality (varying from 1 < T < 1.5). In Chapter 3 and in this section,
triaxiality-based models (such as the Void Growth Model or Stress-Modified
Critical Strain model) are demonstrated to work equally well under axisym-
metric conditions (ξ = 1.0) for which they were designed, and for plane strain
conditions (ξ = 0).

This investigation contains several significant features which enhance the
validity of the resulting model as compared to previous models. These fea-
tures include:

1. The Rectangular Notch specimen design provides systematic data for
the investigation of the Lode angle influence on fracture at a constant
triaxiality level.

2. The history-based nature of the fracture problem is considered by using
an accumulated damage fracture model. The importance of the history
effect is demonstrated as the stress conditions inside the test specimens
vary significantly during the loading process.

3. A leave-one-out cross validation program is used to compare the value
of several different fracture models, with consideration of both the pre-
dictive power of the models and the number of parameters required for
calibration. The results of this study demonstrate that a simple expo-
nential model is a good compromise between accuracy and practicality,
requiring only one new calibration parameter.

No test data is available for values of ξ less than zero (i.e. leading towards
biaxial tension). Therefore, no justification is made regarding the symmetry
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Figure 5.26: Scope and validation of the new model for the Lode parameter
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of the proposed model about ξ = 0 or its accuracy of in this region of stress
space. Previous cyclic tests and models (Kanvinde and Deierlein, 2004a)
which found that the damage rate under high-triaxiality axisymmetric ten-
sion (T > 1 and ξ = 1) was equal to the rate of decrease in damage under
axisymmetric compression (T < −1 and ξ = −1). To extend the Lode an-
gle fracture model into the cyclic regime in the following section, it will be
assumed to be symmetric about the ξ = 0 axis.

Figure 5.26 illustrates the contribution of the new Lode dependence frac-
ture model to the general fracture problem. The Grooved Plate test series
provides the primary basis for this model at high triaxiality levels and vary-
ing values of the Lode angle. The next section will cover the expansion of
the model to all triaxiality levels and introduce terms to account for capacity
degradation due to cyclic loading.
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5.3 General fracture model for Ultra-Low Cy-

cle Fatigue (ULCF)

The preceding sections of this chapter have presented models which are ap-
plicable to specific monotonic loading condition (axisymmetric tension and
high triaxiality conditions with varying Lode angle). These models are espe-
cially attractive as they are based in a strong understanding of the ductile
fracture process (in the case of the axisymmetric tension model) or in detailed
and systematic test data (in the case of the Lode angle dependent model).
However, realistic examples of fracture rarely fit neatly into these special-
ized conditions. The first objective of this section is to extend and validate
the previously defined models for the entire range of monotonic stress condi-
tions which may be encountered in civil engineering structures as defined in
Chapter 2 (i.e. 0 < T < 2, 0 < ξ < 1).

The second objective of this section is to extend this new model to the
prediction of structural fractures during high strain cyclic loading. As intro-
duced in Chapter 2, ductile fracture in civil structures during earthquakes
is characterized by a low number of high amplitude plastic strain cycles,
termed Ultra-Low Cycle Fatigue (ULCF). The micro-mechanism precipitat-
ing ULCF has been previously found to be more similar to monotonic ductile
fracture than to low or high cycle fatigue. However, the interaction between
material damage and cyclic void growth requires a different treatment than
strictly monotonic fracture. This section will begin by reviewing the current
understanding of the ULCF mechanism as it is relevant to the model devel-
opment. A model will then be presented which fits this understanding and
the new test data. Finally, the model will be validated using the maximum
likelihood approach, which was presented in Chapter 4.

5.3.1 The mechanism of Ultra-Low Cycle Fatigue

It is well established that the principal mechanism of ductile fracture initia-
tion is the growth and coalescence of microvoids around secondary particles.
This is effectively demonstrated by inspection of ductile fracture surfaces (e.g.
Figure 2.9), which show the ultimate stage of the process - i.e. a fracture
surface comprised of fully coalesced microvoids.

For the purpose of the development of the general ULCF fracture model,
the fracture mechanism of void growth and coalescence may be separated
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into two parts:

Void growth and shrinkage: This source of material damage relates to
the change in void size, generally meaning the void volume. This cap-
tures the effects of void growth under hydrostatic tension (or positive
triaxiality) and void shrinkage under hydrostatic compression (negative
triaxiality). As we have seen in the preceding sections, the volumet-
ric growth (and shrinkage) rates are predicted to be zero under purely
deviatoric stress (i.e. zero stress triaxiality) states and to grow expo-
nentially under high positive or negative triaxiality levels. Models such
as the Void Growth Model (Rice and Tracey, 1969) and finite element
simulations of microvoid mechanics are designed to predict the void
growth and shrinkage rates, and these models are able to accurately
predict fracture in many cases.

Capacity degradation: This damage type is designed to represent all as-
pects of the fracture process that are not directly modeled as void
growth. This includes both geometric (e.g. nonuniform void defor-
mation or buckling) and material (e.g. degradation of the intervoid
ligament) factors which influence the fracture process but cannot be
simulated through strictly void growth models. The damage will be re-
ferred to as ’capacity degradation’ as it can be thought of as decreasing
the capacity for void growth in the material.

A similar distinction can be made in the development of predictive models
for fracture initiation, in which damage is considered in the sense of numeri-
cal fracture predictions rather than the underlying micromechanical process.
In these models, we can separate damage into a portion that is dependent
on the stress state (triaxiality and the Lode angle), and a portion that is
independent of the stress state. Given the established influence of the stress
state (especially the stress triaxiality) on void growth, the stress state de-
pendent damage can be considered as ’void growth’ damage and the stress
state independent damage can be considered to be capacity degradation.

The earlier portions of this chapter focused on development of fracture
models based on stress state dependent damage, first in terms of the stress
triaxiality and then in terms of the Lode angle. As will be validated in this
section, extending the fracture model to situations such as ULCF requires
the consideration of stress state independent damage.
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This section will begin with a discussion of several potential mechanisms
for the capacity degradation process. As these mechanisms are less obvious
upon physical examination than void growth, they are somewhat speculative
in nature.

Capacity degradation due to work hardening

The process of strain localization can be conceptualized as a net section (or
necking) instability, wherein void growth produces a lower net cross sectional
area of the steel matrix, and thereby softens the material at the continuum
scale. The decrease in material strength due to this effect can be approx-
imately represented by Equation 5.33, wherein σmatrix represents the stress
in the intervoid ligament and σ is the stress in the continuum-scale material
(including the voids). The term V AF (Void Area Fraction) represents the
fraction of a 2-dimensional cross section of the material that is occupied by
voids.

σ = (1− V AF )σmatrix (5.33)

This softening is directly counteracted by the strain hardening of the
intervoid ligaments, such that the net material stiffness may be approximated
into Equation 5.34. In the equation, Et and Ematrix

t represent the tangent
modulus of the continuum material and the intervoid matrix, respectively.

Et =
dσ

dε
= (1− V AF )Ematrix

t − dV AF

dε
σmatrix (5.34)

For the continuum tangent modulus to be positive, and thus allow for
stable loading without localization, the softening due to increasing void area
fraction is counteracted by the matrix hardening. The rate of increase in
the V AF tends to accelerate throughout the loading history, as the instanta-
neous void growth rate is proportional to the instantaneous void dimensions
(i.e. exponential growth). Meanwhile, the matrix tangent stiffness tends
to decrease over time, as the microstructural hardening mechanisms become
saturated.

This decrease in the stiffness of the intervoid matrix is one form of capac-
ity degradation. As an example, consider a material which has experienced
significant work hardening but no void growth. This is a reasonable condi-
tion as in a von Mises material with associated plastic flow, the degree of
work hardening is a function of the plastic strain history, and is independent
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of the stress triaxiality and Lode angle. The matrix tangent modulus of the
material will be decreased (due to saturation of the hardening mechanisms),
meaning that less void growth (Equation 5.34) is required to reach the point
of unstable void growth (Et = 0).

Capacity degradation due to uneven void mechanics

The analytical and computational studies in void mechanics predict void
growth and shrinkage as a sphere or ellipsoids, a simplification of the true void
behavior. Realistically, factors including nonuniform inclusion geometries
and local buckling of the void walls during compression will tend to invalidate
this assumption, and cause voids to grow in an irregular manner. The effect
of this nonuniform void deformation on void coalescence is unclear, however it
is suspected that the imperfections tend to accelerate the coalescence process.

Capacity degradation due to secondary void growth

Under conditions of extreme void growth, the stress state (e.g. stress tri-
axiality) in the intervoid ligament may be highly perturbed relative to the
continuum level stress state. Therefore, while primary void growth may
be inhibited in the material (due to low stress triaxiality at the continuum
level), elevated triaxiality levels in the intervoid ligament may promote the
growth of voids around secondary (smaller) inclusions at those locations.
This mechanism is justified upon examination of the fracture surface under
varying stress states, in which voids of multiple scales are visible.

As the stress conditions for the growth of secondary voids are not neces-
sarily related to the macro-scale triaxiality levels, it may improve the model
prediction to treat secondary voids as another source of stress state invariant
damage.

Simulation of capacity degradation

One approach to accounting for these additional damage mechanisms would
be to explicitly model their micro-structural causes and the resulting effects
on the macro-scale fracture process. However, this would add significant com-
plexity to the modeling of fracture including (1) understanding the relative
importance of effects such as non-uniform void growth and ligament soften-
ing, (2) accounting for micro-scale effects on the scale of crystal plasticity, and
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Table 5.5: Simulated and non-simulated mechanisms in ductile fracture pre-
diction

Simulated fracture damage Non-simulated fracture damage

• Symmetric void growth and
shrinkage (T )

• Lode angle effect (ξ)

• Void crushing

• Work hardening

• Secondary void growth

(3) the calibration of large parameter sets which cannot be experimentally
validated.

Table 5.5 lists several sources of damage leading to their fracture and
their status. Simulated fracture damage refers to factors which can be simu-
lated directly, either through a quantitative understanding of the underlying
mechanism (e.g. triaxiality-driven void growth) or detailed test data which
isolates an individual mechanism (e.g. the Lode angle effect at high stress
triaxiality). In contrast, non-simulated damage mechanisms are those which
are infeasible to simulate directly, either due to incomplete data or excessive
randomness. In practical terms, simulated damage mechanisms are mod-
eled using stress and strain invariants, while non-simulated mechanisms are
lumped together and modeled using only strain invariants.

The path of modern fracture mechanics research has been to gradually
move more damage mechanisms into the simulated category, while consid-
ering the trade-off between modeling power and complexity. An extreme
example would be a simple critical strain based fracture model, in which
fracture is predicted when the equivalent plastic strain exceeds some fixed
capacity (without regard for the effect of the stress state on the fracture
strain). This type of model is often used as a rough predictor of ductile frac-
ture (e.g. Uriz and Mahin (2004), Sadek et al. (2011)), and can work well if
the model is calibrated and applied over a narrow range of stress conditions.
At the other extreme would be models which aim to simulate every aspect
of the fracture process from an atomistic or crystal plasticity level. As a
compromise between these choices, we can assume that the non-simulated
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mechanisms in Table 5.5 are correlated and can be predicted effectively by a
measure of the equivalent plastic strain.

Two possible scenarios were investigated for the introduction of capacity
degradation into this study. In the first case, the extra damage mechanisms
which cause capacity degradation were assumed to occur in proportion with
equivalent plastic strain (similar to the effects of work hardening on the
fracture capacity), and the degradation function was a product of the total
equivalent plastic strain. The second case was modeled after the degradation
model in the CVGM (Myers et al., 2009), in which the damage mechanisms
(and simulated capacity degradation) occur only during cases of compressive
stress triaxiality. This case is more representative of voids buckling and
crushing as their size is reduced.

Of these choices, it was found that modeling degradation only while the
material was in compression (i.e. negative triaxiality) was more effective
because (1) modeling degradation during tension cycles increases the com-
plexity of the model for monotonic tests and (2) modeling degradation only
during compression provided an objectively better fit to the test data (sug-
gesting perhaps that the mechanism of void crushing is more important than
the mechanism of work hardening).

After the study of several forms for the degradation function, the expo-
nential form used in the CVGM was chosen as it provides a good fit with the
test data and consistency with existing modeling frameworks. Equation 5.35
shows the form of the capacity degradation function, in which λ is a material-
dependent parameter which governs the rate of capacity degradation and εsigP
is equal to the significant equivalent plastic strain. The capacity is equal to
unity when the plastic strain is equal to zero and decays exponentially with
the significant plastic strain.

capacity = e−λε
sig
P (5.35)

In this equation, the significant equivalent plastic strain is equal to the
equivalent plastic strain which occurs during compressive loading, calculated
according to Equation 5.36.

εsigP =

∫ εP
{

if T > 0 then: 0

if T ≤ 0 then: 1
dεP (5.36)
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5.3.2 Stress-Weighted Damage Model for ULCF

Combining the stress-state dependent damage in Equation 5.30 with the
strain-based capacity degradation in Equation 5.35 yields the new Stress-
Weighted Damage Model (SWDM).

e−λεP <

∫
εP

C
(
βeA

+T − e−A−T
)
eκ|ξ|dεP (5.37)

Refer to the next page for a detailed description of each parameter in the
SWDM. The equation can also be rearranged to provide a standard dam-
age measure (DSWDM) which can be universally compared between different
specimens. In this alternate form (Equation 5.38), fracture is predicted when
the SWDM damage exceeds a value of unity.

1 < DSWDM = eλεP
∫
εP

C
(
βeA

+T − e−A−T
)
eκ|ξ|dεP (5.38)

The features of the SWDM are carried over from the models presented
previously in this chapter including the axisymmetric model in Section 5.1
(Equation 5.19), the Lode angle model in Section 5.2 (Equation 5.30), and
the capacity degradation model originating in the CVGM (Kanvinde and
Deierlein, 2007a) and reported in Equation 5.35. In the special cases for
which the earlier models were validated, the new SWDM reduces to the ear-
lier models. The model also inherits the justification of the previous models,
which was developed from the micro-scale evidence of void growth the de-
tailed high-triaxiality test data.

Each parameter in Equation 5.38 is a potential material parameter (sub-
ject to calibration). However, fixed values of several parameters are sup-
ported through the study of the origins of the fracture model and historical
test data. The following list summarizes the purpose and possible recom-
mended calibration values for the various parameters.

A+, A− control the triaxiality influence on the growth and reduction damage.
In the void growth predictions by Rice and Tracey (1969), these pa-
rameters are found to be equal to 1.5 for a rigid-plastic material. More
recent experimental studies have suggested the appropriate value to be
somewhere between 1.2 (Johnson and Cook, 1985) and 1.7 (Myers et al.,
2009). However, it is not clear whether this variation is attributable to
a material property or is a consequence of differing calibration methods.
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Based on the calibration procedure described in Section 5.1, values of
A+ = A− = 1.3 are recommended and used in the SWDM. Justifying
separate values for the two parameters (i.e. A+ 6= A−) is more ques-
tionable and would require extremely detailed data sets, so the two
parameters are assumed to be equal.

β governs the relative rate of damage accumulation (during tension load-
ing) and reduction (during compression loading). Rice and Tracey
(1969) found through analytical predictions of void behavior that the
void growth and shrinkage rates were symmetric (i.e. β = 1). Re-
cent computational simulations (Cooke, 2013) which account for the
effects of geometric nonlinear behavior suggest somewhat higher values
of 1.05 < β < 1.3. Given this ambiguity and following the successful
example of the CVGM, a value of β = 1 will be assumed.

κ defines the influence of the Lode angle parameter ξ on material ductility.
It can take positive and negative values, describing cases where ductil-
ity is increased (κ < 0) or decreased (κ > 0) for an axisymmetric stress
condition relative to a plane strain condition. The wide variety of re-
sults for this dependence found in Table 5.3 suggest that the parameter
κ is material dependent and varies similarly widely.

C is the dominant material parameter which controls the overall ductility of
the material.

λ controls the rate of stress-independent capacity degradation during com-
pressive loading. Using the closely analogous CVGM and a range of
structural steels, Myers (2009) found this parameter to vary between
0.1 and 1.7.

Figure 5.27 shows the history of the equivalent plastic strain and fracture
parameters for a hypothetical experiment. The stress dependent fracture de-
mand (Equation 5.30) increases and decreases during cases of positive and
negative stress triaxiality, respectively. The degraded capacity decreases ex-
ponentially with plastic strain while the stress triaxiality is negative (i.e.
compressive loading). The adjusted fracture damage refers to the ratio be-
tween the fracture demand and the degraded capacity, as calculated by the
right side of Equation 5.38. Referring to the figure, fracture predictions are
made when the fracture demand exceeds the capacity, or when the adjusted
demand exceeds unity.
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Figure 5.27: Illustration of fracture model with capacity degradation during
compression cycles

The new Stress-Weighted Damage model described in this section is a
direct alternative to the VGM (Panontin, 1994) and the CVGM (Kanvinde
and Deierlein, 2004a), and it is designed to predict the initiation of ductile
fracture in cases of monotonic or Ultra-Low Cycle Fatigue loading.

For the classical fracture conditions of high-triaxiality (T > 1) and ax-
isymmetric (ξ = 1) stress states, the new SWDM reduces to the form of the
existing VGM and CVGM. This is an important condition for the acceptance
of the new model, as the existing models have been validated and applied
in numerous studies of small component (Kanvinde and Deierlein, 2007a)
and large structural (Myers et al., 2009) experiments. For conditions outside
of the scope of the existing fracture models, the SWDM contains numerous
improvements which recommend its use.

The SWDM simulates the effects of void growth as a function of the
stress triaxiality using a pair of exponential terms. This form is supported
by the original derivations of void behavior by Rice and Tracey (1969) and
through a new set of micro-scale simulations of the void behavior (Cooke,
2013). For monotonic loading, the new function allows the model to capture
the void growth effect for all positive triaxiality levels, and correctly predicts
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the location and effect of the triaxiality cutoff. For cyclic loading, the new
form simulates the effects of void growth and shrinkage under positive and
negative triaxiality. Most existing models do not make this distinction, and
the CVGM requires a summation of multiple integrals to account for cyclic
loading. The SWDM also captures the effect of the Lode angle on the fracture
process through a dependence on the ξ parameter.

A notable omission in this section is the lack of a critical strain based
model for fracture prediction. Critical strain models predict the level of plas-
tic strain before fracture for a given stress state, and generally have a func-
tional form which is inverted from damage based models like the SWDM.
These models are generally applicable in cases where plastic deformations
are not large enough to significantly alter the stress state during the load-
ing process. For high-triaxiality specimens like the CNT and GP, plastic
deformation causes relatively small changes in the stress state, and the dam-
age rate is large enough to not be significantly altered by the changes. For
low-triaxiality specimens with stress states near the fracture cutoff, the rate
of damage with plastic strain is much lower, and small changes in the stress
state can cause extreme relative changes in the damage rate. Recall the high-
pressure tension test data from Bridgman (1964), presented in Figure 5.7, in
which the specimens all fractured at similar stress triaxialities but over widely
varying plastic strain levels.

5.3.3 Calibration of the SWDM using MLE

Most of the parameters defined in the SWDM (Equation 5.37) have been
established in previous sections, either through their physical meaning (e.g.
parameters which can be directly tied to the void growth process indepen-
dently of any specific material), or calibrated to detailed data sets (e.g. the
database of CNT tests or the high-triaxiality specimens). The list in the pre-
vious section summarizes the recommended values and sources of calibration
for each parameter. Referring to that list, the parameters which remain to
be calibrated for the A572 steel are C and λ, which are both material depen-
dent. Additionally, these parameters require calibration to the entire set of
test data, including the monotonic and cyclic Inclined Notch tests, which in
turn requires the use of the Maximum Likelihood Estimation methodology
from Chapter 4.

As introduced in Chapter 4 the previous chapter, fracture prediction is
a random process which can be accounted for by reformulating the fracture
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model in terms of one or more random variables. The remainder of this
chapter will deal with the probabilistic formulation of the SWDM, wherein
the damageability parameter C refers to a random variable. The parameter
follows a log-normal probability distribution with mean µC and standard
deviation σC .

In the method of Maximum Likelihood Estimation (MLE), the distribu-
tion was chosen so as to maximize the probability of observing the results
of each fracture experiment. This is not a particularly challenging optimiza-
tion problem, and could be solved in practice using a number of numerical
algorithms. The algorithm used in this study was the Nelder-Mead simplex
method (Nelder and Mead, 1965), as implemented in the function fminsearch
in the commercial software MATLAB. The Nelder-Mead method is deriva-
tive free and is somewhat tolerant of problems such as discontinuities in the
objective function.

The most significant challenges in the implementation of the algorithm
stem from the relatively small probabilities of observing the individual tests.
The probabilities of the individual observations are proportional to the den-
sity of the probability distribution in the region of the observation and the
size of the observation window (which could be as narrow as one step of the
FE simulation). The combined likelihood for the entire test series is equal to
the product of the probabilities of the individual tests. Using the probability
distribution which maximizes the likelihood of the test observation, the prob-
abilities for individual observations ranged from 10−1 to 10−4. The combined
probability of observing the entire test series is calculated as the product of
that for the individual tests, and ranges from 10−30 to 10−80. The typical
probability levels for the starting point in the optimization are even lower.
The use of numbers so close to zero can cause difficulties in the optimization
routine and in the numerical algorithms used to calculate the probability
distribution, so two steps were taken to ensure the data was computationally
manageable. The first is to use the log-likelihood instead of the likelihood
(i.e. maximize log10(L) instead of L), which is a common technique to change
the amplitude of the search space without changing the location of the op-
timal point. The second step was designed to ensure that there is always
some level (numerically) of probability content at each observation - i.e. that
at the starting point of the search algorithm a non-zero probability can be
calculated so that the algorithm has something to optimize. To accomplish
this objective, it is best if the standard deviation for the initial distribution
is very large - at least as large as the mean of the distribution.
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The results of the MLE algorithm are a probability distribution for the
SWDM model parameter C and a likelihood value which represents the like-
lihood that the fracture model and the probability distribution explain the
fracture observations. Different fracture models (or the same model with dif-
ferent values for the non-random parameters - e.g. β or λ), can be compared
according to their maximized likelihood values. This method was used to
calibrate the value λ for the A572 steel, such that λ = 0.50

A similar effort was made to verify that the other deterministic parame-
ters in Equation 5.37 which were fixed in the previous sections also result in
optimal values for the log-likelihood. The results of this study are presented
in Figure 5.28, in which each plot shows the relationship between one of the
deterministic model parameters (i.e. λ, β,A, κ) and the maximum likelihood.

After selecting the optimal values for the parameters other than C, the
distribution parameters for C were found using the MLE algorithm to be:

µC = −1.2452 σC = 0.5660 (5.39)

where µC and σC are the mean and standard deviation of the associated
normal distribution (the natural logarithm of the log-normally distributed
random variable C).

5.3.4 Validation of SWDM predictions for selected tests

In addition to satisfying the maximum likelihood criteria (i.e. that the like-
lihood of the fracture observations was maximized by the chosen fracture
model), the SWDM was validated through detailed inspection of the data
from individual experiments. A new type of figure will be presented to
demonstrate the accuracy of the fracture predictions for each individual ex-
periment. These figures will be shown in this chapter for four representative
specimens, and in Appendix A for the remaining specimens. Figure 5.29
is an annotated example of these figures, in which the specific features and
conclusions of the figures will be presented in detail.

The first section of the figures shows the force response of each FE model
as a function of the cumulative displacement, as compared to the experimen-
tal response. The horizontal axis for each plot in the figure is aligned to the
axis of this plot. The solid portion of the force-displacement response repre-
sents the extent of the actual experiment, and the marker indicates the point
at which the total failure of the specimen occurred. The results of the FE
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Figure 5.28: Comparison of maximum likelihood for varied values of the
deterministic parameters of the SWDM

230



Chapter 5. New Models for Ductile Fracture and ULCF

0 20
−50

−25

0

25

50

Cumulative displacement (mm)

Fo
rc

e 
(k

N
)

IN70−2

Measured
Simulated

0 20
0

0.5

1

Fr
ac

tu
re

 p
ro

ba
bi

lit
y

(S
W

D
M

 p
re

di
ct

io
n) Center Edge

Surface

SWDM Likelihood
L = 0.086

0 20
0

0.5

1

Fr
ac

tu
re

 p
ro

ba
bi

lit
y

(C
V

G
M

 p
re

di
ct

io
n)

Center
Edge

Surface

CVGM Likelihood
L = 0.003

0 20
1

2

3 Center

NF:Surface
NF:Edge

Case1
P = 0.057

Fr
ac

tu
re

 O
bs

er
va

tio
ns

:

0 20
1

2

3 Center

NF:Surface

Edge

Case2
P = 0

Likelihood that the SWDM
(with this parameter set)
is the correct model given the 
observations from this test

Likelihood that the CVGM
(with this parameter set)
is the correct model given the 
observations from this test

Probability of making
these observations
given the calibrated SWDM. 
The SWDM likelihood is equal
to the combined probability of
all observations

Most likely observation
is listed �rst

Case 1 observation:
Fracture in the center at 19mm
No fracture observed at the
edge or surface

The dispersion of the calibrated
CVGM is wider than that of the 
SWDM

All �gures on the page share
the same horizontal axis

Cumulative fracture probability
at each location

Figure 5.29: Annotated figure showing evaluation of fracture predictions for
test IN70-2

231



Chapter 5. New Models for Ductile Fracture and ULCF

simulation were extrapolated past the end of the test to allow visualization
of cases where fracture was not predicted before the end of the experiment.
The extrapolated portion was continued from the end of the FE simulation
by assuming the displacement rate, strain rate, force, and stress invariants
to remain constant. The extrapolated results are somewhat less meaningful
because they do not account or nonlinear geometric or material effects (as
they are not determined with the nonlinear FE simulations), but they are
used only for the purposes of visualization in the following figures. In all
cases, the nonlinear FE simulation was continued at least to the point of the
experimentally observed fracture.

The second section of the figures shows the fracture prediction made
using the new SWDM as calibrated with the maximum likelihood approach,
including a fracture prediction for the center, surface, and edge portion of the
fracture specimen. The curves in this figure are the Cumulative Distribution
Functions of the fracture prediction, such that the probability of observing
fracture within a specific window is represented by the change in the CDF
over that window. It should also be noted that the curves in the figure are
the marginal CDFs, meaning that the effects of correlation on the fracture
predictions are disregarded. The value reported on the figure is equal to the
likelihood that the fracture behavior in this experiment is represented by the
calibrated fracture model (Equation 4.13).

The fracture predictions can be evaluated against the observations of
fracture made during the experiments, indicated by the next portion of the
figure. In the case of the experiments with discrete fracture observations
(i.e. those which fractured suddenly), the fracture observation is marked as
a discrete point on the history.

Recall from Chapter 3 that for the Inclined Notch specimens the fracture
observations were less clear, and were recorded as potential ’windows’ of
fracture in the center, edge, and surface of the specimens. Where further
ambiguity was present multiple fracture cases were included in the recordings,
all of which are reported in the figures.

The values reported in this portion of the figure are the probability of
each fracture observation occurring given the calibrated SWDM. Comparing
the probability for each fracture case indicates which case is most likely
representative of the true fracture event. The most likely fracture case is
listed first.

The final portion of the figure shows fracture predictions made with the
Cyclic Void Growth Model, which was calibrated to the test data using the
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same maximum likelihood parameter estimation as that used for the SWDM
calibration.

Figures 5.30 through 5.33 show details of the fracture predictions for a
few selected tests, the predictions for the unabridged set of tests will be
presented in Appendix A. Several conclusions can be drawn from the figures
which validate the modeling approach used in this report as well as the
predictive ability of the SWDM.

Comparing the probability of the first (i.e. most likely) fracture case to
the other cases shows that the alternative cases generally have a much lower
probability. As the combined likelihood is based on the combined probability
for all of the possible observations, these unlikely fracture observations have
very little impact on the combined likelihood and by extension have little
impact on the MLE calibration procedure. This validates the use of multiple
fracture cases, as they are effective at preventing erroneous observations while
doing little to distort the calibration results.

Comparing the results of the SWDM and CVGM fracture predictions
yields two conclusions. First, the dispersion on the CVGM fracture predic-
tions is much higher than that of the SWDM, caused by the calibration of
the CVGM to a wider range of test data than it was designed for (e.g. sig-
nificant variation in the stress triaxiality and Lode angle). This increased
uncertainty is quantitatively illustrated by the likelihood values which are
generally lower for the CVGM than for the SWDM predictions.

5.3.5 Validation of SWDM predictions for entire test
suite

The preceding figures (5.30 through 5.33) illustrate the overall process of
comparing fracture predictions and observations for multiple tests, including
the impact of the use of multiple fracture locations. These multi-dimensional
fracture predictions, along with the potential for multiple possible fracture
observations, were critical in reducing the effects of human error in calibrating
the fracture model. However it is typically only one fracture case, and one
fracture location within that case, which are shown by the fracture model
to be plausible (i.e. the other conditions have much lower probability). By
looking only at this ’important’ fracture observation for each experiment, the
multi-dimensionality of the problem can be avoided.

The figures in this section will follow this procedure so as to visualize the
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Figure 5.30: Evaluation of fracture predictions for specimen IN30-1
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Figure 5.31: Evaluation of fracture predictions for specimen IN30-1
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Figure 5.32: Evaluation of fracture predictions for specimen IN70-2
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Figure 5.33: Evaluation of fracture predictions for specimen RN-3
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success of the SWDM predictions for all of the experiments simultaneously.
For each experiment, the most likely fracture case is selected based on their
respective probability of being observed. Then the most critical fracture
location is chosen - this will generally be the location where fracture is first
predicted in the simulation or the location with the most narrow window of
fracture observation.

Figure 5.34 compares the fracture predictions using the SWDM to the
fracture observations for each specimen. The location of each specimen on
the plot is accompanied by error bars in each direction, accounting for un-
certainty in both the fracture observation and predictions.

Figure 5.34 combines the results of the calibration of each specimen, com-
paring the fracture predictions to the fracture observations. The fracture
observation labels are the minimum and maximum displacement for the frac-
ture observation at the chosen location for the most likely fracture case. The
fracture prediction marks on the plot are based on the probabilistic fracture
prediction, and indicate the 25th, 50th and 75th percentile fracture predic-
tions. A line is included on the figure which shows a 1:1 relationship between
the fracture prediction and observation. In an ideal case, the bounds for
each experiment would span this line indicating a ’perfect’ fracture predic-
tion. Figure 5.35 shows a detailed subsection of Figure 5.34, indicating close
agreement between the fracture observations and SWDM predictions.

For reference, a similar plot is shown for the CVGM in Figure 5.36. The
CVGM predictions are made using the same methodology as used for the
SWDM, except that they substitutite the CVGM fracture model (Equa-
tion 2.18). In general, the agreement for the CVGM is not as accurate as for
the SWDM, reinforcing the results of the maximum likelihood evaluation.
The poor agreement of the CVGM can be attributed to the fact that it does
not include (1) the effect of the Lode angle parameter and (2) the updated
triaxiality-fracture relationship presented in Section 5.1.

Figure 5.37 demonstrates the relationship between the stress triaxiality
and the accuracy of fracture predictions. Each test is represented in the fig-
ure as the weighted mean of the stress triaxiality at the calculated location
of fracture initiation, which is compared to the accuracy of the fracture pre-
diction. The accuracy of the fracture prediction is determined by dividing
the equivalent plastic strain at which fracture is observed (upper and lower
bounds) by the median equivalent plastic strain at which fracture is predicted
using the calibrated SWDM. Perfect agreement between the prediction and
observation is represented by a ratio of 1.0, indicated on the figure as a dashed
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Figure 5.34: Comparison of measured fracture displacements with fracture
predictions made with the SWDM
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Figure 5.35: Comparison of measured fracture displacements with fracture
predictions made with the SWDM (detail)
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Figure 5.36: Comparison of measured fracture displacements with fracture
predictions made with the CVGM (detail)
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Figure 5.37: Effect of the stress triaxiality on the accuracy of SWDM fracture
predictions

line. As indicated by the figure, there is no correlation between the error in
fracture prediction and the weighted average of the stress triaxiality. This
demonstrates that the triaxiality influence on ductile fracture is predicted
well by the SWDM for all triaxiality levels found in the specimens.

In the probabilistic formulation of the fracture prediction model in Chap-
ter 4, the variability was assumed to be represented by a lognormally dis-
tributed random variable. This assumption may be validated by comparing
the calibrated lognormal distribution to the observed distribution of fracture
parameters. Figure 5.38 shows the Cumulative Density Function (CDF) of
the log-normal probability distribution of the calibrated SWDM parameters
(Equation 5.39). The calibrated distribution is compared to the distribu-
tion of fracture observations, which is represented as two Empirical CDFs
(ECDFs) or ’counted’ CDFs. A separate ECDF is shown for the lower-
bound fracture observations and for the upper-bound observations, and the
curves are shown in terms of the damageability parameter C (determined
from the fracture observations in accordance with the procedure in Chap-
ter 4). As an example, the ECDF for the upper-bound observations can then
be calculated by Equation 5.40, wherein CUB is the list of the upper bound
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parameters for each test. Referring to Figure 5.38, the calibrated probability
distribution coincides well with the fracture observations, demonstrating the
fracture behavior to be lognormally distributed.

ECDF (C) =
count(CUB < C)

count(CUB)
(5.40)

5.3.6 Discussion

The process of calibrating and validating the general fracture model for cyclic
test data illustrated an interesting aspect of the model and a potential for
overfitting. The parameters β and λ both act to promote fracture during
repeated cycles: β does this by reducing the relative amounts of damage
reduction on compressive cycles while λ reduces the overall capacity. In terms
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of the microstructural causes of fracture, β simulates a lower rate of void
shrinkage, while λ simulates damage mechanisms which are not influenced
by the stress state.

We are left with two alternate mechanisms for capacity degradation.
These mechanisms are not mutually exclusive and it is likely that they both
play an important role in the fracture process, but their relative importance
cannot be determined with the current test data.

One way to discern the differences between the two parameters would be
to apply highly non-proportional loading - e.g. load a specimen in tension
with a high triaxiality level then in compression with a low triaxiality level.

As the two modes of degradation are redundant for the given data set,
we made the decision to model all cyclic degradation using the λ parameter,
keeping β = 1. While this is likely not representative of the micromechanical
fracture process, it avoids the need to arbitrarily choose values for the two
parameters.

5.4 Summary and conclusions

This chapter proposed three new improvements to models for ductile frac-
ture initiation in metals including (1) a model for the influence of the stress
triaxiality on fracture for axisymmetric stress states (Equation 5.19), (2) a
model for the influence of of the Lode angle on fracture for high-triaxiality
stress states (Equation 5.30), and (3) a new Stress-Weighted Damage Model
(SWDM) which combines the results of the first two models and extends
fracture predictions to all stress states of interest to structural engineers, as
well as simulating the effects of ULCF (Equation 5.38). The three models
are presented separately to facilitate their use in cases where the full SWDM
is not necessary and to allow more direct comparison with existing models.

The first portion of the chapter is focused on the effect of stress triaxial-
ity on ductile fracture, especially for the classical case of axisymmetric stress
states. This study is supported by an analysis of multiple existing data
sources, including analytical void simulations, metal forming fracture crite-
ria, high pressure tension coupons, and cylindrically notched tension tests.
Ductile fracture is shown to be prohibited for stress triaxiality levels below
zero (i.e. those with net hydrostatic compression), referred to as the ’ductile
fracture cutoff’. This cutoff corrects an oversight in existing fracture models
which predict fracture based on a single exponential term. A new model is
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proposed based on a hyperbolic sine function which accurately captures high
and low triaxiality fracture data, the existence of the fracture cutoff, and the
reduction of damage under compressive loading.

The second part of the chapter focuses on the influence of the Lode an-
gle (and associated parameter ξ) on ductile fracture initiation. An analysis
of the test data from Chapter 3 shows that for a constant stress triaxial-
ity, the A572 steel tested in this study has a 50% greater fracture ductility
for a plane strain condition than an axisymmetric stress state. This finding
contradicts the results of other similar studies, which generally find lower
ductility under plane strain conditions. After considering several contempo-
rary models for the Lode angle dependence, a new model is proposed based
on an exponential function of the Lode angle parameter ξ. This function fits
within a framework wherein the overall fracture damage rate is a product
of the triaxiality-dependent component and the Lode-dependent component.
The new model is validated based on the results of thirteen high-triaxiality
experiments.

The principal objective of this study was to develop a ductile fracture
model appropriate for all reasonable stress states and for ULCF. The simu-
lation of ULCF requires the consideration of the void growth process under
cyclic loading and the mechanics and effects of capacity degradation due to
repeated cycles. The new Stress-Weighted Damage Model brings combines
the findings from the first two thirds of the chapter with a model for cyclic
degradation based on the existing CVGM.

The rate of fracture damage at low triaxiality levels is much less than
predicted with existing models based on the VGM with the conventional
single exponential term. As the fracture damage rate approaches zero at
very low triaxiality levels, the relative change in the damage rate is very
high. Fracture criteria that are based on the stress state and plastic strain
level at the end of a test (such as the SMCS), are not recommended for use
in this region.

The low damage rate at low triaxiality levels also calls into question some
of the motivation for this study, which was based on the need to predict
fracture in situations of high shear stresses in civil structures (e.g. in joint
panel zone or block shear failures). In fact, the SWDM suggests that even
structural elements which are yielding in shear (e.g. joint panel zones) may
actually fracture due to edge effects in a corner where the stress triaxiality
is elevated relative to the predominant stress state.
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Chapter 6

Summary, Conclusions, and
Future Work

The research presented in this report was motivated by the need for a
model to predict ductile fracture initiation over a broad range of stresses,
strains, and cyclic loading conditions that can occur in steel structures. Tra-
ditional fracture mechanics approaches such as the stress intensity factor or
the J-integral have been successfully applied to fracture prediction, but they
are generally limited to conditions which can be idealized as sharp cracks and
where yielding is restricted to the crack tip (Chi et al., 2006). Fracture models
based on the so called ‘local’ approach overcome these limitations by predict-
ing fracture at critical conditions of the local stress-strain field, independent
of case-dependent assumptions. Local fracture models have been successfully
applied to fracture in steel structures, but their use and validation has been
limited thus far to a relatively narrow range of stress conditions.

Early local fracture models for ductile metals were developed to pre-
dict fracture initiation under monotonic loading and highly confined stress
states (i.e. high stress triaxiality). In the past 15 years, these models have
been extended in two major directions: lower triaxiality monotonic frac-
ture (Wierzbicki et al., 2005), and high-triaxiality earthquake-type loading
termed Ultra Low Cycle Fatigue (ULCF). ULCF models in particular have
been used to successfully predict fracture in certain structural components,
notably steel braces and column-base plate connections (Fell et al. (2009a),
Myers et al. (2009)). These efforts were hampered by the limited scope and
validation of the existing models, which were calibrated exclusively to frac-
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ture in highly triaxial stress states (tension stress triaxiality exceeding 1.0).
The lack of a local fracture model valid for low-triaxiality and ULCF repre-
sents a significant gap in existing research, and is an impediment to replacing
empirical predictions with a continuum approach. Furthermore, deficiencies
in methodologies used in previous studies, such as constitutive model calibra-
tion and fracture detection, pose significant challenges in the low-triaxiality
regime and needed to be addressed.

This study aimed to develop a new local model which is based on the
mechanisms underlying the ductile fracture process, and which can predict
fracture due to monotonic loading, ULCF, and the entire range of structurally
relevant stress states. Additional objectives were to clarify and improve the
general process of fracture prediction with local fracture models by developing
and demonstrating new calibration tools.

6.1 Summary and contributions

The main effort of this study and scientific basis for the newly proposed
fracture models was a series of forty-eight coupon-scale tests of a typical mild
structural steel. The experiments included several specimen designs which
are commonly used in fracture mechanics research, as well as newly developed
specimens designed to study newly identified gaps in previous research. Each
type of specimen was designed to investigate fracture under a particular set
of stress conditions, such that the combined data set was representative of
all stress states in which structural fracture is a concern.

Traditional ductile fracture specimens that were tested include the Cylin-
drical Notched Tension (CNT) and the Grooved Plate (GP) specimens, which
produce fracture under axisymmetric and plane strain conditions respec-
tively. Both specimens are classified as high triaxiality.

Rectangular Notch (RN) specimens are a new type of specimen specifi-
cally conceived in this study for the independent variation of the stress state
Lode angle, which is representative of the deviatoric stress state. By varying
the geometry of the specimens, the Lode angle can be varied between a plane
strain condition (similar to that in the GP specimens) and an axisymmetric
condition (similar to the CNT specimens) without significantly varying the
stress triaxiality.

The Inclined Notch (IN) specimen design was adapted from similar ‘but-
terfly’ type specimens (e.g. Bao and Wierzbicki (2004)), and comprise the
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bulk of the specimens tested. By varying the orientation of the specimen net
section relative to the axis of loading, varying amounts of axial and shear
load are introduced into the specimen. In contrast to butterfly specimens
described previously in literature (e.g. Bai (2008)), the IN design can be
stably loaded in compression to allow investigation of the effects of cyclic
loading on fracture.

For all tests, complementary finite element simulations were conducted
using ABAQUS/Standard (ABAQUS, 2012) to evaluate the continuum pa-
rameters (stress and strain) at the site of fracture initiation. Several repre-
sentative specimens were examined with a scanning electron microscope to
provide insight into the fracture process under varying stress conditions. In
addition to standard images of the fracture surfaces, the interior of a few
fracture specimens was imaged using a method of cutting and polishing to
expose partially formed microvoids.

The newly developed local model for fracture prediction is separated into
three parts, including (1) a model for the triaxiality effect under axisymmetric
stress states, (2) a model for the Lode angle effect at high triaxiality, and (3)
the overall Stress-Weighted Damage Model (SWDM) which combines the
triaxiality and Lode angle effects and models capacity degradation due to
ULCF. The first two partial models are each representative of separate areas
of existing research, and they are presented separately to enable a more direct
comparison. The SWDM is formulated within a probabilistic framework to
reflect the uncertainty underlying the fracture prediction process, and it is
calibrated using an adapted form of Maximum Likelihood Estimation.

The use of local fracture models is contingent on accurate characteriza-
tion of the stresses and strains precipitating fracture, which are typically
calculated using nonlinear FE analysis. To improve the quality of these
analyses, a new method of calibrating material constitutive models using
load-displacement data is developed.

6.2 Conclusions

This report successfully demonstrates an original set of experiments, simula-
tions, and calibration methodologies for the study of ductile fracture in steel.
Detailed conclusions are summarized below, corresponding to the objectives
in Chapter 1.
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6.2.1 Study of micromechanical damage processes

Chapter 2 presents the results of several efforts to study the micromechanical
damage process leading to fracture initiation. In addition to computational
void models completed in a parallel study (Cooke, 2013) and summarized
here, cross-sectional SEM images of selected fracture specimens‘ provide ex-
perimental evidence of the fracture process. The results of the experimental
void measurements indicate that the critical void size to initiate localization
is significantly smaller than expected. Previous studies have tended to as-
sume that the measured void size in fractographs is similar in magnitude
to the void size necessary for localization, i.e. voids grow relatively mono-
tonically to their ultimate size. Based on this assumption, it was predicted
that cross sectional images would reveal points near the fracture surface to
contain a relatively large volume fraction of voids. Contrary to these ex-
pectations, locations near the fracture surface (where fracture demand was
calculated to be at least 90% of the critical value) were nearly intact, with
void volume fraction measurements of less than 0.01. This finding suggests
that the void growth rate is not the sole driver of ductile fracture, and that
localization is more important than previously appreciated. These findings
were corroborated by the computational void models in the parallel study.
While no quantitative predictions of localization were obtained from these
studies, they demonstrate that fracture is driven by rapid localization be-
tween relatively small voids and that the eventual fracture prediction should
not be solely tied to theoretical void growth equations.

6.2.2 Experimental procedures

Chapter 3 describes contributions to the experimental procedure necessary
for calibrating and validating the proposed fracture model.

1. The new Rectangular Notch specimen type is shown to allow detailed
investigation of ξ dependence at high triaxiality. By tuning the as-
pect ratio of the net section, the median ξ value during loading can
be adjusted between 0 and 1. Similar to the behavior of Cylindrical
Notched Tension and Grooved Plate specimens, decreasing the radius
of the four notches tends to increase the stress triaxiality at the center
of the specimen.
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2. The Inclined Notch specimens provided significant challenges due to
their tendency to fracture in a gradual way that was difficult to de-
tect. This effect was likely due to the fact that the specimens were de-
signed using an existing fracture model (the Cyclic Void Growth Model
(Kanvinde and Deierlein, 2007a)), which is not an accurate predictor of
fracture at low stress triaxiality. Additionally, ductile fracture is highly
inhibited at low stress triaxiality, giving the specimens a tendency to
fracture in regions of higher triaxiality, which tend to be concentrated
at the specimen corners. While the likelihood-based fracture detection
method developed in Chapter 4 was used to successfully produce data
from the Inclined Notch tests, an improved specimen design would act
to reduce the experimental variance.

3. A new method of optically measuring the displacement of the Inclined
Notch specimens was demonstrated to be a significant improvement
over comparable physical measurement methods, with a measurement
resolution of between 5µm and 50µm.

6.2.3 New methodologies in calibration

The first part of Chapter 4 presents a new methodology for the calibration
of constitutive parameters, designed to overcome difficulties with commonly
used manual calibration methods. The new calibration method automati-
cally calibrates a constitutive model by iteratively running trial calibrations
through FE simulations and comparing the results of the simulations to ex-
perimental data.

1. Multiple independent calibrations of a constitutive model using the
traditional manual calibration method are found to produce variation
of up to 50% in a local fracture index. The newly proposed calibration
algorithm reduces this variability to 5%, significantly improving the
repeatability of fracture predictions. In the new automated approach,
the ‘eyeball’ fit of the manual approach is replaced with a quantitative
error function, and the subjective guessing of candidate calibrations is
replaced with a mathematical optimization function.

(a) The optimal error function is based on the integrated energy be-
tween the measured and simulated load-displacement curves, nor-
malized by the measured dissipated energy. Specific features of the
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error function which were found to improve the overall calibration
include (1) the exclusion of elastic strain from the error calculation
(2) consideration of the gross rather than net dissipated energy,
and (3) a rainflow-type counting rule for cyclic tests.

(b) The Particle Swarm Optimization algorithm was found to out-
perform other methods in minimizing the error function. Other
considered models which have been used in related studies include
gradient descent methods, which were found to be unstable due to
a lack of smoothness in the FE-derived error function, and genetic
algorithms, which were ineffective due to the shape of the error
function.

2. Selecting the appropriate experiments for calibration is a critical factor
in the success and robustness of the calibration.

(a) To complete the automated calibration within a reasonable time
the calibration specimens are restricted to rotationally symmetric
specimens (such as the CNT fracture specimens) which can be
modeled accurately with 2D finite elements.

(b) Errors in calibration are found to arise most often from the inter-
action between isotropic and kinematic hardening. To overcome
this, the calibration test suite should include monotonic and cyclic
tests of varied cyclic amplitudes, which act to exercise the finer
differences between the two hardening types.

The second part of the chapter demonstrates an adapted maximum likeli-
hood method allowing valuable data to be extracted from mixed-quality tests
(the Inclined Notch test series), as well as automating the task of determining
the location of fracture initiation. This method is focused on compensating
for the uncertain fracture observations in the Inclined Notch specimen cate-
gory, but is applied to all 48 experiments in the test series.

The second part of the chapter defines a general local fracture model
within a probabilistic framework, following the earlier work of Myers et al.
(2009) on the topic, and proposes a method of calibrating the model using
the method of Maximum Likelihood Estimation. This framework enables the
uncertainty in fracture predictions to be directly quantified, and is a critical
tool enabling the use of test data with uncertain fracture observations.
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6.2.4 Extend existing fracture models to low-triaxiality
ULCF

Chapter 5 presents new models for fracture prediction in several specific con-
ditions. The first model predicts fracture under varying triaxiality levels and
constant values of the Lode angle parameter ξ, a specific case that is com-
monly applied in ductile fracture research. The model is based on an analysis
of a wide range of historical and current data sources including theoretical
void mechanics, computational void cell models, and several experimental
data sets.

Local fracture models based on an exponential relationship between frac-
ture damage and the stress triaxiality (e.g. εcritP = αe−1.5T ) are commonly
used for high-triaxiality fracture predictions (Panontin (1994); Kanvinde and
Deierlein (2006)) and have more recently been extended to low-triaxiality
regimes (Bai and Wierzbicki (2008); Fell et al. (2006)). However, the expo-
nential model is found to significantly overpredict fracture at low triaxiality
levels, as per the following conclusions.

1. The data demonstrate the existence of a low triaxiality fracture cutoff,
a triaxiality level below which ductile fracture initiation is impossible.
The existence of a low triaxiality fracture cutoff (i.e. a triaxiality level
below which fracture is impossible) is demonstrated through the use
of multiple independent data sources. More specifically, through the
use of experimental, computational, and analytical data sources the
location of the fracture cutoff is established at a triaxiality level of zero,
implying that ductile fracture initiation is impossible without tensile
hydrostatic pressure.

2. A new fracture model is proposed which is based on an early result by
Rice and Tracey (1969) and follows a hyperbolic sine functional form.
The new model is closely comparable to well established models for
high triaxiality, while significantly improving fracture predictions for
low triaxiality.

The impact of the Lode angle on fracture ductility at high triaxiality was
investigated using the Notched Bar, Grooved Plate, and Rectangular Notch
specimens. These tests demonstrate an inverse relationship between the Lode
parameter ξ and fracture ductility. Specifically, the data indicate that ax-
isymmetric stress states (ξ = 1) have approximately 50% lower fracture duc-

253



Chapter 6. Summary, Conclusions, and Future Work

tility than plane strain stress states (ξ = 0). While this finding is contrary to
the results of several contemporary studies which find the fracture ductility
to be increased under axisymmetric conditions (Bai and Wierzbicki (2008),
Coppola et al. (2009)), it is separately corroborated through three separate
specimen types. An empirically derived exponential model is proposed to
simulate this relationship.

The newly proposed Stress-Weighted Damage model incorporates (1) the
hyperbolic sine based model for triaxiality dependence, (2) the exponential
model for Lode angle dependence, and (3) an exponential model to capture
the effects of cyclic degradation during Ultra-Low Cycle Fatigue.

1. New consideration is made of the damage mechanisms leading to duc-
tile fracture, in addition to the previously considered mechanism of void
growth. These damage mechanisms are identified as (1) void growth,
(2) softening of the intervoid ligament, (3) growth of secondary voids
between primary voids and (4) void distortion. The stress-state depen-
dent portion of fracture damage is assumed to be due to void growth.
The remaining mechanisms of damage are assumed to be independent
of the stress state, and to occur at a constant rate with plastic strain
during compressive loading.

2. The new SWDM is calibrated for the entire suite of experiments, and
found to provide accurate predictions of fracture. Specifically, the frac-
ture predictions were found to improve significantly over those made
by the previous Cyclic Void Growth model for cases of low triaxiality
and variable Lode angle.

3. The lognormal distribution of the SWDM ductility parameter was found
to accurately reflect the variability in the test data. The resulting vari-
ability of the fracture predictions is characterized by the coefficient of
variation of the damagability parameter, found to be represented by a
coefficient of variation of 0.2.

6.3 Limitations of the results in this study

This study represents the most recent in a series of investigations by the
Deierlein-Kanvinde research group over the past fifteen years, and as each
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study provides a new and deeper understanding of ductile fracture the lim-
itations of the fracture prediction framework become increasingly apparent.
While this study has aimed to ensure that the models we develop are robust
and extensible, they cannot overcome the limitations of local fracture models
as a whole.

As local fracture models become more accurate they are more closely
tied to the details of the micromechanics of the fracture process, such as the
effect of the deviatoric parameter or highly non-proportional loading effects.
This requires us to reconsider the simplified assumption that volumetric void
growth over a sufficiently large area (i.e. the length scale of the CVGM)
causes macro-scale fracture, and how to exactly define of macro-scale fracture
initiation.

Practically, fracture initiation has been defined as sufficient microstruc-
tural damage that the nearby elastic energy in a specimen is sufficient to
cause unstable crack formation. It is clear that there are two parts to this
criteria, and while local fracture models have sought to characterize the mi-
crostructural damage rate they do not simulate the effects of the available
elastic energy. Coupled approaches such as the well-known Gurson model
(Gurson, 1977) seek to address this issue by modeling material softening
with increased void growth.

The findings in this research regarding the use of constitutive models
calibrated using load-displacement measurements to make fracture predic-
tions suggest significant limitations. Regardless of the care and detail with
which previous researchers calibrated constitutive models used in fracture
predictions, they were operating within the framework of calibration using
load-displacement data. The inherent error within this framework, along
with the mesh-dependent issues of highly nonlinear finite element simula-
tions, cast doubt on the repeatability of local fracture models and in their
use in structural design.

In comparing the steel tested in this study with other Grade 50 (σy =
345MPa) structural steels, the overall fracture ductility, as represented by
the η parameter from the CVGM, is found to vary by a factor of four (Myers
et al., 2009). Even when restricting the comparison to American-made steels
specified as A572 Grade 50, the variability in fracture ductility remains a
factor of three. These materials are nominally identical from the perspective
of a structural design engineer, and could be used interchangeably in civil
construction. Based on the established variability, using local fracture models
to make case-specific design choices would require expensive identification
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tests for every source of structural steel.
It may be more appropriate to focus on applications of this work where

the significant uncertainty and material variability does not come into play.
Most of this variability appears to be in the overall ductility parameter (i.e.
η in the CVGM or C in the SWDM), and not in the dependence of the
ductility on the stress state (i.e. the 1.5 factor in each model). As such,
these fracture models would be more appropriate in designing structural
details such that the stress state inhibits fracture initiation, rather than in
attempting to predict the precise moment of that initiation.

6.4 Recommendations for future work

This research has exposed open questions within the fracture prediction prob-
lem. Specific challenges which deserve further study are summarized below:

1. Importance of material model calibration: Chapter 4 included a brief
study of the deficiencies in existing material model calibration method-
ologies, which should be properly expanded. Specifically, the sensi-
tivity of global (e.g. response of a structural component) and local
(e.g. continuum parameters driving fracture) parameters to typical
error levels in the material model may effectively demonstrate the im-
portance of the calibration problem. Considering the prevalence of
load-displacement based calibration techniques, a detailed understand-
ing of their expected accuracy is critical for both engineering practice
and research. Further study of the calibration methodology in this re-
port for other steels and materials would provide important validation,
as would the design of new specimens which allow more direct measure-
ment of continuum parameters (e.g. through technologies like Digital
Image Correlation).

2. Improved experiments for calibration of constitutive models: The cal-
ibration methodology developed in Chapter 4 demonstrated the diffi-
culty in calibrating constitutive models based on global load-displacement
data. This difficulty is partially attributable to the fact that global
load-displacement is a relatively far-field measurement, which is not
strongly influenced by the details of the local constitutive models. Al-
ternative measurements, such as surface strain measurement with op-
tical methods or measurements of the diametral deformation in CNT
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specimens should be more dependent on the constitutive model, and
thus provide a more accurate calibration.

3. Further investigation of the Lode Angle influence at high Triaxiality: The
influence of the Lode angle parameter on ductile fracture found in this
study was opposite that found in most existing literature (i.e. finding a
negative, rather than positive, correlation between the Lode angle pa-
rameter ξ and the fracture ductility). Applying the Rectangular Notch
specimen to other materials may determine whether this discrepancy
represents a deficiency in previous experiments or a variable material
property.

4. Detailed high-pressure tests: Tension tests under externally applied hy-
drostatic compression, similar to those conducted by Bridgman (1964),
provide invaluable data for the development of fracture models. Adapt-
ing these tests with modern simulation and experimental techniques
(e.g. dynamic pressure control and FE simulation) could provide com-
pletely proportional (constant stress triaxiality) stress states, informing
issues such as the fracture cutoff and low-triaxiality ductility.

5. Improved ‘butterfly’ type specimens: The Inclined Notch test specimens
were unsuccessful at providing discrete measurements of fracture ini-
tiation, because the fracture criterion was not satisfied simultaneously
over a large enough area to cause sudden fracture. Re-examining the
design of these specimens with the new SWDM may suggest new design
features which will encourage sudden fracture and significantly improve
the quality of the data. This may include features such as an in-plane
extension of the net section area of the specimen to discourage fracture
due to edge effects, as present in butterfly specimens tested by Bai
(Bai and Wierzbicki, 2008), or entirely new specimens which take full
advantage of modern computer-controlled machining techniques.

6. A practical methodology for fracture prediction: The models presented
in this report are based in all critical invariants of the continuum stress
and strain space, nearing the limit for model complexity. As demon-
strated in Chapter 4, modern experimental techniques are limited in
their ability to offer reliable measurements of these continuum invari-
ants in coupon-scale specimens: a problem which is amplified in actual
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structural components. Future efforts in fracture prediction may, as in-
formed by the results of this study, focus on more practical predictors
of fracture initiation.

7. Ductile fracture propagation: Ductile fracture initiation is often just
the beginning of failure of civil engineering components and structures.
By using coupled finite element models (in which the fracture predic-
tions influence the model behavior) and adaptive remeshing algorithms,
the results of local fracture initiation models can provide accurate pre-
dictions of crack propagation (Sadek et al., 2011). Applying the results
of this study to fracture propagation and the ductile-to-brittle fracture
transition will improve our ability to predict structural and component
failures.
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Appendix A

Summary of results and
fracture predictions from
experiments

The body of this report included detailed data about selected tests which
were representative of the results of the overall test series, including visual
and micrographical observations (Chapter 3) as well as the comparison of ob-
servations with fracture predictions (Chapter 5). This appendix will present
the same observations and predictions for the unabridged set of experiments.

Figure A.1 introduces the full set of Inclined Notch specimens by pre-
senting a photograph of each specimen. These images were captured by the
optical displacement tracking system, and are representative of each speci-
men’s initial geometry.
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(a) IN30-1 (b) IN30-2 (c) IN30-3

(d) IN30-4 (e) IN30-5 (f) IN30-6

Figure A.1: Pre-test photographs of Inclined Notch specimens
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(g) IN50-1
(h) IN50-2

(i) IN50-3

(j) IN50-4 (k) IN50-5 (l) IN70-1

Figure A.1: Pre-test photographs of Inclined Notch specimens
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(m) IN70-2 (n) IN70-3 (o) IN90-1

(p) IN90-2 (q) IN90-3 (r) IN90-4

Figure A.1: Pre-test photographs of Inclined Notch specimens
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Chapter 3 described how fracture observations were made for the Inclined
Notch specimens by inspection of the load-displacement histories as well as
visual observations of fracture. Separate fracture observations were made for
the center, edge, and surface of each specimen (Figure 3.41), and in cases
where the fracture observation was not clear multiple potential observations
were made. Table A.1 reports the fracture observations made for each In-
clined Notch test. These observations follow the same format as Table 3.12 in
Chapter 3, which reported the fracture observations for the single specimen
IN30-1.
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Table A.1: Observed fracture windows for Inclined Notch specimens

Center Surface Edge

Specimen Case Lower Bound Upper Lower Upper Lower Upper

IN30-1 1 No Fracture No Fracture 1, 2.47 1, 2.77

IN30-1 2 1, 2.78 1, 2.78 No Fracture 1, 2.47 1, 2.77

IN30-1 3 1, 2.78 1, 2.78 No Fracture No Fracture

IN30-3 1 No Fracture No Fracture 2, 1.29 2, 1.96

IN30-3 2 2, 2.14 2, 2.14 No Fracture 2, 1.29 2, 1.96

IN30-3 3 2, 2.14 2, 2.14 No Fracture No Fracture

IN30-2 1 No Fracture No Fracture 1, 1.37 1, 1.88

IN30-2 2 1, 2.3 1, 2.3 No Fracture 1, 1.37 1, 1.88

IN30-2 1 2, 1.94 2, 1.94 No Fracture No Fracture

IN30-5 1 13, 15.18 13, 15.18 No Fracture 13, 15.18 13, 15.18

IN30-5 2 13, 15.18 13, 15.18 No Fracture No Fracture

IN30-6 1 No Fracture No Fracture 3, -0.61 4, 0.32

IN50-1 1 1, 4.13 1, 4.13 No Fracture No Fracture

IN50-1 2 No Fracture No Fracture 1, 1.01 1, 2.46

IN50-2 1 1, 3.6 1, 3.6 No Fracture No Fracture

IN50-2 2 1, 3.6 1, 3.6 No Fracture 1, 1.7 1, 3.09

IN50-3 1 No Fracture No Fracture 3, 1.01 3, 2.11

IN50-3 2 No Fracture 4, 1.44 4, 1.81 No Fracture

IN50-4 1 No Fracture No Fracture 5, 0.3 5, 0.65
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Table A.1: Observed fracture windows for Inclined Notch specimens

Center Surface Edge

Specimen Case Lower Bound Upper Lower Upper Lower Upper

IN50-5 1 2, 3.31 2, 3.31 No Fracture No Fracture

IN50-5 2 2, 3.31 2, 3.31 No Fracture 2, 1.17 2, 1.77

IN50-5 3 2, 3.31 2, 3.31 No Fracture No Fracture

IN70-1 1 1, 5.27 1, 5.27 No Fracture No Fracture

IN70-2 1 4, 3.21 4, 3.21 No Fracture No Fracture

IN70-2 2 4, 3.21 4, 3.21 No Fracture 1, 0 2, 3.29

IN70-3 1 2, 4.28 2, 4.28 No Fracture No Fracture

IN70-3 2 No Fracture 2, 4.28 2, 4.28 No Fracture

IN70-3 3 No Fracture No Fracture 2, 4.28 2, 4.28

IN90-1 1 No Fracture No Fracture 1, 0.55 1, 1.85

IN90-1 2 1, 5.96 1, 5.96 No Fracture No Fracture

IN90-1 3 No Fracture 1, 0.55 1, 1.85 No Fracture

IN90-3 1 15, 2.04 15, 2.04 No Fracture No Fracture

IN90-3 2 No Fracture 3, 0.51 8, 2.03 No Fracture

IN90-3 3 No Fracture No Fracture 6, 0.51 11, 1.98

IN90-4 1 2, 5.75 2, 6.01 No Fracture No Fracture

IN90-4 2 No Fracture No Fracture 2, 5.75 2, 6.01

IN90-2 1 1, 6.35 1, 6.86 No Fracture No Fracture
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Chapter 5 presented the validation of the Stress-Weighted Damage Model
for the specimens described in Chapter 3, and provided detailed validation
studies for several specimens. The following figures (listed in Table A.2) show
these results for all of the specimens tested. Figure 5.29 and the accompany-
ing description in Chapter 5 provide a detailed description of the parts and
features of the following figures.
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Table A.2: Comparison of SWDM fracture predictions with test observations

Test Designation Figure Page

CNT-1 Figure A.2 268

CNT-2 Figure A.3 269

GP-1 Figure A.4 270

GP-2 Figure A.5 271

GP-3 Figure A.6 272

IN30-1 Figure A.7 273

IN30-2 Figure A.8 274

IN30-3 Figure A.9 275

IN30-5 Figure A.10 276

IN50-1 Figure A.11 277

IN50-2 Figure A.12 278

IN50-5 Figure A.13 279

IN70-1 Figure A.14 280

IN70-2 Figure A.15 281

IN70-3 Figure A.16 282

IN90-1 Figure A.17 283

IN90-2 Figure A.18 284

IN90-4 Figure A.19 285

RN-1 Figure A.20 286

RN-2 Figure A.21 287

RN-3 Figure A.22 288

RN-4 Figure A.23 289

RN-5 Figure A.24 290

RN-6 Figure A.25 291

RN-7 Figure A.26 292
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Figure A.2: Evaluation of fracture predictions for specimen CNT-1
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Figure A.3: Evaluation of fracture predictions for specimen CNT-2

269



Appendix A. Summary of results and fracture predictions from experiments

0 0.2 0.4 0.6 0.8
0

50

Cumulative displacement (mm)

F
or

ce
 (

kN
)

GP−1

 

 

Measured
Simulated

0 0.2 0.4 0.6 0.8
0

0.5

1

F
ra

ct
ur

e 
pr

ob
ab

ili
ty

(S
W

D
M

 p
re

di
ct

io
n)

SWDM Likelihood
L = 2.88 x 10−5

0 0.2 0.4 0.6 0.8
0

0.5

1

F
ra

ct
ur

e 
pr

ob
ab

ili
ty

(C
V

G
M

 p
re

di
ct

io
n)

CVGM Likelihood
L = 5.61 x 10−6

0 0.2 0.4 0.6 0.8
1

2

3

Center
Case1
P = 2.88 x 10−5

F
ra

ct
ur

e 
O

bs
er

va
tio

ns

Figure A.4: Evaluation of fracture predictions for specimen GP-1
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Figure A.5: Evaluation of fracture predictions for specimen GP-2
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Figure A.6: Evaluation of fracture predictions for specimen GP-3

272



Appendix A. Summary of results and fracture predictions from experiments

0 1 2 3
0

25

50

Cumulative displacement (mm)

F
or

ce
 (

kN
)

IN30−1

 

 

Measured
Simulated

0 1 2 3
0

0.5

1

F
ra

ct
ur

e 
pr

ob
ab

ili
ty

(S
W

D
M

 p
re

di
ct

io
n)

Center

EdgeSurface

SWDM Likelihood
L = 0.00115

0 1 2 3
0

0.5

1

F
ra

ct
ur

e 
pr

ob
ab

ili
ty

(C
V

G
M

 p
re

di
ct

io
n)

Center

Edge
Surface

CVGM Likelihood
L = 0.0651

0 1 2 3
1

2

3 NF:Center

NF:Surface

Edge

Case1
P = 8.08 x 10−28

F
ra

ct
ur

e 
O

bs
er

va
tio

ns

0 1 2 3
1

2

3 Center

NF:Surface

Edge

Case2
P = 2.23 x 10−15

0 1 2 3
1

2

3 Center

NF:Surface

NF:Edge

Case3
P = 0.00115

Figure A.7: Evaluation of fracture predictions for specimen IN30-1
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Figure A.10: Evaluation of fracture predictions for specimen IN30-5
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Figure A.11: Evaluation of fracture predictions for specimen IN50-1
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Figure A.12: Evaluation of fracture predictions for specimen IN50-2
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Figure A.13: Evaluation of fracture predictions for specimen IN50-5

279



Appendix A. Summary of results and fracture predictions from experiments

0 5
0

25

Cumulative displacement (mm)

F
or

ce
 (

kN
)

IN70−1

 

 

Measured
Simulated

0 5
0

0.5

1

F
ra

ct
ur

e 
pr

ob
ab

ili
ty

(S
W

D
M

 p
re

di
ct

io
n) Center

EdgeSurface

SWDM Likelihood
L = 0.0101

0 5
0

0.5

1

F
ra

ct
ur

e 
pr

ob
ab

ili
ty

(C
V

G
M

 p
re

di
ct

io
n) Center

Edge

Surface

CVGM Likelihood
L = 0.000865

0 5
1

2

3 Center

NF:Surface

NF:Edge

Case1
P = 0.0101

F
ra

ct
ur

e 
O

bs
er

va
tio

ns

Figure A.14: Evaluation of fracture predictions for specimen IN70-1
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Figure A.15: Evaluation of fracture predictions for specimen IN70-2
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Figure A.16: Evaluation of fracture predictions for specimen IN70-3
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Figure A.17: Evaluation of fracture predictions for specimen IN90-1
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Figure A.18: Evaluation of fracture predictions for specimen IN90-2
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Figure A.19: Evaluation of fracture predictions for specimen IN90-4
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Figure A.20: Evaluation of fracture predictions for specimen RN-1
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Figure A.21: Evaluation of fracture predictions for specimen RN-2
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Figure A.22: Evaluation of fracture predictions for specimen RN-3
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Figure A.23: Evaluation of fracture predictions for specimen RN-4
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Figure A.24: Evaluation of fracture predictions for specimen RN-5
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Figure A.25: Evaluation of fracture predictions for specimen RN-6
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Figure A.26: Evaluation of fracture predictions for specimen RN-7
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Appendix B

Studies of microvoid mechanics
and fracture process

Chapter 2 described the accepted micromechanism of ductile fracture ini-
tiation, in which microvoids initiate around secondary particles, grow with
plastic strain, and coalesce to cause fracture. This accepted mechanism is
particularly important as it is used to justify the use of void growth models
(Rice and Tracey, 1969) for the prediction of fracture initiation (Panontin
(1994) Johnson and Cook (1985) This appendix will provide the results of
experimental (void sectioning and micrographic examination) and analyti-
cal (computational void cell models) studies which aimed to validate and
improve the understanding of the effect of void growth on ductile fracture.

B.1 Background

Figure B.1 illustrates the progression of the micro-scale ductile fracture pro-
cess as related to the global behavior of a CNT specimen. As discussed in
Chapter 2, the ductile fracture process is mostly controlled by plastic defor-
mation, so it is reasonable to use the plastic strain as an index to the figure.
The particular sizes of the regions in the figure are approximate and not
drawn to scale, their true relative size is uncertain and a function of material
parameters such as the microstructural geometry, stress state, and hardening
response. Detailed descriptions of the regimes in the figure are listed below:

Inclusion Decohesion The first step in the ductile fracture process is the
separation of the secondary particles from the steel matrix, and is
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Figure B.1: Sequence of the ductile fracture process
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caused by the incompatible hardening behavior of the inclusions and
the matrix. The duration of this portion of the history has been studied
by (Argon et al., 1975) (Goods and Brown, 1979), who found typical
nucleation strains to be between 2% and 10%. These strain levels rep-
resent a small portion of the total strain capacity of ductile materials,
and are typically neglected in predictive fracture models (Panontin,
1994).

Void Growth After the inclusions have debonded from the matrix, the re-
sulting void controls the remainder of the fracture process. Generally,
for triaxiality levels above 0.5, there is limited interaction between the
matrix and the inclusion after debonding, and the void can be consid-
ered hollow (Cooke, 2013). Void growth has traditionally been regarded
as the largest portion of the strain history, and has been used as the
sole predictor of fracture strain in many models (e.g. (2004a))

Local instability The increasing area fraction of voids induces a net section
effect, effectively softening the material on a continuum scale. When
this softening behavior overwhelms the constitutive hardening response
of the matrix the overall stiffness reaches zero. This constitutive in-
stability corresponds to the onset of unstable void growth and rapid
stretching of the intervoid ligament.

Coalescence Large-scale void growth leads to significant interaction be-
tween neighboring voids until the voids coalesce. The point of this
coalescence is controlled by the intervoid spacing, which is determined
by the random spatial distribution of the original inclusions. As such,
different voids may coalesce at different strain levels.

Propagation The local instability and coalescence of a number of voids
forms a micro-scale crack in the material. With sufficient available
elastic energy or further plastic strain, this microscale crack will prop-
agate and cause a macro-scale failure which is typically observed as a
visible crack. Ductile fracture initiation has been previously related
to coalescence over a small length scale (experimentally justified by
Kanvinde (Kanvinde and Deierlein, 2004a), and representing approxi-
mately 5-10 intervoid distances). The relative duration of this phase is
highly specimen dependent, and is based on the available elastic strain
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energy in comparison to the remaining energy required to fully fracture
the specimen.

The most important aspect of this timeline is that the relative importance
of the events listed in the figure is not accurately known. As applied to
modern fracture models, the ’Void Growth’ regime has been assumed to
be the most important and models which simulate only void growth (and
not nucleation or coalescence) have been used for fracture prediction. If
this assumption is incorrect, then new fracture models should (1) simulate
the other parts of the fracture process directly or (2) rely more strongly on
empiricism than on matching the theoretical predictions of void growth.

B.2 Original findings regarding the fracture

mechanism

B.2.1 Experimental void mechanics

To investigate the relative magnitudes of the steps in the fracture timeline
(Figure B.1), it is instructive to inspect material which is damaged almost
to the point of fracture.

Previous researchers (Benzerga and Leblond (2010), Becker et al. (1988)),
demonstrated a method for cutting and sectioning specimens to expose par-
tially formed voids, which may be examined microscopically. Typically this
is done through interrupted tests (testing one specimen to fracture, and test-
ing an identical specimen until just before fracture). However, interrupted
tests prevent valuable fracture data from being collected so to maximize the
efficiency of the test series, a method was created to inspect the damage
inside post-fracture specimens.

Contours of the material damage in a round tension coupon are shown
in Figure B.2. The material damage is calculated in the figure according
to the Stress-Weighted Damage Model presented in Chapter 5 As shown in
the figure, the damage 1 mm below the fracture plane is roughly 90% of the
damage at the location of fracture. If the damage accumulation is a stable
process which is mostly occupied by the void growth phase, visual indications
of fracture damage close to the fracture surface would be significant. This
measure of significance is qualitative, but falls on the spectrum between
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Figure B.2: Fracture demand contours in tension coupon

undamaged material (no visible voids) and material completely occupied with
voids (i.e. the fracture surface).

A diagram of the cutting process is shown in Figure B.4. Fractured spec-
imens were milled along the longitudinal midline, then sanded and polished
to expose any partially formed voids. As the typical void size observed on
the fracture surface was approximately 20 µm, the sanding process removed
40µm so as to avoid voids which were disturbed by the milling process.
The sectioned specimens were examined with a scanning electron microscope
(SEM).

The principal finding of this study was that relatively few voids were found
adjacent to the fracture surface, despite the large extent of the predicted
fracture damage.

This suggests that the void growth portion of the damage history is
smaller than previously expected. In other words, localization occurs between
relatively small and widely spaced voids. This is contrary to the classical
picture of the void growth and coalescence mechanism, in which coalescence
occurs once a significant amount of the material has been replaced by voids.
Therefore, a model accurate to the microstructural mechanism needs to be
based not only in void growth, but in the void localization behavior as well.
If we do not create a model fitting these criteria, a fully empirical model may
be more appropriate than a model based only in void growth (e.g. the Void
Growth Model in Equation 2.17).
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Figure B.3: Diagram of sectioned post-fracture specimen
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Figure B.4: Exposed voids in sectioned tension coupon

Specimens which were loaded at various stress states were included in
this study. Figure B.5 shows a comparison between voids observed at low
and high triaxiality levels. The predicted effects of the triaxiality on the void
shape are confirmed.
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Figure B.5: Images of sectioned fracture specimens
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Figure B.6: Fracture surface of high triaxiality specimen (RN-1)

Figure B.7: Fracture surface of low triaxiality specimen (IN90-1)
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Figure B.8: Effect of stress state on fracture surface
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B.3 Conclusions

The computational and experimental studies of the fracture process provide
valuable information which was not previously available. Previous studies of
the fracture mechanism which were reliant on the information available from
material fracture surfaces, restricted to the final state of material damage.

Specific conclusions relating to the fracture process are listed below:

• The visible indicators of fracture damage grow at a highly nonlinear
rate near the point of fracture initiation.

• The void growth portion of the history described in Figure B.1 is impor-
tant, but not the only aspect governing fracture initiation. Additional
factors (types of damage) which influence the critical void size may be
significant inputs to the fracture model.

• The proposed fracture model need not be tied explicitly to derived
equations of void growth. As such, the models are free to be empirical
in nature, even if this contradicts the predicted void behavior.
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Appendix C

Optical system for tracking
displacement of Inclined Notch
specimens

C.1 Introduction

Chapter 3 described the challenges of measuring displacements of the In-
clined Notch (IN) specimens during testing. Specifically, these problems
were caused by (1) the asymmetry inherent in the specimens as the top and
bottom portions tend to rotate during loading and (2) slip in the pinned
specimen supports. As described in the chapter, the two methods used to
address the issues were the post-processing of the physical measurements to
remove the effects of pin slip and a newly developed optical displacement
tracking algorithm. This appendix will detail the implementation of the op-
tical tracking system, to include: (1) the background of the measurement
problem including specific features which make optical measurement attrac-
tive, (2) the new methodology for optical measurement, and (3) concluding
remarks on the effectiveness of the method.

Figure C.1 illustrates the context for the measurement of the IN specimens
through comparison of the physical specimen with the complementary finite
element model. Important features of the physical specimen include the slip
in the pinned connection (making physical measurements unreliable) and the
concentration of deformation in the notch area. Strains outside the notch
area remain elastic and are generally very small (less than 0.002%). These
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Figure C.1: Inclined Notch simulation and measurement landscape

strains represent displacements which are too small to be captured by either
physical or optical sensors.

Displacements within the supporting areas of the specimen can therefore
be disregarded for the purposes of the measurement process. To ensure accu-
rate distribution of stresses in the finite element simulations, the supporting
areas are modeled using an elastic constitutive model.

The physical IN specimens (Figure C.1a) are supported by means of two
pins which are free to rotate in the plane of the specimen and have some
level of flexibility and slippage in their connection. Modeling the behavior of
the pins is not feasible, and so in the finite element simulation we model the
boundary condition as a ’perfect pin’ (Figure C.1b). The perfect pin is free
to rotate but is assumed to be rigidly connected to all nodes on the perimeter
of the supporting hole in the specimen.

The appropriate displacements to apply to the boundary of the finite
element model are the measured movements of the pin if it were connected
to the specimen in a rigid and slip-free manner. As the deformations in the
specimen supporting area are negligible, the ’perfect pin’ displacement can
be calculated directly from the rigid body motion of the supporting area.
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C.2 Methodology

C.2.1 Specimen Preparation

A regular grid of red circles on a white background was painted on each
specimen using a laser-cut template (Figure C.2). The paint colors were
chosen as they allowed the tracking algorithm to reliably differentiate between
the circles and the background, and the template fit into the specimen pins
so that the location of the circles was fixed for each specimen.

A commercial digital camera (Canon T2i) was mounted at a distance of
250 mm and an orientation of 90◦ relative to the specimen (Figure C.3).
The camera was triggered at 1 second intervals by the testing program, such
that the photographs and the experimental data could be synchronized. Fig-
ure C.2 is a representative image taken by the camera during one of the
tests.

The algorithm designed for locating the center of the painted circles in
each photograph is as follows:

1. The tracking algorithm for each red circle requires as input a point in-
side of that circle (though not necessarily the center). Find the smallest
bounding circle around the interior point which contains no red pixels.

2. The centroid of the red circle is calculated as the mean location of all
red pixels within the bounding circle.

Given the above algorithm, the tracking process is initialized by hand-
selecting points inside each of the circles on the initial specimen photograph.
For each subsequent photograph, the algorithm is initialized with the point
centers located in the previous photograph. This process is repeated to track
the movement of each painted circle throughout the experiment.

C.2.2 Recovering the rigid-body motion from the tracked
points

Recall that the objective of the optical measurement system is to track the
location of the specimen pin locations through the rigid-body motion of the
supporting areas of the specimen.

Equation C.1 describes the motion of points on the specimen support
between the original and deformed configuration. In the equation, X0 and
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Figure C.2: Inclined Notch specimen prepared by painting
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Figure C.3: Optical displacement measurement setup
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Y0 represent the location of a point in the initial photograph (i.e. the unde-
formed specimen geometry). The constants φ, ∆X , and ∆Y describe the rigid
body motion of the supporting areas, indicating the rotation and translation
in each axis. Finally, Xt and Yt indicate the new position of the point for the
given level of rigid body motion.Xt

Yt

 =

cos(φ) − sin(φ)

sin(φ) sin(φ)



X0

Y0

+

∆X

∆Y


 (C.1)

The rigid body motion of the top and bottom specimen supports is ob-
tained by finding the coordinate transformation (translation and rotation)
which moves the point locations in the original photograph to the respective
locations in a later photograph. The error measure used for this optimization
is the norm of the vector of distances between the original and transformed
point sets.

For example, Equation C.2 calculates the error for a given transformation
of the points in the top specimen support. Referring to the equation, Xt,i and
Yt,i represent the location of the ith red spot on the specimen as calculated
by transforming the original location. The terms Xm,i and Ym,i represent the
location of the same spot as determined by the optical tracking system.

error =
∑

iεtop points

√
(Xt,i −Xm,i)2 − (Yt,i − Ym,i)2 (C.2)

The error is minimized using the Broyden-Fletcher-Goldfarb-Shannon
gradient based method as implemented in the fminunc function in the com-
mercial program, MATLAB. Given the resulting rigid body motion of the
two supporting areas of the specimen, Equation C.1 is used to calculate the
motion of the location of the specimen pin supports. The critical part of this
motion, required for application as a boundary condition to the FE simula-
tion, is the overall elongation of the specimen (i.e. the distance between the
top and bottom pin).

Figure C.4 illustrates the optical tracking procedure for two photographs
of one specimen. The image shown in the figure was taken part way through
the test, and has the results of the tracking algorithm at the beginning and
mid-point of the test overlaid. For each of the two steps, the locations of the
individual tracked red circles is shown, along with the motion of the centroid
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of the tracked points. The rigid-body motion is used to extrapolate the
location of the ’perfect pin’ locations, which provide the overall deformation
of the specimen.
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Figure C.4: Illustration of optical tracking process
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C.3 Discussion of results

The results of physical and optical measurement techniques for one specimen
are shown in Figure C.5, showing a close agreement between the two methods.
Referring to the figure, each measurement method shows some irregularity as
the force in the specimen passes through zero. For the physical measurement,
the irregularity is due to the slip in the pin connection which is partially
corrected for in Chapter 3. The irregularity in the optical measurement is
due to resettling of the specimen relative to the camera under tension and
compression.

The optical tracking system described in this appendix can be categorized
as a ’centroid’ tracking method, because it relies on tracking the centroid
of pixels in each point . The method is described by Ghosh and Webb
(1994), who suggest the sensitivity of the centroid location to be significantly
less than the size of one pixel in the photograph. A more detailed study
into the issue of sensitivity and accuracy in optical measurements (Cheezum
et al., 2001) finds the sensitivity to be highly dependent on the signal-to-noise
ratio in the photograph, and to be something between 0.1 and 1.0 times the
size of an individual pixel. In the images used in the tracking process (e.g
Figure C.2) the typical size of a pixel is 32 µm. This result compares well with
the physical displacement measurement, which had a specified sensitivity of
10 µm. Moreover, the result of the optical measurement is appropriate for use
as the boundary condition in the complementary finite element simulations
without the use of any empirical corrections.
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FORTRAN subroutine for
calculating fracture parameters
in ABAQUS

This appendix includes a FORTRAN program which is used as a user sub-
routine in ABAQUS/standard (ABAQUS, 2012), and is used to calculate
several important parameters from this thesis. User subroutines in ABAQUS
are used to define output variables (i.e. variables which do not affect the fi-
nite element simulation itself) for display with the ABAQUS visualization
system and data output functions.

This subroutine is adapted from a version created by Myers (2009) to
include output of the deviatoric parameter ξ. The variables recorded in the
ABAQUS output file are:

UVAR1 - Stress triaxiality (T = σm
σ

)

UVAR2 - Equivalent plastic strain (εP =
∫ √

(2/3)dεpijdε
p
i j)

UVAR3 - Equivalent plastic strain during compression cycles

UVAR4 - CVGM fracture demand η

UVAR5 - Degraded fracture capacity according to compressive equivalent
plastic strain (Equation 2.19)

UVAR6 - CVGM fracture index (i.e. UV AR4
UV AR5

)
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UVAR7 - Lode angle parameter ξ or X (ξ = 3
√
3J3

2J
3/2
2

= cos (3θ))

UVAR8 - SWDM fracture demand (Equation 5.38)

UVAR9 - SWDM fracture index (i.e. UV AR8
UV AR5

)

1 !MODULE PARAMETER_DATA

2

3 !REAL*8 ETAMONO ,LAMDA ,READFLAG

4

5 !END MODULE

6

7 SUBROUTINE UVARM(UVAR ,DIRECT ,T,TIME ,DTIME ,CMNAME ,ORNAME ,

8 + NUVARM ,NOEL ,NPT ,NLAYER ,NSPT ,KSTEP ,KINC ,

9 + NDI ,NSHR ,COORD ,JMAC ,JMATYP ,MATLAYO ,LACCFLG)

10

11

12 INCLUDE ’ABA_PARAM.INC’

13

14 CHARACTER *80 CMNAME ,ORNAME

15 DIMENSION UVAR(NUVARM),TIME (2),DIRECT (3,3),T(3,3),COORD (*),

16 + JMAC (*),JMATYP (*)

17

18 DIMENSION ARRAY (15),JARRAY (15),XNEWVAL (15)

19 PARAMETER (E =2.7183 , TOL =0.00001 , LAMDA =1.0, ETAMONO =2.6, A=1.3,

C=.5)

20 !REAL ETAMONO ,LAMDA

21 CHARACTER *3 FLGRAY (15)

22

23 !

*************************************************************************

24 ! * Definition of variables

25 ! *

26 ! * UVAR (1) = Triaxiality

27 ! * UVAR (2) = Equivalent Plastic Strain

28 ! * UVAR (3) = Compressive Equivalent Plastic Strain

29 ! * UVAR (4) = CVGM Fracture Demand

30 ! * UVAR (5) = Degraded Fracture Capacity

31 ! * UVAR (6) = CVGM fracture index

32 ! * UVAR (7) = X or ksi , deviatoric stress parameter -cms

33 ! * UVAR (8) = SWDM Fracture Demand

34 ! * UVAR (9) = SWDM fracture index

35 !
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36 ! *

37 ! * XNEWVAL (1) = Triaxiality , current increment

38 ! * XNEWVAL (2) = Equivalent Plastic Strain , current increment

39 ! * XNEWVAL (3) = Compressive Equivalent Plastic Strain ,

current increment

40 ! * XNEWVAL (4) = Deviatoric Stress Parameter , current

increment

41 !

*************************************************************************

42

43 !

*************************************************************************

44 ! * Get CVGM material parameters from a text file. Store

these in

45 ! * PARAMETER_DATA MODULE , so that the text file does not need

to be opened

46 ! * and read with every subroutine call

47 !

*************************************************************************

48

49

50 !IF(READFLAG.NE .135678) THEN

51

52 !OPEN(55,FILE=’C:\ CVGM_parameter_input.txt ’)

53 !READ (55,*) ETAMONO ,LAMDA

54 !CLOSE (55)

55

56 !READFLAG = 135678

57

58 !END IF

59

60 !

*************************************************************************

61 ! * Get stress values from ABAQUS and calculate the

triaxiality. If the

62 ! * Mises stress is too low , set triax = 0.

63 !

*************************************************************************

64

65 CALL GETVRM(’SINV’,ARRAY ,JARRAY ,FLGRAY ,JRCD ,

317



Appendix D. SWDM implementation in FORTRAN subroutine

66 + JMAC ,JMATYP ,MATLAYO ,LACCFLG)

67

68 IF (ARRAY (1).LE.TOL) THEN

69 XNEWVAL (1) = 0

70 ELSE

71 XNEWVAL (1) = -ARRAY (3)/ARRAY (1)

72 END IF

73

74

75 !

*************************************************************************

76 ! * Use the stress invariant values to calculate the

deviatoric stress

77 ! * state parameter.

78 !

*************************************************************************

79

80 IF (ARRAY (1).LE.TOL) THEN

81 XNEWVAL (4) = 3

82 ELSE

83 XNEWVAL (5) = ARRAY (4) **3*2/9/3

84 XNEWVAL (4) = 27/2* XNEWVAL (5)/( ARRAY (1) **3)

85

86 END IF

87

88

89

90 !

*************************************************************************

91 ! * Get equivalent plastic strain from ABAQUS and calculate

the compressive

92 ! * eqvuivalent plastic strain.

93 !

*************************************************************************

94

95 CALL GETVRM(’PE’,ARRAY ,JARRAY ,FLGRAY ,JRCD ,

96 + JMAC ,JMATYP ,MATLAYO ,LACCFLG)

97

98 XNEWVAL (2) = ARRAY (7)

99

100 IF (XNEWVAL (1).GE.0) THEN
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101 XNEWVAL (3) = UVAR (3)

102 ELSE

103 XNEWVAL (3) = UVAR (3) + XNEWVAL (2) - UVAR (2)

104 END IF

105

106 !

*************************************************************************

107 ! * Calculate demand and capacity parameters for the CVGM (

based on new

108 ! * values , XNEWVAL , and old values , UVAR). If triax is too

high , then

109 ! * do not update integral. Update UVAR to the new values.

110 !

*************************************************************************

111

112 IF(( XNEWVAL (1).GT.0).AND.( XNEWVAL (1).LT.10)) THEN

113 UVAR (4) = UVAR (4) +

114 + (XNEWVAL (2) - UVAR (2))*E**(ABS (1.5* XNEWVAL (1)))

115 ELSE IF(( XNEWVAL (1).LT.0).AND.( XNEWVAL (1).GT.-10)) THEN

116 UVAR (4) = UVAR (4) -

117 + (XNEWVAL (2) - UVAR (2))*E**(ABS (1.5* XNEWVAL (1)))

118 ELSE

119 UVAR (4) = UVAR (4)

120 END IF

121

122 IF(UVAR (4).LT.0) THEN

123 UVAR (4) = 0

124 END IF

125

126

127 !

*************************************************************************

128 ! * Calculate demand parameter for the SWDM

129 ! * If triax is too high , then

130 ! * do not update integral. Update UVAR to the new values.

131 !

*************************************************************************

132 IF(( XNEWVAL (1).GT.-10).AND.( XNEWVAL (1).LT.10)) THEN

133 UVAR (8) = UVAR (8) +

134 + (XNEWVAL (2) - UVAR (2))*C*(E**(A*XNEWVAL (1)) - E**(-A*

XNEWVAL (1)))
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135 ELSE

136 UVAR (8) = UVAR (8)

137 END IF

138

139 IF(UVAR (8).LT.0) THEN

140 UVAR (8) = 0

141 END IF

142

143

144 UVAR (1) = XNEWVAL (1)

145 UVAR (2) = XNEWVAL (2)

146 UVAR (3) = XNEWVAL (3)

147 UVAR (5) = ETAMONO*E**(- LAMDA*UVAR (3) /2.0)

148 UVAR (7) = XNEWVAL (4)

149

150

151 IF (UVAR (5).LE.TOL) THEN

152 UVAR (6) = UVAR (6)

153 UVAR (9) = UVAR (9)

154 ELSE

155 UVAR (6) = UVAR (4)/UVAR (5)

156 UVAR (9) = UVAR (8)/UVAR (5)

157 END IF

158

159

160

161 RETURN

162

163 END
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Description of Digital
Resources

The treatment of the data collected for this report produced large data sets
for each tested specimen, of which only a summary was feasible to include
in the text of the report. Additionally, several computer programs were
created to process the experimental data to allow the comparison of many
fracture models and analysis procedures (e.g. deterministic calibration or
maximum likelihood calibration). A digital repository is available accom-
panying this report which contains most of the test data available for each
specimen and the source code for several programs which were instrumental
in the research. These digital resources will be described in this appendix,
and include (1) the database of test data reported in Chapter 3, (2) MAT-
LAB source code for the Particle Swarm Optimization algorithm developed
for material model calibration in Chapter 4, (3) a database of test results
on Cylindrically Notched Tension specimens which was used to develop and
validate the Particle Swarm Optimization results, and (4) MATLAB source
code for the Maximum Likelihood Estimation method of estimating fracture
model parameters.

E.1 Fracture test database

The fracture test database includes important data produced for each spec-
imen, and is separated into three sets of files.
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Test DAT files

These files contain the basic information corresponding to each experiment in
a text file. In general, these files begin with the name of the test as assigned
in this report, followed by the data which is reported line-by-line. The units
in these files are in millimeters, Newtons, seconds, and kilo-pascals.

Lines beginning with ’**’ denote a subset of the test data, which include
the following:

TESTINFORMATION General information about each test, including
the geometry, nature of the loading history, and other information
recorded at the time of the experiment. The test name field within
this section refers to the test name assigned during the testing process,
which is different from the test identification used in the report. These
test names begin with the prefix ’test ’, and do not overlap with the
names assigned in the report. The remainder of the information in
this section describes the test geometry, and is specific to the specimen
categories.

EXPMEASUREMENTS This section provides the information recorded
by the physical sensors during the experiments. Separate fields are
recorded for the time, displacement, and axial force in the specimens,
along with additional measurements from the axial extensometer where
available.

OPTMEASUREMENTS This section is specific to the Inclined Notch
experiments, and includes the results obtained from the optical dis-
placement tracking system. The values reported in this section for the
specimen load were obtained by synchronizing the time steps of the
optical system with the physical sensors.

ABAQUSRESULTS This section provides a brief summary of the results
of finite element simulations of each specimen. The reported quantities
are limited to the global specimen load and displacement, along with
selected continuum parameters (e.g. triaxiality, ξ, equivalent plastic
strain) at the center of the specimen. This data set is especially limited
in the case of the Inclined Notch specimen, where the results at the
central node were not representative of the fracture prediction.
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Test MAT files

The folder entitled ’Test MAT files’ contains the entire data set for each test
which was used for the calibration of the fracture model. These files are
formatted as MATLAB data files and are compatible with release r2009b of
the MATLAB software. Each file contains several data structures which are
labeled as follows:

TST Contains general information about each test. All information in this
data structure is also available in the DAT files.

MTS Contains the experimental measurements made during each test by
the MTS data collection system. The field ’pinparams’ was not in-
cluded in the DAT file for each test, and contains the information used
to remove the pin displacement from the test history as described in
Equation 3.13.

OPT Contains information produced by the optical displacement tracking
system for the Inclined Notch tests. The field ’trackingdata’ was not
included in the DAT file and contains detailed results produced by the
tracking algorithm, including the motion of the individual painted dots.

ABQ Contains the results of the complementary finite element simulations
for each test. In addition to the data provided in the DAT files, this
field contains the history of the full stress tensor for each analysis which
may be used to evaluate alternate stress invariants.

Unlike the remainder of the data in this report, the data in the MAT file
database is in US customary units, specifically: pounds force, inches, and
kips/in2.

Test videos

Videos were produced for each Inclined Notch specimen using the photographs
taken with the optical tracking system. The videos include a display of the
notched region of the specimens, as well as indicators showing the time,
force, and displacement at each frame of the video. Figure E.1 provides a
screen-shot of one of the videos with annotations describing the parts.
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Test name following the naming 
system in the ‘Test DAT �les’

Current time, axial displacement, 
and axial load as recorded bythe 
optical tracking system

Time (seconds)-Displacement 
(inches) history plot of the 
specimen with the current 
position indicated 

Displacement (inches) - Force 
(pounds) history plot of the 
specimen with the current 
position indicated 

Image of the notched area 
at the current time step

Figure E.1: Description of test videos available as supplemental resources

E.2 Material model calibration software

The archive file titled ’PSO algorithm and data’ contains the software and
data used in the material model calibration study in Chapter 4. The soft-
ware is available in MATLAB code, and the inputs and outputs of the files
are provided in the file ’readme.txt’. The file ’tests.mat’ contains a MAT-
LAB formatted database of twenty-one Cylindrical Notched Tension tests
and one stress-strain history produced from a round tension coupon. The
data in this archive are in US customary units. The files titled ’AP50LN.inp’,
’AP50SN.inp’, and ’AP50VLN.inp’ are template input files used by the finite
element software ABAQUS which are required by the calibration program.

The data in this archive were taken from experiments performed by Kan-
vinde and Deierlein (2004b).
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E.3 Software for calibration of fracture pa-

rameters using Maximum Likelihood Es-

timation (MLE)

The final archive titled ’MLE code’ provides the basic computer code used
to calibrate fracture models to the test data using Maximum Likelihood
parameter Estimation.
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