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ABSTRACT 

Much work has been done on trying to gain insight into the dynamics of accreting 

systems, such as black hole and neutron star binaries, by analyzing timing measure-

ments from X-ray telescopes.  In this thesis we present a novel approach to this 

problem using a kurtosis measure of the wavelet distribution obtained from the light 

curve to quantify the presence of intermittent activity.  This method is applied to large 

RXTE data sets for GRS 1915+105, and Cygnus X-1.  We demonstrate a new ap-

proach to reveal bursting modes.  Negative correlation between the presence of a low 

frequency QPO in the Cygnus X-1 Fourier power spectrum and a wavelet kurtosis 

indicator of temporal intermittency is observed.  A possible interpretation of this anti-

correlation is developed using a “dripping handrail” transient chaos model. 
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1.  INTRODUCTION 

Accretion powered X-Ray sources are a unique natural laboratory to study strong 

gravity and general relativity in the presence of macroscopic amounts of very high 

density nuclear matter and ruled by magnetohydrodynamics in the extreme conditions.   

These systems may provide insights into the dynamics of the accretion process and 

allow us to derive information about the physical phenomena in the vicinity of black 

holes, neutron stars, and other compact astronomical objects of both galactic and 

stellar scale. 

This study concentrates on the experimental and theoretical investigation of rapid 

aperiodic variability of X-Ray intensity in stellar binary black hole sources.  It utilizes 

the RXTE X-Ray telescope timing data from the sources Cygnus X-1 and GRS 

1915+105.  Novel statistical measures in wavelet space are proposed to characterize 

the stochastic properties of the accretion process and to constrain possible physical 

and phenomenological models for those systems.   

1.1  Accreting compact objects 

Accreting systems are astronomical objects where a compact object, such as a black 

hole or neutron star, attracts matter either from a companion donor star or the interstel-

lar medium.  Gravitational potential energy is converted to radiation that can be 

detected in a broad range of the electromagnetic spectrum from thermal to γ-ray 

energies.  This process is characterized by the efficiency of the conversion 

 
2

L

Mc
ε =   (1.1) 

ε is the ratio of luminosity to the rest mass accretion rate.  It can be as high as 40% for 

spinning black holes. 

For a comprehensive review of accretion disk physics see (Abramowicz, Bjornsson et 

al. 1999; Kato, Fukue et al. 2008), and references therein. 
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If the matter surrounding the compact object has negligible relative angular momen-

tum, matter is falling into the compact object uniformly.  When the radial velocity of 

such an accretion flow exceeds sonic, a shock wave forms in the medium, far from the 

object. 

As the material approaches the object, it is compressed and heated, causing it to 

radiate.  In case that the object is a black hole, the material will pass the event horizon 

without radiating much of its energy.  If the object is a neutron star the kinetic energy 

of the material will be released when it impacts the surface. 

Material with large angular momentum will orbit the object in a plane.  If the material 

is accreted from different directions it will eventually be distributed in a form of a disk 

due to viscous interaction.  Each radius of the disk will orbit with a Keplerian velocity.   

For black holes, general relativity predicts the existence of an inner radius within 

which no stable orbits exists (see (Krolik and Hawley 2002), and references therein).  

Observations of the motion of matter at the smallest stable orbit may provide con-

straints on size and spin of a black hole. 

Viscosity in the accreting disk causes inward transfer of mass and outward transfer of 

angular momentum.  It is characterized by effective viscous forces and described by a 

parameter α that is defined as a proportion of viscous stress to gas pressure.  It is 

usually estimated in the range of 1 to 0.01.  The exact mechanism of the dissipating 

forces causing the transfer is not yet well understood, though it has been shown that 

the presence of a magnetic field in the accretion disk material will cause magneto-

rotational instability (MRI) that could be the source of angular momentum transfer 

(Balbus and Hawley 1991).  For a detailed review of MRI see (Balbus and Hawley 

2003).  Current interpretation of observational data favors a magnetic nature of the 

momentum transfer (Miller and others 2006).   

The geometry of the innermost part of the accreting disk flow is uncertain and varia-

ble.  In many models the flow is Keplerian down to the inner region.  Advection or 

magnetically dominated flow models feature a large inner disk radius within which the 

flow is no longer Keplerian and may not be disk like.  Advective cooling occurs when 
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plasma moves too fast to radiate all the acquired thermal energy before entering the 

horizon of the black hole.  For some advection dominated models of accretion no 

stable solution can be found therefore predicting temporal variability of the flow.   

For galactic sized accretion-powered objects such as AGNs a similar pattern of 

behavior is observed, indicating that similar appropriately scaled physical mechanisms 

may be responsible (Körding, Jester et al. 2006; Körding, Migliari et al. 2007; Belloni 

2010).   

In this study we concentrate on stellar binary systems, with a mass of accreting object 

on the order of 10 to 20 solar masses. 

1.2  X-Ray timing variability 

On the largest time scales X-Ray binary systems display transitions in timing and 

energy spectrum of their emitted radiation.  Often a relatively rapid change is followed 

by a prolonged period in which the properties of the source are relatively stable and 

are described as states.   

For black hole candidate sources (BHC) somewhat loosely defined “canonical” states 

are observed (overview in (Belloni 2010)).  While initially the states definitions were 

based upon the properties of the photon energy spectrum and overall luminosity, as it 

is reflected in the state names, more detailed timing studies on shorter time scales 

allowed including rapid temporal variability properties into the definition of states.  

These states are currently called low/hard (LH) and high/soft (HS) and quiescence.  

Sometime a very-high (VHS) state, intermediate state, or Steep Power Law (SPL) 

state are identified as transition states.  Those states are primarily characterized by 

their spectral slope of the emission at higher energies and the presence or absence of a 

soft (under 5 keV) component.  Some sources, such as GRS 1915+105 display a much 

richer palette of states interspersed with flaring activity. 

States are generally identified using diagrams correlating relative hardness of the 

spectrum with luminosity as well as by Fourier power spectra on shorter time scales.   
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The source may be described by variations of intensity I(t).  Such variability is caused 

by fluctuations of density, temperature, and magnetic field in the orbiting matter and 

short term variations in the accretion flow.  It is characterized by time scales ranging 

from milliseconds to minutes – generally consistent with time scales for dynamical 

orbital motion in the disk, viscous and thermal relaxation times in turbulent plasma 

and linear oscillations for the inner disk region. 

These rapid variations can be described as a stochastic time-series process.  Its statisti-

cal properties may be used to provide details on the dynamics of the inner accretion 

flow and physical processes in that region.  Measured properties include relative 

intensity of variations with a specific frequency as measured by a Fourier power 

spectrum of the X-Ray flux in a certain energy band, time-lags between different 

energy bands and other statistical measures.  For the power spectrum, features such as 

broad peaks – quasi-periodic oscillations – and broad-band power-law noise and 

flickering are identified (van der Klis 2004; van der Klis 2005). 

One important prediction for rapid variability is a differentiator between black-hole 

and neutron star systems.  The existence of an innermost stable orbit around a black 

hole without a hard surface is thought to limit variability at the time scales shorter than 

a fraction of a millisecond, but with a lower frequency threshold than a similar limit 

for neutron star systems.  So far no firm experimental evidence for such a cutoff had 

been detected.   

While the underlying source intensity is a continuous function, existing experimental 

methods to measure it – orbiting X-Ray telescopes – can only capture a fraction of the 

energy flow in a form of individual photons with arrival rates from 10 to 104/sec and 

time resolution down to a few microseconds or larger.  Due to the inherent random 

nature of this sampling process, measurement variations are superimposed on the 

original signal, forming a doubly stochastic Poisson process – the Cox process 

(Snyder and Miller 1991).    These two components of stochastic variability have to be 

rigorously distinguished. 
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1.2.1  Fourier analysis 

Fourier analysis is an important tool to describe and analyze timing variability.  The 

signal is described as a superposition of sinusoidal waves.  Naturally, statistics based 

on a Fourier transform are best suited for signals that are reasonably approximated as 

time-invariant and stationary.   

The Fourier power density Pν (ν) is used to estimate X-ray flux variance as a function 

of frequency ν; typical ranges studied are from a fraction of a Hz to kHz.  At longer 

time scales this analysis is limited by state-changes and continuous experimental data 

length limitations.  At higher frequencies, arrival process counting noise and time 

resolution of the source signal are the limiting factors. 

The resulting power spectrum is typically described as a sum of several components.  

Broad peaks are identified as quasi-periodic oscillations (QPO).  They are typically 

defined as peaks, with quality factor Q > 2, where Q is a ratio of centroid frequency ν0 

over full width of the half maximum λ for a fitted functional shape (often a Lorentzi-

an). 

Broad spectral features typically consist of a low-frequency flat spectrum and a falling 

power-law noise.  See (van der Klis 2004) for an overview. 

1.2.2  Time lags and coherence 

Comparing X-Ray signals simultaneously detected in different energy bands can 

provide diagnostics of the geometry and physical processes in the emitting region.  

Cross-coherence is a measure of linear correlation between signals (Vaughan and 

Nowak 1997).  Nearly perfect coherence found between low and high energy photons 

in several sources rules out a wide variety of models postulating spatially extended 

emission (Kotov, Churazov et al. 2001; Kylafis, Papadakis et al. 2008; Böck, Wilms et 

al. 2010).   

Time lags (delays) between energy bands may be measured using phase lags (time lag 

multiplied by frequency) using the cross-spectrum: Fourier transform of the cross-

correlation function.  The high energy component was found lagging in studied 
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systems, at a level of order of 0.1 rad in a range of timescales covering between ~10-2 

and 102s (for example (Crary and others 1997; Ford, van der Klis et al. 1999)). 

1.2.3  Stationarity 

For a broad range of sources there is a strong correlation between the rms variability 

for broadband noise, σ, and the flux, F, indicating that the underlying time series 

exhibit non-stationary behavior on time scales shorter than state transitions (Uttley and 

McHardy 2001).   

1.2.4  Self-similarity 

A process X(t) is self-similar with similarity exponent α if  

 ( ) ( )X t X tαλ λ=  (1.2) 

holds statistically over a wide range of λ.  A self-similar time series would have a 

power-law Fourier power spectrum.  It has been shown that stochastic fluctuations in 

accreting sources are self-similar over a wide range of time scales (Scargle and Young 

1996).   

1.3  Physical models for variability 

A broad range of studies had been performed to describe time dependent accretion 

flow around compact objects using general magnetohydrodynamic modeling of 

plasma behavior. 

Diskoseismology focuses on modeling macroscopic linear oscillations of the inner 

accretion disk region (Nowak, Wagoner et al. 1997).  Naturally, QPO features in the 

power spectrum are the main object of interest for verifying and constraining those 

models. For an overview see (Kato, Fukue et al. 2008). 

MHD simulations of disk accretion are trying to predict the complex dynamics of disk 

interactions.  Various models had been suggested, involving accretion disk turbulence 

(Nowak and Wagoner 1993), MHD (Armitage and Reynolds 2003) and thermal-

viscous instabilities in the inner disc, or flares in the corona.  A problem that is com-

mon to these models is that they do predict typical timescales for variability on the 
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order of the natural dynamic time scales of the orbital motion in the hot region of the 

disk, which is on the order of milliseconds, while the observed aperiodic variability 

extends into much lower frequencies.   

Other models had been proposed to explain the broad range of frequencies that con-

tribute to the observed Fourier power spectrum.  It had been suggested that small 

amplitude local fluctuations at each radius cause variation of accretion rate in the inner 

region (Lyubarskii 1997).  (King, Pringle et al. 2004; Mayer and Pringle 2006)  

propose explicit physical models for the origin of such fluctuation.  It was shown that 

MHD perturbations can cause accretion variations on sufficiently long time scales to 

account for the observed variability time scales and the σ(F) relation (Shafee and et al. 

2008; Reynolds and Miller 2009).   

1.4  Phenomenological modeling of rapid variability 

A wide range of models for accreting binary systems variability utilize the creation of 

synthetic time series that demonstrate similar statistical properties as does the experi-

mental data.  Such models can provide insight into the underlying physics, and allow 

for categorization and comparative analysis of the observed sources. 

The earliest explanations for rapid aperiodic behavior involved modeling the observed 

Fourier power spectrum by creating a time series from superimposed random discrete 

finite events called shots.  Mathematically, a power spectrum of a stationary stochastic 

process can always be modeled this way.  Variations of this model involve correlated 

shot occurrence times or oscillating shots - producing QPO features in the spectrum. 

Shot noise models are usually stationary and linear, and cannot account for the ob-

served non-linearity, such as flux-rms correlation, or long-term memory in the pro-

cess.   

Transient chaos models, such as in (Crutchfield and Kaneko 1988; Scargle and Young 

1996) involve modeling a non-linear chaotic system – successfully reproducing the 

observed self-similar behavior and the observed Fourier and wavelet power spectrum 

including both the QPO feature and extended 1/f  noise. 
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1.5  X-ray emission 

The bulk of radiation is released in the inner regions of the disk.  For a 10 km radius 

object 90% of its gravitational energy is released within 100km radius.  In the case of 

a black hole it is within a few Schwarzschild radii RSch, with an innermost stable orbit 

being 26sr GM c= for a zero angular momentum black hole and ranging from 

2GM c  to 29GM c  for a co-rotating to contra-rotating Kerr black hole due to the 

relativistic dragging of inertial frames and other relativistic effects near the inner edge 

of the disk.  For a 10M


 black hole the dynamical time scale 3 1 2( )r GM for rotation is 

on the order of 1ms.   

With predicted temperatures in the inner region on the order of 107 K, the bulk of the 

radiation is in X-rays.  The observed X-ray emission is in fact largely thermal, with 

non-thermal power law component also present, and usually described as a “soft” 

component.  It is thought to originate in an optically thick geometrically thin disk – 

classical model (Shakura and Sunyaev 1973). 

A non-thermal component may originate from non-disk flows and radiation transfer 

processes in a disk “corona” of uncertain shape.  It is thought to be produced through 

inverse Compton scattering in optically thin hot or relativistic moving plasma.  This 

radiation usually has a falling power law spectrum with a slope of -1.5 to -3.5 and is 

described as a “hard” component in the spectrum. 

This radiation is characterized by variability in time at time scales lasting from years 

down to fraction of a millisecond.  It is caused by variations of accretion flow, by the 

orbital motion of the matter in the disk, and instabilities and turbulence within the disk 

(Done, Gierlinski et al. 2007; Kazanas 2009). 

Such variability is the focus of this study. 

1.6  Intermittency and sparse events 

A common objective in experimental data analysis is to search for intermittent phe-

nomena – in time, space or in some other dimension describing a measured signal.  
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Examples in astrophysics include flares in source emission, state transitions, or other 

sparsely occurring events that can yield valuable insight into the physical processes in 

a source. 

A typical approach would be to make an assumption about what constitutes a normal 

statistical state of the studied system, develop a model of the intermittent phenomena 

of interest, search for outlier events in the measured data, as compared with the 

variance of the normal state and compare them to the model.   

For instance one can postulate that a certain interval of a measured light curve of a 

source constitutes the norm and search for a time interval with greatly exceeding 

intensity level fluctuation and try to fit a flare profile to the light curve within that 

interval. 

Problems with this general approach include situations when there is no easy way to 

make an assumption about what would constitute a “norm”.  Searching for coherent 

“shot” structures over a highly variable background would be a good example.  It also 

may be less than desirable to make a priori assumptions about the form of the statisti-

cal distributions. 

While a physicist may concentrate on the underlying cause of an intermittent event – 

such as a state transition in a source – from the point of view of the measured statistic 

such a distinction does not have to be made; one may analyze the overall properties of 

a distribution that includes both the “background” and intermittent events.  The 

challenge is to define what properties of such a statistic will properly indicate and 

describe the presence of intermittency – especially in the light of the fact that there is 

no generally agreed upon definition of that term. 

In the following presentation we try to develop a version of such a definition, illustrate 

it on some simple models, and develop a statistical tool useful for quantitative analysis 

of temporal variability of astrophysical time series, and apply it to X-ray data from the 

RXTE observatory. 
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1.7  The wavelet transform 

The principal tool of this study is the wavelet transform.  A signal (measured light 

curve) is represented as scaled and translated copies of an oscillating and fast decaying 

function called a mother wavelet.  Multiple such functions may be used, with different 

properties.   

Wavelet transforms are generally classified as continuous (CWT) and discrete (DWT).  

A discrete transform uses a countable subset of all possible scales and translations of 

the mother wavelet. 

Over the last twenty years wavelet transform based tools have made their way into the 

astrophysicist’s statistical arsenal.  Earlier applications have been oriented towards 

image analysis.  Capabilities of wavelet transform based signal processing methods in 

that area are highlighted by their use in the modern lossy image compression algo-

rithms, such as JPEG2000 (JPEG). 

Another popular application is for analysis of transient events, such as gamma-ray 

bursts.  In particular, wavelet transform is well suited for signal denoising (Donoho 

1995) and the search for transient features (for example (Lachowicz and Czerny 2005) 

in an application for Cygnus X-1 state transitions).   

In this study, we use a DWT based upon a family of compactly supported functions 

forming an orthonormal basis set in L2 (Daubechies 1988).  For evenly sampled data it 

can be calculated using a matched (quadrature mirror) pair of finite impulse response 

(FIR) digital filters and down sampling for a very computationally efficient implemen-

tation: cost is ( )O N , as compared with ( log )O N N  for the Fast Fourier transform 

(FFT) algorithm.   

Wavelet coefficients describe the signal in both time and frequency.  When dealing 

with a finite observation one may omit coefficients overlapping the observation 

interval boundaries without affecting the resulting statistics, avoiding circularity 

assumption and making unnecessary the use of sophisticated windowing techniques as 

may be necessary with Fourier transforms.  When using a mother wavelet function 

with a large number of vanishing moments, resulting measurement of variability at 
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each scale does not suffer from leakage from low frequencies as it does for the Fourier 

transform. 

One key property of the wavelet transform is that it approximately decorrelates a 

broad range of long-memory processes, such as fractional difference processes. 

(overview in (Percival and Walden 2000)).  Therefore statistics computed from 

wavelet coefficients, such as power (second moment), kurtosis, or coherency and time 

lags between two signals, are less affected by trends, non-stationarity, and many other 

non-linear effects in the underlying time series. 

In this study we will present a wavelet transform measure of intermittency based on 

kurtosis (normalized 4th moment) of the wavelet transform at a particular scale.   

1.8  The X-ray sources. 

RXTE observations of Cygnus X-1 and GRO 1915+105 are used, covering the period 

from 1996 to 2007.  Data sets from the ARGOS USA experiment (see “Appendix C. 

ARGOS USA experiment” for a review) had also been prepared and analyzed, but 

certain inherent properties of the experimental data, such as rate related measurement 

gaps in certain data acquisition modes, had made it unsuitable for the purpose of this 

analysis. 

Cygnus X-1 is one of the most studied X-Ray sources in astrophysics.  All existing 

statistical methods for variability analysis had been extensively applied to it.  As such 

it serves as an ideal object to verify the viability of any new proposed measure. 

GRS 1915+105 displays an extraordinary range in variability.  More than ten of its 

states had been identified, with frequent transitions between them.  For that reason it is 

an ideal object to investigate correlations of the newly proposed statistic with the 

source state variables, such as hardness or luminosity. 

1.9  Goals of this study 

As illustrated above, the study of accreting binary systems is a complex and important 

subject of astrophysical research.  To improve our understanding of their nature 
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through using analyses of time behavior, a variety of experimental and theoretical 

studies need to come together. 

First, one needs more data.  Its sounds simple, but lack of sufficient data is the most 

expensive and hard to improve issue.  The RXTE experiment is currently continuing 

its observation program, albeit with diminished capabilities due to hardware degrada-

tion with time.  Potential replacement observatories with equivalent or greater capabil-

ities, such as ASTROSAT (Koteswara Rao, Agrawal et al. 2009; O'Brien 2010), are 

not yet launched, or, like LOFT (Feroci, Stella et al. 2010), are only in the early 

planning stages at the time of this writing, so X-Ray timing studies will have to do 

with what is already available. 

Second, one may develop some more detailed and accurate models.  Exponentially 

increasing available computational capacity allows for more detailed simulations of 

the complex dynamics of accreting systems down to some very detailed plasma 

turbulence and radiation transfer analysis.  Nevertheless, at this stage it is still hardly 

possible to conduct numerical simulations without making simplifying assumption 

about the geometry of the system and of the accreting material properties. 

Thus, one can make better underlying assumption for the models.  Some more 

straightforward models serve as a basis for such simplification.  They are often geared 

toward reproducing the most notable statistics of the time series – such as quasi-

periodic oscillations, time-lags, energy spectra or other observables. 

And last, for such models to work effectively they need to be constrained by robust 

and revealing statistical measures of the experimental data.  Understanding and 

developing such measures is the area where this study is aiming to contribute. 
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2.  CYGNUS X-1 

Cygnus X-1 is one of the brightest persistent sources of hard X-Rays on the sky.  

Discovered in 1954, it has an average flux of ~3x10-8 ergs cm-2s-1 in the 1 – 200KeV 

energy band.  It is positioned at α = 19h58m21s.700 and δ = +35012’05.’’82 at a dis-

tance of 2.5 kpc. 

It is a binary system consisting of a O9.7 Iab HDE 226 868 supergiant of ~40±10 solar 

masses and Teff ~ 32 kK and a compact object with a mass of ~21±8 M


 orbiting with 

a 5.6-day period at a 350 inclination (Herrero, Kudritzki et al. 1995; Nowak, Vaughan 

et al. 1998; Ziółkowski 2005; Holder 2009).  Other mass and temperature estimates 

are 8
623 M+

−   and Teff ~ 28.0±2.5 kK for the supergiant and 5
311 M+

−  for the black 

hole (Caballero-Nieves, Gies et al. 2009). 

Cygnus X-1 was identified in 1971 as one of the best stellar-mass black hole candi-

dates.  As a largest possible mass for a neutron star is believed to be less than 3M


 it 

was stipulated that Cygnus X-1 is a black hole.  It is considered to be a canonical 

black hole candidate (BHC) object with a Schwarzschild radius of 30 km. 

Cygnus X-1 is one of the most studied objects in X-Ray astronomy.  RXTE experi-

ment alone collected several million seconds of Cygnus X-1 observation in a variety 

of spectral and time resolution modes.  In this study, approximately one million 

seconds of public archive data spanning observations made from year 1996 to 2006 

have been analyzed.  We also analyzed ARGOS USA observations made in 1999 and 

totaling more than 300 ksec of raw data.  See Appendices B and C for RXTE and USA 

Cygnus X-1 data selection.   

2.1  Accretion geometry 

Cygnus X-1 is unique among other galactic BHC objects in that it exhibits a relatively 

persistent activity compared to other well established low-mass black hole binary 

systems.  About 15 similar systems are currently identified in the galaxy that, unlike 

Cygnus X1, have outbursts with X-Ray luminosity changing by as much as a factor of 
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106 (Milone, Leahy et al. 2008). Most of those systems have a low-mass (~ 1 M


) 

companion star (LMXRBs).   Cygnus X-1 is a high mass binary system (HMXRB).   

It is logical to relate a lack of pronounced transient activity with the fact that the 

companion star in Cygnus X-1 is relatively very large.  It has been suggested that the 

X-ray source in Cygnus is powered by strong stellar wind (Gies, Bolton et al. 2003).  

Latest results from the Chandra observatory (Miller, Wojdowski et al. 2005) per-

formed the first systematic fits to the line-rich low-energy X-ray spectrum of Cygnus 

X-1.   

The observed spectrum is dominated by absorption lines, which stands in strong 

contrast to the spectra of some other HMXBs (Hanke and et al. 2009).  The absorption 

spectrum may require dense material along the line of sight.  The absence of strong 

emission lines from photo ionization implies relative lack of material not in the line of 

sight.  As the inclination of Cygnus X-1 is rather low (θ ~ 350) it is unlikely that the 

absorption region is associated with the outer accretion disk.  Combined with the 

evidence from optical observations (Gies, Bolton et al. 2003) and estimates of the 

velocities implied by the absorption lines this study provides direct evidence in X-rays 

for a focused wind accretion. Actually, the Cygnus X-1 system probably represents a 

combination of Roche overflow accretion and wind accretion.  This must be taken into 

account if comparing models of the Cygnus X-1 accretion physics with other binary 

systems. 

2.2  Cygnus X-1 spectral states 

Observation revealed two distinct spectral states for Cygnus X-1.  In the high/soft state 

luminosity is dominated by strong blackbody 0.5 1 keVkT = − emission and a steeply 

falling power law (Γ ~ -2.5) spectrum extending out to 800 keV.  In the low/hard state 

the power law portion of the energy spectrum is relatively flat (photon index Γ ~ -1.5 

that cuts off at ~200 keV) and has a smaller fraction of the soft ( 0.1 0.3 keVkT = − ) 

component (Di Salvo, Done et al. 2001).  A low state occurs with luminosities

0.05 – 0.1 EddL L≤  and the high state 0.1 – 0.3 EddL L  (Esin, Narayan et al. 1998).  A 
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full transition from the hard to the soft state can occur within hours (Böck, Wilms et 

al. 2010). 

In addition, the very soft state, and also a transitional intermediate state are often 

identified (Belloni, Mendez et al. 1996). 

Initial observations (see for example (Zhang, Cui et al. 1997)) concluded that the 

source spent up to 90% of the time in the soft state, though later, since year 2000, it 

was shown that it spent approximately a third of time in its intermediate and soft state.  

For a comprehensive overview of spectral state transitions during the period of obser-

vations studied in this thesis see (Shaposhnikov and Titarchuk 2006). 

The Cygnus X-1 X-ray spectrum in its hard state is well modeled by thermal Comp-

tonization and Compton reflection.  As was pointed out by (Gies, Bolton et al. 2003), 

the density of the wind determines the size of the X-Ray ionization zone, which in turn 

controls the acceleration of the wind in the direction of the compact object.  The wind 

is fast and the accretion rate is low in the low/hard state, while in the soft state accre-

tion rate of the slow ionized wind increases.   

Other energy spectral features are present, in particular an iron Kα line at ~6.4 KeV, 

which is the strongest among the GBHC (Miller, Fabian et al. 2002).  The photons 

originating in the inner (<50 RSch ) region heat the wind.  The photons above Kα 

energy are absorbed and ionize Fe atoms creating the line.  Its equivalent line width 

correlates positively with photon index Γ.  It is ~150 eV in the low/hard state and ~1.3 

keV in the soft and very soft state (Shaposhnikov and Titarchuk 2006).   

2.2.1  The power spectrum 

The Fourier power spectrum of Cygnus X-1 in the 0.1 to ~100 Hz region may be fitted 

with a broken power law with νb being the break frequency where the spectrum 

becomes flat in the low frequency region and a Lorentzian fitting the QPO peak 

observed in the region 0.5 to 10 Hz in the intermediate to soft state.  No QPO is 

observed when photon index for the power law Γ > 2.1 and it also becomes washed 

out in the very soft state. 
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The break frequency vb positively correlates with photon index Γ, while the QPO 

frequency correlates positively with vb.  (Li, Ray et al. 1999; Shaposhnikov and 

Titarchuk 2006). 

2.3  Fast variability 

Limitations of the currently available data make it challenging to put exact limits on 

the measured aperiodic variability power at frequencies above 100 Hz.  Effects of the 

Poisson noise and of instrument dead time need to be taken into account.  See (Chaput 

and others 2000) for a detailed description of dead-time correction techniques.  

Another issue is leakage of low frequency power in the Fourier spectrum due to finite 

length of the measurement intervals.  It may be alleviated with use of tapered windows 

(Focke and Wai 2006). 

Currently there had been no firm indications reported of a significant change in the 

power law spectrum above 100 Hz.  Finding such a break may be an indication of the 

inner-most disk structure. 

2.4  Hard lags and coherency 

Comparing signals simultaneously measured in low energy band – approximately 

corresponding to the thermal component – and high energy band – presumably repro-

cessed thermal component – provides important constraint on the size of the repro-

cessing region and on the physics of the radiation transfer through it. 

Coherency between high and low energy X-ray signals had been measured using 

Fourier cross-spectrum.  It is defined as a transfer function relating two time series and 

it describes phase fluctuations between two signals (Vaughan and Nowak 1997).   

In an idealized model of X-ray emission, temperature and density of the inner emitting 

region is a source of linear stochastic perturbations of intensity that propagate outward 

at some constant speed.  As the signal energy spectrum shifts due to reprocessing, the 

signal in the higher energy band is expected to be coherent with the low energy band 

and exhibit relatively constant time lag across time scales with a maximum phase lag 
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of 0.1 rad between 3 and 10 keV and logarithmic dependency in energy (Kotov, 

Churazov et al. 2001). 

An example of an incoherent source would be if the observed variability is produced 

in multiple spatially distributed flaring regions – as would be expected from a number 

of models that associate different timescales with different physical regions of the 

disk.  Multiple regions will produce coherent signals in two energy bands if and only 

if there is an identical linear transfer function from low to high energy channels for all 

emitting regions – an assumption that is not particularly likely for a spatially extended 

system. 

 For Cygnus X-1 a nearly perfect coherency had been previously found in the 0.01 – 

10 Hz band between energy channels 0 – 4 , 4 – 6 , 6 – 8, 8 – 14, 14 – 45 KeV 

(Nowak, Vaughan et al. 1998; Focke, Wai et al. 2005; Jin, Lu et al. 2010) . 

Fourier time delay, or lag, in the high energy signal in the same frequency range had 

been measured at around Δφ = 0.1 rad roughly independent of the Fourier frequency.  

It indicates that a fraction of the hard photons lags behind the soft, indicating that the 

sources of the soft and hard X-ray are nearly spatially coincident. 

2.5  Time domain studies 

A variety of techniques have been used to analyze Cygnus X-1 behavior in the time 

domain by directly fitting light curve features, such as individual shots or flares. 

Auto and cross correlation functions of Cygnus X-1 have been analyzed in the time-

domain (Maccarone, Coppi et al. 2000).   

There have been multiple attempts to improve upon a basic shot-noise model of the 

aperiodic variability (Lochner, Swank et al. 1991).  For example, in (Negoro, 

Kitamoto et al. 1995) a non-Poisson shot distribution was suggested and compared 

with self-organizing criticality (See section 6.6.1) variability models. 

In (Focke, Wai et al. 2005) a detailed fitting of individual shots for a phenomenologi-

cal shot-noise model was attempted to improve the constraints on possible shot 

parameters and occurrence distributions that are not constrained by the Fourier power 
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spectrum alone.  Synthetic time series were further constrained by cross spectrum and 

coherence and time lags for the Cygnus X-1 hard state.  A similar study had been 

previously described in (Feng, Li et al. 1999). 

A technique for detection of very short millisecond bursts in Cygnus X-1, or similar 

X-ray timing data is described in (Giles 1997).  A similar search for individual short 

millisecond flares in the lightcurve was performed by (Gierlinski and Zdziarski 2003).   

2.6  Flux dependent variability 

It has been shown that for Cygnus X-1 a correlation exists for root mean square (rms) 

temporal variability and flux (the “rms-flux relation”) (Uttley and McHardy 2001). 

On scales >5s, this relation can be described as linear with a non-zero intercept 

(Gleissner and others 2004).  This argues for two lightcurve components, one variable 

and one non-variable component contributing ~ ¼ of the flux. 

This relation indicates that the Cygnus X-1 broadband noise power spectrum is 

intrinsically non-stationary on all measured time scales.  That implies that simple 

stationary models of variability, such as a stationary shot-noise cannot adequately 

describe the underlying physical process.  Similar results have been identified for 

many other accreting sources (Uttley and McHardy 2001). 
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3.  GRS 1915+105 

The galactic X-Ray source GRS 1915+105 or V1487 Aquilae was discovered in 

August 1992 by the WATCH all-sky monitor aboard GRANAT observatory (Castro-

Tirado, Brandt et al. 1992).  It is positioned at α = 19h15m11s.600 and δ = +10056’44.  

The source is at a distance of 12.5±1.5 kpc and since its discovery it was very bright in 

X-Ray, with luminosity of more than 1039 erg×s-1 (Yadav, Rao et al. 1999).  It exhibits 

superluminal motion (Mirabel and Rodriguez 1995) and other radio characteristics of 

quasars and has been classified as a “micro-quasar”.  Its companion star is identified 

as a K-M III star (Greiner, Cuby et al. 2001), placing GRS 1915+105 in the class of 

LMXBs. 

The mass of the compact object is estimated at 14.0±4.4 M


 (Harlaftis and Greiner 

2004).  It is believed to be a near extreme Kerr black hole (McClintock, Shafee et al. 

2006).  

The time variability of GRS 1915+105 had been studied by (Greiner, Morgan et al. 

1996; Morgan, Remillard et al. 1997; Pooley and Fender 1997; Taam, Chen et al. 

1997; Trudolyubov, Churazov et al. 1999; Rao, Yadav et al. 2000; Soleri, Belloni et 

al. 2008) and many others.   It exhibits chaotic variability with large dips in X-ray flux 

and amplitude oscillations of more than ~3 Crab.  Narrow quasi-periodic oscillations 

in the range of 0.001 – 67 Hz and also at 113 and 168 Hz had been identified in its 

hard state (Soleri, Belloni et al. 2008; Fukumura, Shrader et al. 2010). 

The phenomenological classification of GRS 1915+105 (Belloni, Klein-Wolt et al. 

2000) made on the basis of light curves and color-color diagrams produced 12 separate 

classes in three basic states based upon RXTE observations – most of those are 

included in this study.  To create the nomenclature for the states authors used very 

approximate discriminants based on the source’s average spectral hardness and 

intensity combined with qualitative descriptions of apparent features on the light 

curve.  Examples of lightcurves from the RXTE experiment are presented on Figure 

3-1. 
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Figure 3-1  GRS 1915+105 intensity. 

Measured in counts per second per detector (out of five), not corrected for dead time.  All energy 

channels in PCA are added.  No dead time correction.  Events are binned in 1 second intervals.  

Observations shown are: a) 20186-03-02-05 segment 1; b) 20186-03-01-01 segment 2; c) 30402-01-01-

00 segment 3; d)30402-01-11-00 segment 6 

Later work, incorporating observations from the Indian X-ray Astronomy Experiment 

(IXAE), pinned the number of states at 13 (Choudhury, Chatterjee et al. 2007).  It is 

hard to say whether such classifications are entirely consistent between each other, as 

no strict quantitative measures are being used. 
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4.  DATA ANALYSIS 

4.1  Signal 

The subject of the data analysis methods introduced and described in this chapter is a 

time series signal representing X-Ray luminosity of Cygnus X-1 and GRO 1915+105 

GBHC binary systems in an energy range from ~2 to 45 keV recorded by proportional 

chamber detectors of the RXTE and ARGOS USA space based experiments.  Individ-

ual photons are registered as a uniformly binned discrete signal with time resolution 

ranging from 122 to 244μsec for the data selected from RXTE.  Multiple photons per 

bin can be recorded.  The average intensity of the signal is at most several events per 

bin.  For the high-energy channel in the RXTE data selection individual events are 

recorded, allowing one to treat the time series as a point process.   

The signal for the selected observation intervals were acquired in three wide energy 

bands within the RXTE range.  Details of the experiments and of the data selection are 

described in chapter 7.1 and Appendices 8 and 9.  Uninterrupted observation segments 

ranged from several minutes to approximately half an hour.   

In RXTE, the effective area of the instrument was changing during the span of obser-

vations, as 2 out of 5 detectors (PCU) had to be turned off periodically due to hard-

ware issues.  In all the cases when an overall luminosity for an RXTE source is 

presented in this work, it is normalized per one PCU.   

The main measurement error for the luminosity is the counting noise – random fluctu-

ations with Poisson probability of the number of events recorded. 

Another important instrumental effect is the dead time – temporary reduction of the 

instrument effective area after an event had been registered.  As this effect is coherent 

with the signal, it creates noticeable corruption of the data statistics on dynamical time 

scales much larger than dead time duration. 

A general property of the signal is the power law functional shape of its Fourier power 

spectrum: generally referred to as a 1/f process.  The work of this thesis focuses on 
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aperiodic variability of the signal in the time range from approximately 0.01 Hz to 200 

Hz. 

4.2  Methods 

As described in the previous sections, rapid variability of X-Ray emission from the 

GBHC binary systems has been studied using a variety of signal processing tech-

niques. 

Currently used methods primarily rely either on Fourier transform based statistics, 

such as Fourier power spectra, or on direct examination of the light curve in search of 

transient phenomena such as micro flares or fitting individual shot profiles. 

Application of Fourier transform based analysis is most meaningful when one can 

make an assumption that the signal is stationary in reasonable approximation.  For 

example, stationarity is formally required for the existence of the cross-spectrum 

transfer function used to quantify coherency between low and high energy signal.  

While it may be fairly accurate assumption for the time scales studied, the underlying 

physical processes, as described above, are known to exhibit non-stationary features, 

such as long-memory.  Using a method that avoids such an assumption should be 

inherently more robust. 

Similarly, if intermittency is defined as localized bursts of high-frequency activity – 

localized both in spectral and temporal space, a suitable method for finding intermit-

tency should account for both.  In Fourier transform based statistics temporal infor-

mation is hard to recover.   

The wavelet transformation is an example of a time-frequency basis method that is 

rapidly gaining acceptance in the various fields of science (Antoine 1999; Mallat 

1999; Percival and Walden 2000). 

4.3  Wavelet and Fourier transform 

The analysis of a signal ( )f t can be carried out by representing it in a basis of some 

analyzing function ( , )nt pΨ with parameters np . 
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 *( ) ( ) ( , )n nTf p f t t p dt= Ψ  (4.1) 

One example would be Shannon sampling with 0 0( , ) ( )t t t tδΨ = − .  This transform 

selects signal value at t0.  Other examples are Taylor and Fourier series, using poly-

nomial and sinusoidal functions.  For a detailed review of this topic see (Mallat 1999; 

Percival and Walden 2000). 

Using a regularly spaced set of t0 values, Shannon sampling creates a representation of 

a continuous function ( )f t .  In general it is not a reversible transformation.  The 

Whittaker-Shannon sampling theorem shows that if f  has a zero Fourier power 

spectrum at frequencies ν> , it can be fully reconstructed from its sampled representa-

tion if sampling is done at intervals of at least 1/2ν.  In this case, 2ν is called Nyquist 

frequency. 

4.4  Fourier transform 

Sinusoidal waves i te ω are eigenvectors of linear time-invariant operators.  Eigenvalues 

ˆ( )h ω  specify a linear time-invariant operator L  

 ˆ, ( )i t i tLe h eω ωω ω∀ ∈ =  (4.2) 

A finite energy signal f can be decomposed as a sum of { }i te ω
ω∈ 

 
1 ˆ( ) ( )

2
i tf t f e dωω ω

π
+∞

−∞
=   (4.3) 

Where ˆ ( )f ω is the Fourier transform of f defined as 

 ˆ ( ) ( ) i tf f t e dtωω
+∞ −

−∞
=   (4.4) 

The operator L applied to f attenuates each harmonic i te ω component of f by ˆ( )h ω . 

 
1 ˆ ˆ( ) ( ) ( )

2
i tLf t f h w e dωω ω

π
+∞

−∞
=   (4.5) 

So a linear time-invariant operator can be expressed as frequency filtering of f . 

Using Plancherel’s identity 
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22 1 ˆ( ) ( )

2
f t dt f dω ω

π
=   (4.6) 

One may define a Fourier power spectrum 

 
21 ˆ( ) ( )

2
E fω ω

π
=  (4.7)  

The Fourier coefficient in (4.4) depends on values of f  for all times.   

A discrete signal ( ),f n n ∈ Ζ can be represented as a sum of Dirac delta functions.  

The discrete Fourier transform can then be defined as  

 ˆ ( ) ( ) in
d

n

f f n e ωω
+∞

−

=−∞

=   (4.8) 

4.5  Time-frequency analysis 

While Shannon sampling is perfectly localized in time, it is not localized in frequency.  

For a Fourier transform, the basis functions are very well localized in frequency, but 

not in time.  In the case of the windowed Fourier transform, only one localization scale 

is used at a time – the length of the window. 

It is impossible to have a transform that provides perfect localization both in frequency 

and in time (This is the akin to Heisenberg’s uncertainty principle, better known from 

its application in the field of quantum mechanics).  One way to analyze a signal in 

both dimensions is the wave-packet, or Gabor transform, using a basis constructed 

with sine waves attenuated with a translated Gaussian window.  Using a fixed width 

window is not optimal in many cases, as at higher frequencies one would want to 

decrease spatial resolution as to fit approximately the same amount of signal oscilla-

tions at all scales.  This can be accomplished by using a basis of self-similar functions 

– the wavelet transform. 

4.6  The wavelet transform 

A wavelet function is a function of zero mean over its support. 

 ( ) 0t dtψ
+∞

−∞
=  (4.9) 
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Using dilations with a scale s and translations byu of this function 

 ,

1
( )u s

t u
t

ss
ψ ψ − =  

 
 (4.10) 

Imposing 1ψ = implies , 1u sψ = . 

The wavelet transform of f in 2 ( )L  at the scale s and time u is defined as 

 *
, ,

1
( , ) ( ) ( ) ,u s u sWf u s f t t dt f

s
ψ ψ

+∞

−∞
= =  (4.11) 

It can be expressed with a Fourier transform of f using Parseval’s formula 

 * *
, ,

1 1 1ˆ ˆ( , ) ( ) ( ) ( ) ( )
2u s u sWf u s f t t dt f d

s s
ψ ω ψ ω ω

π
+∞ +∞

−∞ −∞
= =   (4.12) 

Noting that if ψ̂  is the Fourier transform of the wavelet function, 

 ,
ˆ ˆ( ) ( )i t

u s e s sωψ ω ψ ω−=  (4.13) 

A wavelet function is typically selected to be rapidly decaying, and with its Fourier 

transform centered on some peak frequency η.  The energy of ,ˆu sψ is centered at sη  

and its size is scaled by 1/s.  In the time-frequency plane each wavelet ,u sψ can be 

represented by a rectangle centered at ( ),u sη  with time and frequency spread 

proportional to s and 1/s, with a constant total area.   

For a real functionψ , ( , )Wf u s measures the variation of f  with a characteristic scale 

s in the neighborhood of u.  Large values of the wavelet coefficients (4.12) are related 

to rapid changes in f .  Singularities in f  can be detected by following local maxima 

of the wavelet transform across scales. 

This zooming property not only locates isolated singularities, but also characterizes 

more complex fractal and multifractal self-similar signals.  It allows one to recover 

and analyze the singularity spectrum of the signal – the distribution of local singulari-

ties of various strength in a fractal time series, that can be then related to the dynam-
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ical properties of a chaotic system (Arneodo, Bacry et al. 1999; Abry, Goncalves et al. 

2009). 

4.7  The continuous wavelet transform 

The continuous wavelet transform (CWT) uses real valued scale and translation 

parameters.  It isometrically transforms a 1-dimensional signal into a 2-dimensional 

wavelet space forming an overcomplete basis 

 , ,{ }u s u sψ ∈ (4.14) 

There is a redundancy of information; so many possible ways to recover the original 

signal from its CWT exist.   

Redundancy means that there is a correlation between two points in the CWT 

0 0( , )Wf u s  and 1 1( , )Wf u s .  It can be described using auto-correlation or reproducing 

kernel 
0 00 0 , ,( , , , ) ,u s u sK u u s sψ ψ ψ=

 
associated with the wavelet ψ  that measures the 

time and scale selectivity of each wavelet.  This is one of the most common issues that 

one must take into account when using the CWT, as the significance of any statistic 

calculated from the CWT must reflect this correlation. 

The choice of an appropriate analyzing wavelet is important.  As the wavelet charac-

terizes signal both spectrally and temporally, it should be well localized in both time 

and Fourier space.   

If one studies the behavior of the thN  derivative of f , then the mother wavelet should 

not only have a zero mean (4.9) but also zero moments up to order N 

 ( ) 0 0kt t dt k Nψ
+∞

−∞
= ≤ <  (4.15) 

By replacing 0( )f t  with a Taylor series approximation it can be shown that its wave-

let transform will not be sensitive to lower order variations of f.  A wavelet with n 

vanishing moments is orthogonal to polynomials of degree n-1. 

A common choice of a CWT analyzing wavelet with N vanishing moments is an nth 

derivative of a Gaussian 
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For 2N =  this is the Mexican Hat wavelet (4.17) shown in the figure below. 
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 (4.17) 

The continuous transform is not sensitive to the choice of origin of the signal, as all 

possible translations of the mother wavelet are used.  It is therefore particularly 

suitable for characterization of one-time events – such as an individual flare, or burst, 

or a narrow state transition region in a signal.  It has been applied, for example, to 

quantify the significance of flux oscillations during Cygnus X-1 state transitions, 

demonstrating the existence of short-lasting oscillations without an obvious trend in 

the frequency domain (Lachowicz and Czerny 2005). 

4.8  Discrete wavelet transform 

To define a discrete wavelet transform, one selects a countable subset of all transla-

tions and dilations.  A common approach is to select a dyadic set 

 22 , 2 , ( , )j js u k j k− −= = ∈  (4.18) 

This selection forms a basis{ } 2, ( , )j k j k
ψ

∈
. It is possible to construct this basis to be 

orthonormal and with the wavelet function having a bounded support.  Multiple such 

solutions are possible, differentiated by the size of the support at each scale, and the 

localization of the wavelet in the frequency domain – ideally it would be a perfect 

band-pass filter, number of vanishing moments (4.15), and smoothness of the analyz-

ing function. 
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The size of the wavelet support and number of vanishing moments are inversely 

related.  Daubechies wavelets have a support of minimum size for any given number 

of vanishing moments.   

For a discrete transform its spatial resolution is naturally decreasing for larger scales, 

while the exact position of each of the basis function depends on the choice of the 

origin.  It is therefore less suitable when analyzing a singular event.  In this study, a 

very long sample of data is used and it is analyzed for an aggregate type statistics, so 

that it is not important.  On the other hand, as the individual values of wavelet coeffi-

cients are independent, by the definition of orthonormality, it is easier to compute and 

understand the statistical significance of measures based upon the orthonormal trans-

form. 

4.9  Implementation of DWT 

A particularly important case is for regularly sampled discrete signals ( )if t .  In this 

case families of orthonormal compactly supported wavelet bases can be constructed in 

such a way that the transform can be efficiently computed by using a pair of causal 

time-invariant Finite Impulse Response (FIR) discrete filters and down sampling 

operations. 

The existence and construction of such a representation is beyond the scope of this 

thesis.  See, for example, (Mallat 1999) and (Percival and Walden 2000) for a con-

structive proof of the existence of these types of representations.  It is not known if all 

orthonormal compactly supported wavelet bases can be represented in this way, but it 

has been shown to be possible for all the known ones. 

The causal time-invariant linear FIR filter of a discrete time series tx ∈ is defined as a 

transformation from F
t tx y⎯⎯→  

 
0

N

t i t i
i

y h x −
=

=  (4.19) 

Following the property of the Fourier transform, that convolution of functions is 

equivalent to multiplication of their Fourier transforms; one can observe that the effect 
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of the filter is that the Fourier transform of the resulting sequence is that of the original 

multiplied by a constant filter transfer function.  Transfer function can be expressed as 

its magnitude, called the gain function, multiplied by a phase function. 

Let 0 1( ,..., )l Lh h h −= be a finite length discrete filter with L elements, called a wavelet 

filter, such that  

 
1 1

2

0 0

0, 1
L L

l l
l l

h h
− −

= =

= =   (4.20) 

And hl is orthogonal to even shifts  

 
1

2
0

0,
L

l l n
l

h h n
−

+
=

= ∈  (4.21) 

Also, let hl be a high-pass filter.  A low-pass filter of the same length may be con-

structed from hl with a quadrature mirror relationship 

 1
1( 1) , 0, , 1l

l L lg h l L+
− −= − = −  (4.22) 

This is called a scaling filter.  It will also have the properties (4.20) and (4.21).  An 

important property of this filter pair is that it preserves the energy of the original 

signal. 

Now a DWT transform may be implemented as follows.  A wavelet filter is applied to 

the original signal and it is down sampled by 2.  This is equivalent to computing a 

filtered sequence (4.19) for every second position.  This forms a wavelet coefficients 

series for the smallest scale. 

 
1
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L

t l t l
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=  (4.23) 

Similarly, a low-pass filtered time series are computed 
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Then larger scale coefficients are computed with a recursive algorithm 

 
1 1

1, ,2 1, ,2
0 0
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L L
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= =

= =   (4.25) 
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This recursive pyramid algorithm is very computationally efficient – ( )NΟ  for N 

values in the signal.  It can be terminated at a largest scale of interest.   

This transformation creates a collection of wavelet coefficient vectors and it can be 

described with a gain function, representing an effective band pass spectrum of 

wavelet filter at each scale.  Exact shape of such a filter depends on a choice of a 

wavelet, and in general for larger values of L  it can be made closer to an ideal band 

pass.  To assign a numerical time value of a characteristic dynamical scale in the 

underlying process to a particular scale of the wavelet transformation it may be tied to 

a maximum, or to an average frequency of the squared wavelet gain function.  If the 

exact value is not particularly important, we would refer to the smallest scale to be 

double the sampling interval of the signal.   

Therefore, for the signal sampled at 244μsec, the smallest wavelet scale would be 

488μsec.  It does reflect a typical dynamical timescale of ~2 kHz.  This is a good 

approximation for the wavelets that had been used in this study – Haar and D(4), D(6) 

and MB(8) (see below).   All the results discussed further use the D(6) wavelet. 

The actual data is not infinite, so for a given observation 0, , 1t N= −  the last 

( 2) 2L −  coefficients in (4.23) and (4.24) cannot be computed.  A typical solution to 

this problem is to make an assumption that the signal is repeating.  In this case, a 

signal of length 2M can be represented with 1M − wavelet coefficient vectors comput-

ed as described above and a remaining single ,0Mv value. 

Introducing repeating signal is unfortunate, as it adds a measurement error into the 

transformation.  It is unavoidable for the Fourier transform – that is based on functions 

with infinite support.  Attempts to alleviate this problem by introducing windowing 

functions for the measurement interval are only hiding those ‘leakage’ artifacts by 

spreading them throughout many frequencies. 

In the case of a discrete wavelet transform with a compactly supported mother wavelet 

function, only the coefficients at the very edge of the measurement interval would be 

affected by the introduced circularity.  Those values can be omitted, if an invertible 
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and a complete transformation is not important.  A criterion for the omission is not 

based upon any actual data values; so this does not introduce selection effect errors.   

An alternative approach, often used in image processing algorithms, is to design a 

specialized version of the wavelet filter for the edge values.  This was not considered 

in this study, as for the time scales studied here, the relative fraction of the omitted 

values would be small, and correcting for the slightly different properties of the edge 

wavelets is an unnecessary complication. 

For the smallest scale 2 2L − values would be omitted.  For larger time scales the 

same number of coefficients will not be computed; effectively reducing the span of 

data used for analysis.  It is important to note that without making a circularity exten-

sion for 2L > , some values of the signal vector in the beginning and at the end will 

contribute to a smaller number of the wavelet coefficients than those in the middle.  

That may present normalization problems if considering statistics related to the length 

of data used: for example, computing an average number of wavelet coefficient values 

larger than a certain threshold per unit time.  Such statistics are not used in this study, 

and so this is not a concern. 

So here we do use wavelet coefficients computed using (4.23)—(4.25) without any 

padding to the initial and final values of the data: those are simply omitted.  That 

means that for larger time scales a decreasing fraction of the data segment is used.   

In the following are some of the wavelets defined with their scaling filter coefficients: 

Haar – 2H  

 0 1

1

2
g g= − =  (4.26) 

The Haar filter is a relatively poor approximation of an ideal band-pass filter, and it 

has only one vanishing moment. 

Daubechies minimum-delay (roots of transfer function inside unit circle) with two and 

three vanishing moments – 4, 6D D  
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 (4.27) 

4.10  Long-memory and non-stationary processes 

A broad range of physical phenomena that show 1 f type spectral behavior exhibit 

long-range dependencies and non-stationarity.  This includes processes of interest for 

X-ray variability analysis, such as developed turbulence in magnetized accretion disks 

(Armitage and Reynolds 2003). 

It should be noted that stationarity and intermittency, as discussed above, are distinct 

concepts.  A typical statistic for testing for stationarity is described in (Papadakis and 

Lawrence 1995) – it involves dividing the sample into equal halves and comparing its 

periodograms using the “S” statistic.   For a signal containing random, intermittent 

“flares”, its power spectrum would be stationary, according to such a measure. 

Several popular models for stationary and non-stationary long memory processes have 

been proposed, such as fractional Brownian motion (fBm) (Flandrin 1993), fractional 

autoregressive, fractionally integrated, moving average (ARFIMA) models and 

generalized fractional difference (FD) processes (overview in (Percival and Walden 

2000)). 

Fractional Brownian motion is a Gaussian zero-mean nonstationary stochastic process

( ), 0 1HB t H< < .  It is a natural extension of regular Brownian motion that is realized 

for the Hurst parameter 1/ 2H = .  The covariance structure of fBm is given by expec-

tation E 
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σ= + − −  (4.28) 

Although non-stationary, fBm does have stationary increments.  It is self-similar (1.2) 

with scaling coefficient equal to H.  It is possible to define an average spectral density 

(SDF) for this process 

 
2

2 1( )
HB HS

σω
ω +=  (4.29) 

It is a 1 f process with spectral parameter 2 1H + . 

Fractionally differenced (FD) processes are a special case of the aforementioned 

ARFIMA process.  They are also characterized by stationary increments.   

When using a DWT, there is a useful property for stationary long-memory and non-

stationary processes with stationary increments.  For a DWT using a wavelet with a 

sufficiently high number of vanishing moments R ( 1 2H R> −  for fBm) the resulting 

wavelet coefficient series for each dynamical scale does not exhibit long-memory and 

is approximately stationary and uncorrelated at a given scale and, between scales.  See 

(Flandrin 1993; Mallat 1999; Percival and Walden 2000; Gencay, Selkuk et al. 2002) 

and references therein.  This is an important property used in this study, as statistics of 

the wavelet coefficient distribution, such as kurtosis, can be reliably computed even in 

the presence of strong trends and long-term memory in the signal. 

This wavelet decorrelation property for FD and fBm processes is sometimes referred 

to as whitening, as the resulting wavelet coefficient series is well described by white 

noise.  This allows characterizing certain properties of signals without making as-

sumptions about their stationarity.   

4.11  Wavelet variance, covariance and kurtosis 

For a real valued process tx  its wavelet transform ,{ }j tw  forms a series of new random 

processes at each scale.  If they are stationary, they can be characterized by a probabil-

ity density that can be used to compute several important statistics. 
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The wavelet variance at scale js is defined as  

 2
,

1
( ) ( )

2x j j t
j

s Var w
s

σ =  (4.30) 

 As the expected value ,( ) 0j tE w =  variance ,( )j tVar w can be simply estimated as 

2
,j t jw N .  

For two processes 1,tx  and 2,tx  the wavelet covariance for scale js is defined as  

 1,2 1,( , ) 2,( , )

1
( ) ( , )

2j j t j t
j

s Cov w w
s

γ =  (4.31) 

If the number of vanishing moments in the analysis wavelet is sufficient to eliminate 

any nonstationary features in both 1,tx and 2,tx , since expectation ,( ) 0j tE w = , we can 

define wavelet covariance as the expectation 1,( , ) 2,( , )( ) / (2 )j t j t jE w w s  

Note that this measure has a different meaning than coherence.  Coherence is a func-

tion of frequency: it is the average Fourier transform of the normalized cross-

correlation.  The phase difference does not need to be zero to get a high coherence; it 

needs to be a constant.  This is not the case with wavelet covariance computed in the 

time domain for which covariance is computed between aligned wavelet coefficients. 

The correlation is then defined as the wavelet covariance normalized by standard 

deviation of two time series  

 1,2

1 2

( )

( ) ( )
j

j
j j

s
C

s s

γ
σ σ

=  (4.32) 

To analyze time delays between two signals, a correlation is computed between time-

shifted signals, becoming a function of time delay.  As a wavelet transform has limited 

resolution at each scale, the original time series are time shifted, with fine increments, 

before transformation, to compute the wavelet correlation with lag. 

The wavelet kurtosis (Fisher kurtosis of wavelet coefficients) at scale index j is 

defined as 
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= −  (4.33) 

 where 4( ) jμ is the fourth moment about the mean and jσ is the standard deviation of 

the wavelet coefficients at the scale index j.  As a measure of the wavelet coefficient 

distribution “peakedness” (see discussion in the following chapter) wavelet kurtosis 

indicates that the variability at that scale is characterized by a prevalence of small 

changes interspersed with a higher probability of large values, as compared to the 

distribution variance, then that for a normally distributed variable.  We will refer to 

this measure as the KS (wavelet kurtosis per scale s that is related to the scale index j 

as in equation (4.18)).  
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5.  INTERMITTENCY AND SPARSENESS 

5.1  Intermittency in turbulence 

As it had been shown, X-ray luminosity is generally attributed to be driven by two 

processes: thermal radiation from hot plasma near the compact object and a higher 

energy reprocessed component, generated from radiation transfer through the sur-

rounding medium. 

A high observed coherence also indicates that the emitting region is in fact small, and 

may be comparable in size to individual disturbances in the accretion disk plasma, so 

that the properties of the dynamical processes that give rise to those perturbations can 

be resolved in the signal. 

Underlying physical processes driving the luminosity variability are thought to be a 

combination of turbulence in the magnetized plasma, dynamical instabilities, orbital 

motion, and global oscillations in the disk, as well as the random variability of materi-

al accretion.  Of those phenomena MHD turbulence leading to local fluctuations of 

temperature, and dynamical instabilities in the accretion flow, which lead to local 

irregularities in the flow, are the most important sources of observed aperiodic varia-

bility. 

Dynamically unstable systems, such as the case of the magneto-rotational instability 

(Balbus and Hawley 2003), are often described in the terms of dynamical chaos 

models.  For an overview of chaotic dynamical systems properties see (Contopoulous 

2002).  Scale invariant characteristics of the observed 1 f  processes is a feature often 

associated with self-organizing criticality (SOC) systems (Bak, Tang et al. 1987; 

Mineshige, Ouchi et al. 1994; Scargle and Young 1996).   

It has been noted that a common dynamical property for both the turbulence and for 

many critically unstable systems is the phenomenon of intermittency.  While a com-

mon sense understanding of this term seems obvious, there is no universally accepted 

rigorous definition in use at this time.  For dynamical systems, intermittency is often 

described as nearly random transitions between intervals of near periodicity and 
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irregular behavior.  Such transitions have been interpreted as an indication of chaos 

(Contopoulous 2002).  In the field of turbulence research, intermittency is often 

described in terms of non-uniform coherent structures at various scales (Farge, 

Kevlahan et al. 1999; Cho, Lazarian et al. 2003).  Numerical simulations of burst 

times and interburst waiting times in two-dimensional magnetized plasmas have 

demonstrated the presence of long-range interburst correlations similar to those found 

in sandpile models for avalanching systems (Servidio, Primavera et al. 2008). 

In this thesis, we will adopt a definition of intermittency based upon the properties of 

the process statistics that demonstrate a relatively sparse1 occurrence of large varia-

tions and abrupt transitions, and we will describe a statistical measure for such a scale 

dependent intermittency based upon the properties of a time-frequency transformation 

of the signal.  We call this measure wavelet kurtosis. 

5.2 The statistical properties of turbulence 

Turbulence is a highly unstable state in a continuously moving media, such as a fluid 

or plasma.  It is most prominently characterized by the stochastic variability of the 

flow observables.  Turbulence remains one of the hardest problems in physics to 

model. 

Most modern theories of turbulence stem from the pioneering work of Kolmogorov 

(Kolmogorov 1941) that proposed statistically homogeneous and isotropic turbulent 

flows with energy flowing from large to small scale perturbations without any charac-

teristic scale.  Kolmogorov’s work predicts an energy spectrum for velocity following 

a 5/3k − law, where k is the modulus of the wave number (inverse of the scale).  Other 

observables also follow the same self-similar law. 

The main observed deviation from Kolmogorov’s original theory is the presence of 

intermittency at smaller scales.  Refinements to account for a non-constant rate of 

                                                 

 
1 The sparsity of a sequence is defined as a proportion of values that are at or near zero (Starck, 
Murtagh et al. 2010). 
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energy transfer between scales and the observed intermittency were proposed by 

Kolmogorov in (Kolmogorov 1962).  That work opened a still ongoing debate to try to 

explain and describe the formation and persistence of coherent structures and intermit-

tency in turbulence.  See (Farge, Kevlahan et al. 1999) for an overview. 

Types of possible singularities in the turbulent velocity distribution may be divided 

into two classes: cusps – non-oscillating singularities in which the function or one of 

its derivatives approaches infinity, and spirals – where the frequency of an oscillation 

becomes singular.  Likewise, the distribution of singularities may be divided into 

isolated and dense.  Notably, those features are perfectly suited to be described in the 

self-similar time frequency domain of a wavelet transform.  These concepts have been 

successfully applied, for example, to uncover the multifractal spectrum of turbulence 

and characterize the density of singularities (Arneodo, Bacry et al. 1999).   

Using the wavelet transform allows one to develop a measure of intermittency.  One 

approach was demonstrated in a study of solar wind turbulence (Veltri 2003).  One 

year of measurements of solar wind fluid velocity and magnetic field from the ISEE 

experiment was analyzed.  Inside this flow, large amplitude fluctuations, with fre-

quencies lower than the ion-cyclotron frequency, extend over a very wide range from 

10-6 to 1 Hz.  The time variations of these fluctuations, observed in the rest frame of 

the satellite are assumed to be due to spatial variations convected by the solar wind 

velocity (Taylor’s hypothesis).  All over this frequency range these fluctuations 

display power law spectra ( )E k k α−∝ , with the observed spectral indices α ranging 

from 1 to 2.  This behavior is suggested to be a signature of fully developed MHD 

turbulence resulting from a non-linear energy cascade.   

Authors have used the Haar wavelet transform to characterize the degree of intermit-

tency in the velocity and magnetic field time series.  They have suggested using large 

isolated values of Haar wavelet coefficients as a signature of intermittency, with a 

choice of a threshold value that resulted in selecting about 5% of their data sample.   

A different approach was suggested in (Mahdizadeh, Ramisch et al. 2004).  They 

analyzed data from toroidally confined magnetized plasma as well as simulated data.  
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Intermittency was studied at different temporal scales separated by a CWT with a 

Mexican Hat (4.17) wavelet.  The kurtosis of the wavelet coefficient distribution was 

used as a measure of intermittency that was found to be increasing with smaller scales.  

Simulated data showed very similar properties.  Mahdizadeh, Ramisch et al. interpret-

ed the results as signs of self-organizing criticality, similar to a sand-pile model (Bak 

1996) with intermittency driven by avalanches; these effects were generated by the 

critical gradients in ion- and electron-temperature gradient driven instabilities.  Using 

a CWT in this application led to a presence of artificial correlations between the 

resulting wavelet kurtosis values.  That was deemed acceptable since only a qualitative 

comparison between experimental and simulated data was given. 

5.3 Intermittent binary events 

To illustrate how higher order moments of a probability density function describe the 

occurrence of intermittent events let us consider a simple coin toss experiment gener-

ating a 0 or 1 outcome with probabilities p and q=1-p respectively (Bernoulli distribu-

tion).  The average expected value, μ, for a perfect coin would be 0.5μ = , with 

standard deviation 0.5σ = . Thus each outcome deviates from the average by 1σ.   

Now consider a weighted coin, where the probability of “1” is given by 0.01q = .  In 

this case μ would be 0.01, and σ=0.0995.  In this case, each “1” outcome is a 10 σ 

“outlier” compared to the distribution average. 

As 0q →  also 0, 0μ σ→ → .  Outcomes of “1” become more and more sparse and 

deviate further from the average as compared to the standard deviation.  Those events 

become a remote “tail” of the distribution.  An observer may describe such rare 

outcomes as being intermittent. 

5.3.1  The kurtosis as a measure of intermittency 

Such a description suggests that a global signal statistic which is highly sensitive to 

peakedness of the distribution would quantify the presence of such sparse events.  The 

kurtosis – fourth standardized moment – is such a statistic 
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The “minus 3” in the formula is a term constructed to make the kurtosis of the normal 

distribution equal to 0, regardless of the values of its parameters.  In this form it is also 

called the kurtosis excess or Fisher’s kurtosis.  We will use the term kurtosis through-

out this thesis. 

The kurtosis can range from -2 to infinity.  Positive values of kurtosis (called a lepto-

kurtic distribution) indicate that the PDF has a sharper “peak” and larger “tails” then a 

normal distribution. 

The kurtosis for some well-known distributions is 
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Here p is probability of “0” outcome in the Bernoulli and Binomial distributions, λ is 

the Poisson rate, while the other quoted distributions have kurtosis independent of the 

PDF parameters.   

The population kurtosis for values { }ix can be computed using a generally biased 

estimator 
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Where k2 is the unbiased estimator of the population variance and x is the sample 

mean.  The error of the estimator is computed as 
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Note that some statistical programs, such as ITT IDL (ITTVIS 2009) used in this 

study, use a simple sample kurtosis estimator as a build-in function, while most, such 

as Excel, use (5.3); it is also used throughout this thesis.    

This estimator can be computed for as few as 4n = values.  Obviously, the relative 

accuracy will be severely limited for small values of n. 

In the previous example, as 0q →  kurtosis of the Bernoulli distribution (5.2) increas-

es to K →∞ .  For 0.5p =  the kurtosis of the Bernoulli distribution has the lowest 

possible value of -2.   

This interpretation of a distribution kurtosis has been used in a variety of statistical 

measures designed to search for the presence of extreme values, for example crack 

detection in engineering applications (Hadjileontiadis and Douka 2007). 

A different approach to analyze presence of intermittency would be by using thresh-

olding and quantifying sparsity of the sequence of values above a given threshold 

(Starck, Murtagh et al. 2010).  This approach is particularly suited for cases of separat-

ing a sparse function from noise with a distribution of a known shape using adaptive 

thresholding (Johnstone and Silverman 2004; Johnstone and Silverman 2005).    We 

prefer using the kurtosis measure as it intrinsically emphasizes the outliers, and also 

avoids the need to select an apparently arbitrary threshold.  

5.4  Scale dependent intermittency 

Expanding on the previous Bernoulli trials example, let us consider a Poisson arrival 

process.  It is a continuous-time counting process { ( ), 0}N t t ≥ with independent and 

stationary increments and with no memory.  This process is characterized by an 
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intensity parameter λ.  The number of events in time interval ( , )t t τ+ follows a 

Poisson distribution 

 ( ) ( )
( ) ( ) 0,1,

!

k
e

P N t N t k k
k

λτ λτ
τ

−

+ − = = =     (5.5) 

If the rate changes over time as ( )tλ , the expected number of events in interval ( ),x y  

in the resulting non-homogenous Poisson process is, 

 , ( )
y

x y

x

t dtλ λ=   (5.6) 

The number of arrivals in a given [ ],x y interval follows (5.5) with ,x yλ as the rate 

parameter.  For large values of λ the normal distribution is an excellent approximation 

to a Poisson distribution. 

A non-homogenous Poisson process describes random photon arrivals in an X-ray 

detector.  The detector counts the number of photons in (usually) uniformly spaced 

bins.  For small bins and rates, most of the bins are empty and only rarely contain a 

single photon.   

Many other processes – for example the detection of a solar flare, or a gamma-ray 

burst can be described as a Poisson process. 

The kurtosis of the Poisson distribution (5.2) goes to 0 for large rate parameters – 

when the number of events in a large bin can be approximated with a Gaussian, and 

goes to infinity as rate in a time bin goes to 0.  Just like with a rare outcome in Ber-

noulli trials, detecting an event in a randomly selected small bin can be described as a 

sparse, or intermittent, occurrence. 

This example illustrates that a given process can be interpreted as intermittent depend-

ing on the time scale that is taken into consideration, e.g. detecting a gamma ray burst 

in a given hour would be a rare occurrence, but taken over several decades of observa-

tion it is a stable process with no obvious extreme values detected: detection rate was 

approximately one burst per day in the SWIFT experiment (Burrows, Hill et al. 2005) 
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As was discussed in 4.5, the wavelet transform is well suited for the analysis of a 

process on different dynamical timescales.  To show a concrete calculation, a constant 

rate Poisson arrival process is binned into intervals that are small compared to the 

average waiting times between events and a wavelet transform is performed as de-

scribed in (4.25) with a D(6) wavelet (4.27); we then obtain a collection of wavelet 

coefficient time series at each scale.  The computed wavelet kurtosis (KS plot) of each 

distribution in this simple calculation is presented in Figure 5-1.  For larger timescales, 

the wavelet coefficients of Poisson process are approximately normally distributed.  

However, for small timescales, the wavelet coefficients are mostly 0 – in between 

arrival events, and contain rare large values that detect a rapid change – event arrival. 

 

Figure 5-1  Wavelet kurtosis KS of Poisson arrival process for different rates λ, Hz. 

Sample interval is 1000 sec binned to 244μsec (4096 bins per second).  Horizontal axis is inverse of the 

wavelet scale, so that smallest scales with fewer events per wavelet function support interval are to the 

right.  D(6) wavelet function is used. 

This example demonstrates how the wavelet kurtosis measure relates to the presence 

and relative intermittency of events (arrival events in counting noise in this simple 
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case) in a process on various dynamical time scales.   It indicates that when analyzing 

an actual signal with counting noise superimposed (doubly stochastic Cox process), 

the Poisson arrival process will dominate time scales comparable with average waiting 

times between arrival events. 

5.4.1  Non-Gaussianity detection 

Generally, the wavelet kurtosis can be used as an optimal method to detect non-

Gaussianity (Donoho and Jin 2004).  (Jin, Starck et al.  2005) contains an analysis of 

the wavelet kurtosis as applied to the cosmic microwave background to detect rare 

extreme values in the CMB distribution in comparison to other transform based 

statistics, such as extreme-values, bispectrum, and others. 

5.5  The duty cycle for shot noise 

Consider a shot noise model of an astrophysical time series.  The Fourier power 

spectrum of a shot noise process is the same as the power spectrum of the shape of the 

shot.  A given shot profile allows one to reproduce the Fourier power spectrum of a 

process independently of how many shots are added – as long as the shot positions in 

time are independent of each other. 

 In the following study we use a shot profile as was constructed in (Focke, Wai et al. 

2005) to describe variability of Cygnus X-1.   Shot parameters had been obtained by 

fitting apparent shot-like features in the Cygnus X-1 lightcurve.  This approach seems 

likely to yield a shot noise model related to the underlying dynamics of the source. 

This shot profile consists of a double exponential with rise time of 0.44 sec and fall 

time of 1.03 sec – width at half maximum (FWHM) of approximately 1.0 sec.   

In Figure 5-2 two light curve fragments are presented, each consisting of a constant 

rate and added shots.  One has shots arriving (as a Poisson process) at a 3.0 Hz rate 

with average wait time between shots equal to 1/3 of shot FWHM.  The other has 0.30 

Hz rate.  We will refer to the ratio of shot FWHM to the wait times between shots as 

the load factor.   Those two series have load factors 3 (more shots per unit time) and 
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0.3 (less shots) respectively.  N.B. The shot shape is fixed at the above referenced 

parameters. 

 

 

Figure 5-2  Shot noise process. 

Two 50 second fragments of shot noise process with a) 3.0 and b) 0.3 load factors and added constant 

background – normalized to have the same average rate.  The shot rate is a) 3Hz and b) 0.3Hz.  

In this simple case it is easy to visually distinguish those two realizations of the same 

shot noise model.  However, it becomes less obvious when counting noise is added, as 

Figure 5-3 shows, and it does become more and more difficult to differentiate between 

the two with higher levels of noise.  A quantitative way to measure the different 

models is needed. 
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Figure 5-3  Shot noise process with counting noise. 

Same shot noise process fragments (25 seconds each) with Poisson noise added; binned in 1/128 sec 

(7.8 ms) intervals 

As expected, and as Figure 5-4 shows, the Fourier transform of these two realizations 

is almost indistinguishable.  Minor differences between these plots are due to the 

randomness in the simulation. 

 

Figure 5-4  Fourier power spectrum of the shot noise process discussed in the text.  

3000 second samples of the two processes whose fragments are shown on Figure 5-2.   
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Twenty intervals, of 1000 seconds each, for each of those two processes have been 

simulated and processed with a wavelet transform.  The kurtosis of the wavelet 

coefficient distribution on various scales is plotted on Figure 5-5.  The figure demon-

strates that the wavelet kurtosis at time scales comparable with the average waiting 

times for shot arrival can be used to quantify how sparse is this process.  This infor-

mation is not present in the Fourier power spectrum.  It should be possible to extract 

from the phase of the Fourier transform, as it fully describes the signal, but due to the 

nature of the Fourier basis functions, the results of this approach would be harder to 

relate to the actual localized behavior of the signal, as it is done naturally by wavelets. 

 

Figure 5-5  Wavelet kurtosis of shot noise process.  

Wavelet kurtosis KS for different dynamical scales of D(6) wavelet transform,  for 20 realizations each 

of shot noise process simulation that is presented on Figure 5-3.  The duration of each sample is 1000 

seconds.  The average counting rate was 4000 events per second for both sets.  The solid line connects 

values for series with load factor 3.0.  The error bars shown are standard error of mean. 

5.6  Wavelet intermittency measure 

Following these examples, we adopt wavelet kurtosis (4.33) as a measure of intermit-

tency at a dynamical scale defined by the wavelet transform.   



48 

 

Definition: Wavelet kurtosis KS for scale s is the kurtosis of the probability distribu-

tion of wavelet coefficients at that scale. 

Heavier tails in the wavelet series PDF are an indication of a sparse presence of strong 

events with small time or space support in the analyzed signal.  Second order statistics, 

such as the Fourier power spectrum or wavelet variance are relatively insensitive to 

such events. 
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6.  ANALYSIS OF SYNTHETIC MODELS 

To develop intuition about wavelet kurtosis analysis, we consider in this section a few 

of the simplest possible signals. 

6.1 Heaviside step function 

The unit step function (Heaviside function) H represents a signal that switches on at a 

specified time and stays switched on indefinitely.  Continuous and discrete forms of 

H can be written as  

 

( ) ( )

[ ] 0, 0

1, 0

x
H x t dt

n
H n

n

δ
−∞

=

<
=  ≥


 (6.1) 

This function is self-similar.  The wavelet transform of H will have only a few non-

zero coefficients for intervals that overlap the transition.  The population mean and 

variance of wavelet coefficients at each scale is 0, and the kurtosis is infinite. 

This is the simplest instance of an infinitely intermittent process – a transition happens 

only once.  As such it serves as a good case to demonstrate the properties of the 

wavelet kurtosis intermittency measure. 

 Physical examples of this type of signal would be an irreversible state transition, such 

as a star collapse.  Alternatively, it could represent a measurement artifact – for 

example detector failure, or improperly selected data interval.   

Any actual observed sample would include only a finite interval.  The population 

kurtosis estimator (5.3) for a sample that includes a fixed number of non-zero values 

will yield a larger estimation of population kurtosis as the sample size grows. 

For the wavelet transform, larger scales have a smaller number of coefficients.  Thus, 

for a fixed measurement interval that includes a single transition in the event sample 

the wavelet kurtosis estimator will yield a smaller value for larger time scales.   
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Figure 6-1 shows the wavelet kurtosis of a Heaviside step function for intervals of 

various lengths L (sec) – with 244μs bins on[ ]2, 2L L− .   

The features on the left end of the plot are artifacts due to the procedure used in this 

study which yields various number of coefficients on the largest scale due to the 

omission of edge values, as has been discussed above.  A small change in the relative 

starting position of the time series in relation to the signal feature affects the alignment 

of the discrete translated wavelets.  Only a few non-zero coefficients contribute to the 

result here, which are represented slightly differently depending on the choice of 

starting position.  When analyzing a single event in a time series, the CWT or a 

generalized multiresolution analysis (Percival and Walden 2000) might be more 

appropriate. 

This highlights that a proper interpretation of the statistical significance of the DWT-

based statistics on different time scales has to be done when dealing with events that 

are very rare compared to the length of the observation. 
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Figure 6-1  Wavelet kurtosis of Heaviside step function. 

Samples with different length zero centered intervals, binned to 4096 bins per second. 

6.2 The non-homogenous Poisson process 

Following the example established in 5.4 let us consider a non-homogenous Poisson 

process that doubles its rate at 0t = . 

 ( ) ( )0 ( ) 1t H tλ λ= +  (6.2) 

Sample would be on interval [ ]2, 2L L−  

Figure 6-2 shows a realization of this process on interval for 10secL =  and 0 2000λ =  

events per second binned to 1/256 sec bins.   
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Figure 6-2  Poisson arrival process with changing rate. 

Rate changes from 2×103 to 4×103 events per second, binned to 3.9ms bins.  Average rate per bin is 

shown in red.  10 second interval is shown. 

Figure 6-3 shows wavelet kurtosis plot for three samples of this process with 

60secL = and various rates.  Comparing it with the results of Figure 6-1 it demon-

strates how counting noise affects the detection of the transition.  Wavelet coefficients 

near the transition are smaller with smaller rate, and the kurtosis estimator reflects 

that.  This effect is more pronounced for smaller time scales, and they become washed 

out in a manner similar to the “Poisson floor” feature on the Fourier power spectrum 

of the 1 f process with added counting noise (van der Klis 2004).  At the finest time 

scales, a rising kurtosis reflects intermittency of the counting noise itself, consistent 

with the homogeneous process discussed above (see Figure 5-1). 

Unfortunately, unlike the Poisson floor for the Fourier power spectrum, we have found 

no easy way to subtract the effects of counting noise from the wavelet kurtosis plot, so 

any comparison of experimental results with models needs to be done using simulated 

counting noise.  This effect also complicates combining of the results for observations 
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with varying detector efficiency.  A method to combine RXTE observations made 

with different numbers of on-board detectors being active is discussed in section 7.5. 

 

Figure 6-3  Sample wavelet kurtosis plot for non-homogeneous Poisson process. 

Process as described by eq. (6.2).  Sample size L is 60 seconds.   

6.3 Gaussian random walk 

Random walk is a discrete process that consists of taking successive random steps.  A 

random walk having a step size that varies according to a normal distribution is called 

a Gaussian random walk (GRW).  In its scaling limit, with step size and interval 

between steps tending to 0, GRW converges to a continuous Wiener process (that is 

often called Brownian motion).  It is used to model a wide variety of phenomena in 

physical science.  The random walk is a discrete fractal (Doyle and Snell 2000) and a 

classical example of a self-similar 1 f process. 

Figure 6-4 shows a fragment of simulated GRW, computed as an integral of Gaussian 

white noise with mean 0.0 and standard deviation of 1.0.  It is presented as a time 
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series with 4096 steps per second.  Part b shows the Fourier power spectrum of a 2000 

second realization of this process, and part c shows the combined wavelet kurtosis plot 

of 30 fragments of 1000 seconds each. 

The kurtosis of wavelet coefficients is consistent with zero.  It should be noted that 

even as the kurtosis plot uses a 15 times longer sample, the variance of the computed 

values is relatively higher than that for a power spectrum for same time scales.   That 

behavior is to be expected from a higher order statistic. 

 

Figure 6-4  Gaussian random walk 

Its Fourier power spectrum and wavelet kurtosis.   a) 50 sec sample with 1/4096 second time intervals 

with N(0, 1) steps.   b) Fourier power spectrum for a 1000 realization.  c) Combined W-K plot for 30 

realizations of 2000 seconds each.  Error bars are standard deviation of mean. 

6.4 Logistic map 

The logistic map is a quadratic recurrence relation that is a classic example of emer-

gence of chaotic behavior from a very simple non-linear discrete time dynamical 

equation. 

 ( )1 1n n nx rx x+ = −  (6.3) 

This equation was popularized as a discrete time (May and Oster 1976) model of 

population demographics, analogous to Pierre Verhulst logistic equation  
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 1
dN N

rN
dt K

 = − 
 

 (6.4) 

where N(t) represents the number of individuals at time t, r is the intrinsic growth rate, 

and K is the carrying capacity – the maximum number of individuals that the envi-

ronment can support. 

For most values of ( )3.57,4.0r ∈ and initial values 0 (0,1)x ∈  the logistic sequence 

develops chaotic behavior, i.e. great sensitivity to the initial conditions and complex 

unpredictable fluctuation of values: a small error in the supposed initial state of the 

system leads to an exponentially worse prediction of subsequent states. 

An interesting feature of the logistic map process is that it exhibits transitions between 

distinct “modes” of variability.  Figure 6-5 shows a fragment of a logistic map process 

with 4.0r = .  The figure shows short intervals, for example for n=70 to 75, where it 

stays near the same value before proceeding to fluctuate rapidly.  This is an interesting 

case to investigate with the wavelet kurtosis measure. 

 

Figure 6-5  Logistic map process fragment for r = 4.0 

We have analyzed a range of logistic map process instances exhibiting chaotic behav-

ior with Fourier transform and wavelet kurtosis.  The power spectrum for logistic map 
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with r=4.0 is flat.  There is a lack of features on wavelet kurtosis plot on all scales 

with only negative kurtosis indicating lack of tails on the distribution and flat distribu-

tion of the wavelet coefficient for the smallest scale (Figure 6-6). 

 

 

Figure 6-6  Wavelet kurtosis plot for the logistic map process. 

Process presented on Figure 6-5, bin size assumed at 244μs. 

In appendix 11.1.5.4 we discuss an interesting artifact of the logistic map simulation 

that was due to the limited precision of computer arithmetic that was used. 

6.5 Shot noise with various duty-cycles 

This case was discussed in Section 5.5.  Comparing the results presented in Figure 5 5 

with those produced by a step modulated process as in Figure 6-3 it shows that in the 

presence of counting noise wavelet kurtosis plot does not allow one to easily differen-

tiate between a single large event, and continuously occurring shots.  A way to detect 

the difference is to split the measurement interval into multiple samples – this is 

naturally done for the RXTE experimental data analyzed in this study that is organized 
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in separate observation segments.  A singular event will only show up in a single 

segment.  Continuously occurring events, such as shots, will be distributed among 

segments. 

6.6 The dripping handrail model 

6.6.1 Self-organized criticality 

The self-organized criticality (SOC) concept had been introduced (Bak, Tang et al. 

1987) to model temporal and spatial self-similar properties of a variety of physical 

systems.  It describes a spontaneous emergence of complex behavior of an extended 

system that spans several decades of dynamic scales originating from simple local 

interactions.  For example, a simple cellular automaton was demonstrated to produce 

the characteristic features of natural complexity (1 f  flickering noise and fractal 

geometry) in a robust manner that does not depend on finely tuned critical point 

parameters (Bak 1996). (This is in contrast to other critical state phenomena, such as 

phase transitions between the solid and liquid state.)  Such a system is attracted to its 

critical state, at which point its correlation length and time is infinite. 

A typical example of such a system is Bak-Tang-Wiesenfield sandpile model where 

gradual addition of grains of sand onto a pile precipitates “avalanches” of various 

sizes.  Such models were suggested (Mineshige, Ouchi et al. 1994; Dendy, Helander et 

al. 1998) as a unifying paradigm for interpreting the underlying structure of signals 

from accretion systems.  This use of such simple models is supported by numerical 

modeling of the energy dissipation due to magnetohydrodynamic turbulence in 

accretion disks (Geertsema and Achterberg 1992), as well as other turbulent plasma 

models (Paczuski, Boettcher et al. 2005; Servidio, Primavera et al. 2008). 

6.6.2 The dripping handrail accretion model 

The dripping handrail (DHR) discrete dynamical model was proposed as a phenome-

nological description of an accreting system that provides a description of the Very 

Low Frequency Noise (VLFN), QPOs, and 1 f  noise in the context of a simple 

physical model (Scargle, Steiman-Cameron et al. 1993; Scargle and Young 1996). 
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The DHR, in its cellular automaton form, proposes a circular structure of cells, repre-

senting the structure of an accretion disk, balanced by centrifugal and gravitational 

forces.  Matter accretes onto the rail into each cell and diffuses along the rail.  If the 

density in a cell reaches a critical value, matter “drips” off the rail onto the compact 

object.  The x-ray intensity is assumed to be proportional to either the mass of those 

drops or the mass remaining on the rail.   This “rail” does not necessarily represent the 

inner edge of the accretion disk –  instabilities may be occurring at different distances 

(much larger than Rin) from the black hole and then propagating into the innermost 

region, where the energy is released and X-ray photons are produced. 

This model can be enhanced to add some more realistic physical effects for the inner 

region of the accreting disk, such as drag forces, asymmetrical diffusion, and radiation 

pressure  (Dey, Low et al. 2006).  These additional features do not fundamentally 

change the basic statistical properties of the generated process, so the simplest phe-

nomenologically sufficient form of the model is used here. 

Figure 6-7 shows basic diagram of the map lattice DHR model.  The rail consists of M 

cells each containing matter with dimensionless density
N

i
tρ , where i  is cell index, and 

Nt is discrete time.  The rail’s circular structure implies  

 0Mρ ρ≡  (6.5) 

 – It is the same cell.   

For an isolated cell its dynamics can be described as a linear circle map (Boyland 

1986) dynamical system 

 ( )1 mod1n nsρ ρ ω+ = +  (6.6) 

Where s and ω  are constants describing dissipation and accretion of matter.  The 

“dripping” threshold is modeled using modulo 1 arithmetic – for small rates of accre-

tion, “drips” will be of roughly the same (~1) size.  The rate of the drips is approxi-

mately 1 M ω . 
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 For 1s =  – implied by conservation of matter – evolution of the system will be 

periodic with period 1 ω  if ω  is rational, and quasi-periodic if not.  The period of the 

oscillation is determined by the accretion rate.  Circle maps are used to represent 

phase-locking electronics, and are also applied to a range of system exhibiting quasi-

periodic behavior, such a beating heart (Glass, Guevara et al. 1982). 

 Adding diffusion between cells, described by a dimensionless parameter Γ , the 

evolution of a discrete DHR system is given by following: 

 ( )1 1
1 2 mod1i i i i i

n n n n nρ ρ ρ ρ ρ ω+ −
+

 = + Γ + − +   (6.7) 

The resulting signal, with no counting noise, can be defined as total mass on the rail. 

 ( )
M

i
n n

i

t ρΡ =  (6.8) 

 

 

Figure 6-7  Diagram of DHR model 

The properties of the dynamical behavior of (6.7) are largely determined by the ratio 

of the diffusion to accretion rates (Scargle and Young 1996). 

 arctanθ
ω
Γ=  (6.9) 

(Scargle and Young 1996; Dey, Low et al. 2006) contain an overview of the DHR 

behavior for a range of parameters.  An important range of parameters produces DHR 
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behavior with a Fourier power spectrum that closely resembles spectra of some 

astrophysical sources – such as SCO X-1. 

For dimensionless parameters 0.015, 0.002, 99MωΓ = = =  DHR model generates 

a distinct QPO feature.   Assuming 4096 steps per second – for comparison with other 

models and experimental data used in this study – it is located near 4 Hz.  Its Fourier 

power spectrum is shown on Figure 6-10 part a). 

Figure 6-11 part a) shows the wavelet kurtosis plot for the same DHR model.  Rising 

K values for time scales shorter than 0.1 seconds are due to the intermittent process of 

individual “drops” being resolved.  There is a slight increase in wavelet coefficient 

PDF peakedness at time scales comparable with QPO feature location. 

To further investigate the DHR model we have considered the case of uneven accre-

tion onto the rail.   First, accretion was taken to be distributed at each step as log-

normal distribution with parameters 2ln ( 0, 1)N μ σ= =  (Gibrat’s distribution – Figure 

6-8) normalized to have the same average accretion rate as in the example with 

constant accretion. 

 ( ) 2 2(ln ) 2

2

1

2

xP x e
x

μ σ

πσ
− −=  (6.10) 

 

Figure 6-8  Gibrat’s distribution 

This distribution was chosen as a common example of a long tailed distribution with 

support on ( )0,x ∈ +∞  
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The resulting intensity, Fourier power spectrum, and wavelet-kurtosis are shown in 

part b) of Figure 6-9, Figure 6-10, and Figure 6-11 respectively.  The variability of the 

accretion disrupts the QPO and increases the low frequency noise level. 

Next, the accretion rate was modeled using the same shot noise process that was 

reviewed in section 5.5.  Figure 5-2 shows fragments of such a process with load 

factors 3.0 and 0.3 – arrival rate of 1 second wide (FWHM) shots of 3 Hz and 0.3 Hz 

respectively.  Here, a constant background rate was not added and the average rate 

was normalized to be the same as in the previous two examples of constant and log-

normal accretion.  The accretion rate, resulting DHR intensity for these models, are 

shown in parts c) and d) of Figure 6-9.  The Fourier power spectrum and wavelet 

kurtosis are shown in parts c) and d) of Figure 6-10, and Figure 6-11. 

For the larger load factor, most individual shots are overlapping.  The resulting DHR 

signal shows an indistinct, significantly broadened QPO, as variable accretion moves 

the natural circle map frequency around and large random spikes in accretion disrupt 

the steady state behavior. 

When accretion shots become sparse and include sparsely distributed lulls in intensity, 

the resulting DHR output significantly changes.  A steady state producing a distinct 

QPO feature is never established (part d) in Figure 6-10) and the intermittent arrival of 

relatively large shots modulates the output.  The resulting intermittent behavior of the 

DHR output is seen on the wavelet kurtosis plot (part d) of Figure 6-11). 

These examples demonstrate how an increasingly intermittent accretion rate disrupts 

QPO generated by DHR.  In the following sections we will show that the observed 

behavior in Cygnus X-1 data follows a similar pattern. 
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Figure 6-9  Intensity output of DHR models. 

The average accretion rate of 0.002 is equal for all plots, and the diffusion parameter is 0.015 

(θ=1.56).  In addition, the time bin size is 1/4096 sec.  Four ω(t) distributions are given: a) Constant 

accretion  b) Log-normal Gibrat’s distribution accretion  c) Shot-noise accretion with load factor 3.0  d) 

Shot noise accretion with load factor 0.3. 
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Figure 6-10  Fourier power spectrum of DHR model simulations. 

Processes presented on Figure 6-9.  Simulation sample size of 5000 seconds.   An average accretion rate 

of 0.002 is equal for all plots, and the diffusion is  0.015 (θ=1.56).  In addition, the time bin size is 

1/4096 sec. Four ω(t) distributions are given:  a) Constant accretion b) Log-normal, Gilbrat distribution, 

accretion c) Shot-noise accretion with load factor 3.0  d) Shot noise accretion with load factor 0.3. 
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Figure 6-11  Wavelet kurtosis KS of DHR model simulations. 

Processes presented on Figure 6-9.  Simulation sample size of is 10 runs by 1000 seconds each.  Errors 

shown are standard error of the mean.   An average accretion rate of 0.002 is equal for all plots, and the 

diffusion is  0.015 (θ=1.56).  In addition, the time bin size is 1/4096 sec.  Four ω(t) distributions are 

given:  a) Constant accretion b) Log-normal, Gibrat’s distribution, accretion c) Shot-noise accretion 

with load factor 3.0  d) Shot noise accretion with load factor 0.3. Note that d) is shown with a 5 times 

larger scale, as the wavelet kurtosis is very large for this case at about 1 Hz.  
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7. ANALYSIS OF EXPERIMENTAL DATA 

7.1 The Rossi X-Ray Timing Explorer 

The XTE experiment was launched on December 30, 1995 (Swank 1999) and contin-

ues to operate as of 2010, despite its original required lifetime design of two years.  

The RXTE mission focuses on exploration of the variability of X-ray sources with 

unprecedented time resolution and moderate energy resolution in the 2 to 250 keV 

spectral range. 

 

 

Figure 7-1  Diagram of the XTE spacecraft. 

 Image (NASA 1996).  Data analyzed in this thesis is from the PCA detector.  

In December 1995, the RXTE spacecraft (Figure 7-1) was launched aboard a Delta II 

rocket vehicle into a low-earth circular orbit with altitude of 580km, inclination 23 

degrees, and orbital period of 90 minutes.   

Operations of the spacecraft have been continuing since and are managed by the 

Goddard Space Flight Center (SOC 2010). 
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One of the main instruments aboard RXTE is a Proportional Counter Array assembly 

consisting of five proportional counter units (PCU) consisting of 1 propane veto layer, 

3 Xenon layers and 1 Xenon veto layer with a total physical area of 15625 cm2, and 

effective area of 6500cm2 (Figure 7-2). 

 

 

Figure 7-2  Diagram of the Proportional Counter Array (PCA) assembly. 

 (Hale Bradt. M. Halverson 1996) 

The PCA has energy range of 2—60 keV with energy resolution (σ(E)/E), limited by 

the counting statistics of the detection process in the gas, at 18% at 6keV to 9% at 

22keV.  Spatial resolution is collimated at 1 degree FWHM.  The PCA has sensitivity 

to 0.1 milliCrab and background level of about 2 milliCrab. 

For a detailed account of PCA detector calibration see (Jahoda, Markwardt et al. 

2006). 

The other onboard detectors include the All Sky Monitor (ASM) and HEXTE.  The 

ASM monitors the entire sky to provide notice of transient phenomena and continuous 

monitoring of bright sources.  The HEXTE consists of eight phoswich scintillator 

detectors that are grouped in two individually moving clusters with a net open area of 

1600cm2.  Clusters are “rocked” on and off source to provide background estimates.  

The HEXTE covers 15—250 keV energy range with an average energy resolution 
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(σ(E)/E) of 15.4% at 60 keV (Rothschild, Blanco et al. 1998).  It is collimated to a 1o  

FWHM field of view.  More detailed descriptions of the detector and data are provided 

in Appendix A. 

7.2 RXTE X-ray timing data 

All science timing in RXTE is generated from a single clock running at 220 Hz.  Time 

stamps are formed by masking the low bits of the timestamp, so all resolutions are 

power of two of minimal resolution of 2-20 s (~1 μs).  All data used in this study were 

collected, or rebinned to a resolution of 244μs, or 4096 bins per second, for the largest 

studied time frequency (wavelet scale, as defined above) of 2Khz. 

7.2.1 Dead time  

Each of the five PCU units has an independent deadtime (DT) of approximately 

10μsec (Jahoda, Markwardt et al. 2006).   The average stable count rate can be cor-

rected as 

 ( )1I I DT I′ = − ⋅  (7.1) 

Where I is the uncorrected rate, and I’ is the corrected rate.  For this study, the data 

were binned in 1/4096 sec intervals, each containing from 0 to 12 photons in each 

energy channel.   Thus, applying deadtime correction for each individual time bin 

level was not feasible.     

7.3 GRS 1915+105 

As it was discussed in Section 3, GRS 1915+105 exhibits wild variability.  Figure 3-1 

shows some examples of source lightcurves, with all energy channels added.  This 

source serves as an interesting example on which to test the properties of the wavelet 

kurtosis measure of intermittent behavior. 

For GRS 1915+105 (Belloni, Klein-Wolt et al. 2000) identify 12 separate classes of 

source variability based on count rate variations and energy color characteristics.  This 
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phenomenological classification yields significant insight into understating the source 

behavior, but largely lacks quantitative value. 

7.3.1 Data selection 

The data selection procedure is described in detail in Appendixes A and B.  Here we 

give a brief review.  687 RXTE observation segments for GRS 1915+105 were 

studied.  Continuous data segments longer than 256 seconds were used, with the 

longest being 3368 sec.  The total duration of observation segments was 871657 

seconds.  The average photon rate per PCU, adjusted for deadtime, was 2567 counts 

per second, ranging from 773 to over 7538. 

All selected observations had all 5 PCUs active.  The time resolution was 244μs 

(1/4096 sec), and the X-ray energy was grouped into three channels, 2—5, 5—13, and 

13—60 keV. 
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7.4 Stable and bursting modes of GRS 1915+105 

We classify the observed lightcurves of GRS 1915+105 as a) stable, and b) bursting, 

as shown on Figure 3-1 a) and b) respectively.  These examples are chosen as proto-

typical examples of the “stable” and “bursting” modes.   They are classified as φ  or χ

(stable), and κ or λ  (bursting) modes, according to (Belloni, Klein-Wolt et al. 2000).   

Reviewing the precise taxonomy of the variability modes for GRS 1915+105 was not 

the intention of this study, so all of remaining eight modes (Belloni, Klein-Wolt et al. 

2000) were grouped together as showing bursting activity.   After some training, Dr. 

Daniel Chavez, a Stanford engineering Ph.D. student not previously familiar with this 

source and study, characterized the mode as stable or bursting for all of the other 

selected observations.  The lightcurves reviewed by Dr. Chavez were not corrected for 

dead time and background, as the visual shape of the lightcurve indicating a stable or 

bursting mode is not significantly affected by that correction. 

The selected mode classification scheme is obviously simplified, but such a visual 

classification is a common method used for the analysis of GRS 1915+105, as well as 

for classifying the apparent variability of other sources.  

Dr. Chavez identified 420 segments as stable, and 267 segments as bursting.  Figure 

7-3 shows the wavelet kurtosis plot averaged for each of these two groups.  A signifi-

cant difference is clear from the figure.  

To test for the presence of intermittent variability the following composite statistic – 

cumulative wavelet kurtosis – was constructed 

 ( , )
m

S j
j n

CK n m K
=

=  (7.2) 

CK is the sum of wavelet kurtosis over an appropriate range of scales.   This statistic 

provides an integral measure of intermittent behavior over a broad dynamical range. 

The scale index 8 to 17j =  was used, corresponding to scales from ~125ms to 64sec 

(the smallest wavelet scale for 244μsec binned data is defined to be 0.49 msec, corre-

sponding to a j = 0 and D(6) wavelet, as previously discussed).  The smaller scale 
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cutoff was selected based on where the wavelet kurtosis measure starts to be dominat-

ed by the counting noise – to avoid including rate dependent behavior at the smallest 

scales. Note that even at those scales there is a statistically significant difference 

between the stable and bursting groups indicating the presence of intermittency.   

The larger scale was selected based on the shortest length of observation segments 

available.  Different selections had been studied, and found not to affect the analysis in 

a significant way. 

 

 

Figure 7-3  Wavelet kurtosis plot for GRS 1915 observations. 

Manually selected “stable” and “bursting” groups.  Error bars shown are the standard error of sample 

mean.  A very significant difference is evident. 

Figure 7-4 shows a plot of the average signal intensity per PCU vs. cumulative wave-

let kurtosis measure, CK(8,17).  Observations that had been selected as showing 

“bursting” activity are shown as squares, the remaining observations as crosses.  For 
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the “stable” group the sample mean and standard deviation of cumulative wavelet 

kurtosis measure is 2.88±5.9, and for the “bursting” group it is 50.37±37. 

The cumulative wavelet kurtosis, CK(8,17) appears to be a good predictor for a GRS 

1915+105 observation being classified as bursting or stable.  Using a linear discrimi-

nant analysis technique (Hastie, Tibshirani et al. 2009), the probability of misclassifi-

cation for this data sample was minimized.  The optimal discriminator value on CK(7, 

18) between stable and bursting modes was found to be 15.5.  For this threshold value, 

the CK(8, 17) measure (7.2) identifies 404 out of 420 manually selected segments as 

“stable”, and 243 out of 267 as “bursting”. 

 

 

Figure 7-4  Cumulative wavelet kurtosis vs. intensity for GRS 1915+105. 

Includes 687 observation segments.  Cumulative wavelet kurtosis CK(8, 17) for wavelet scales from 

125ms to 64sec for plotted against average source intensity in counts per PCU.  Squares represent 

observation selected by human reviewer to be in “bursting” mode, and crosses – in “stable” mode.  

Vertical line is the computed optimal discriminant value. 
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Figure 3-1 shows two of the lightcurves where human selection and CK(7, 18) discri-

minant disagree.  Lightcurve c) was visually identified as “bursting” mode, but it had a 

low level of cumulative wavelet kurtosis.  It is hard to say what class it represents – 

probably a longer “active” fragment of class λ  (Belloni, Klein-Wolt et al. 2000).  

Curve d) was visually identified as “stable”, but the cumulative wavelet kurtosis 

measure identified the presence of intermittent activity on the selected time scales.   

This mode is probably related to class γ  in (Belloni, Klein-Wolt et al. 2000). 

Those two misclassification cases highlight the difference between the wavelet 

kurtosis measure method and other possible measures of intermittent bursting behavior 

that could rely on modeling the source variability using its observed behavior.  For 

example, if one used a statistic that evaluates sample variation of the overall rate by 

fitting piece-wise constant segments to the light curve, then curve c) could have been 

identified as bursting – it includes several intervals with a relatively constant rate that 

approximately follows the same distribution pattern as for observation b).  This was 

probably the reason that Dr. Chavez assigned this observation the “bursting” classifi-

cation, based on his prior exposure to the source variability patterns.  But when this 

observation is taken in isolation, as is done by the wavelet kurtosis measure, there is 

not enough information present to classify it as “bursting”.  On shorter time scales 

change is gradual, and on longer time scales, only a few transitions are observed, so 

statistically this fragment is consistent with random walk type of variability. 

It is important to note that the wavelet kurtosis statistic considers each observation in 

isolation, without making any assumptions about the source’s types of intermittent 

variability, as would be used by a statistic that is based on fitting predefined shapes 

and pattern to the sources lightcurve.  The only training for the CK statistic is deter-

mining the threshold that selects one behavior over another. 

For observation d) a piecewise constant fit with fixed length on an interval smoothes 

out the short spikes, so such measure would not identify bursting in the same pattern 

as observation b).  Dr. Chavez also did not find these short spikes as being inconsistent 
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with random outliers for Poisson noise counting, such as those identifiable in observa-

tion a).  Wavelet kurtosis measure identified those spikes as being intermittent. 

7.4.1 Conclusion 

We have constructed a cumulative wavelet kurtosis measure of GRS 1915+105 X-ray 

emission variability.  It is a robust classifier for detecting a variety of bursting activity. 

7.5 Cygnus X-1 

We have selected 642 segments of Cygnus X-1 data from the RXTE experiment, each 

with at least 256 seconds of continuous data.  The total sample size was 950K seconds.   

The timing resolution was 244μsec (4096 bins per second) for this sample. 

The energy resolution was limited to three channels with approximate acceptance of 

2—5, 5—13 and 13—60 keV.  The intensity in each of those three energy channels 

are referred as A, B and C.    The total intensity was computed as  

 1, secI A B C counts −= + + ⋅  (7.3) 

Energy spectrum hardness ratios are defined, following example in (Belloni, Klein-

Wolt et al. 2000), as  

 1

2

/

/

HR B A

HR C A

=
=

 (7.4) 

Color-color (HR1 vs. HR2) and color-hardness (HR2 vs. I) diagrams for the selected 

observations are presented in Appendix B, which also includes more detailed infor-

mation on data set selection and preparation.   Note that the data sample does not 

cover the full known range of observed modes in Cygnus X-1, due to the requirements 

for the timing resolution of the data acquisition mode used in this study. 

7.5.1  Low frequency QPO 

One of the identifiable features in the Cygnus X-1 Fourier power spectrum is the 

recurring presence of a low frequency QPO (LFQPO) (Ruthledge, Lewin et al. 1999; 

Pottschmidt, Wilms et al. 2006).  This QPO has been associated with state transitions 

and studied in relation to different hypotheses of internal accretion disk dynamics.  To 
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study how it relates to potential source intermittency, a quantitative measure of the 

presence of the LFQPO was constructed.  Since a detailed study of the LFQPO 

properties – such as its precise frequency, width and correlation with energy spectra 

was not the focus of this study, detailed corrections for measurement errors, such as 

Poisson noise, dead time, or precise normalization were not necessary. 

The power spectrum (4.7)  was computed for the total light curve I (7.3) for each 

observation.   It was integrated in logarithmically uniform intervals – 10 per decade – 

and plotted in the frequency range from 0.1 to 500Hz.  Two observations are shown on 

Figure 7-5.   Note that unlike the power density plots in the quoted references these 

plots are not multiplied by frequency. 

 

 

Figure 7-5  Fourier power spectra for Cygnus X-1 observations. 

a) 60090-01-11-00, segment 2  b) 60090-01-34-01, segment 1.   Data binned in 244μsec intervals.   

Counting noise subtraction and dead time correction was not performed.  The resulting power spectrum 

is binned – 10 logarithmically uniform bins per frequency decade.  The dotted line is a linear fit in log-

log space of the 1 to 10Hz region.  The figure of merit (7.6) measure Θ is 0.34 for a) and 2.57 for b). 

To create a quantifiable figure of merit indicator of the existence or not of the LFQPO 

in an observation, we first made an attempt to fit a smooth bump shape to all observa-

tions.   That approach turned out to be unreliable as a single set of initial fit parameters 

did not allow for a robust convergence across the variety of observed spectra.   A more 

robust figure of merit was constructed as following.  A straight line was fitted to the 
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logarithm of Fourier power between 1 and 10 Hz (shown on Figure 7-5 and binned in 

10 logarithmically uniform intervals) and the logarithm of frequency. 

 log logi iE f Cα= +  (7.5) 

All errors had been assumed to be equal. 

The figure of merit indicating the presence of a QPO presence was defined as 

 ( )log i

i

E f
E

 Θ =  
 

   (7.6) 

Θ is proportional to the absolute value of the total area between the fitted line and 

actual spectrum as shown on Figure 7-5 (Θ has no cancellation of area below and 

above the line) where Θ is 0.34 for observation a) and 2.57 for b).  Θ is related to the 

fractional power under a “bump”.  

This computation can be improved by using a power spectrum with the counting noise 

subtracted, but the difference was found to be relatively small in the region of interest 

and uniform among observations. 

To establish what threshold value of Θ indicates a phenomenologically significant 

presence of LFQPO activity and to screen all observations for other artifacts, we used 

the following learning procedure.  An analyst, previously not familiar with this study, 

was asked to review all observations and to mark whether a distinct QPO “bump” is 

present.  Our previous work with fitting a bump shape to the spectrum showed that a 

manual estimate of this type is robust.   

Out of 642 observations 544 were selected as not displaying a QPO (referred to as 

NOQ set), and 98 as containing a LFQPO feature (QPO set).  All observations were 

examined for the absence of other distinct Fourier spectrum structures – such as dips 

or multiple slope breaks in spectrum.  Typical power-law break frequency was located 

at a lower frequency then the fitted interval and did not affect the Θ measure. 

For all segments Θ (7.6) was calculated.  For the NOQ set the average value and 

standard deviation of Θ was 0.81±0.32, while for the QPO set the average value and 

standard deviation was 1.47±0.40.  The optimal threshold value of Θ that minimized 
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the probability of misclassification (gave the largest purity of both of the samples) was 

calculated as 1.15.  This choice of Θ correctly classified 453 out of 544 for the NOQ 

set (83.2%), and 82 out of 98 for the QPO set (83.7%) (Figure 7-6). 

Note, that the studied spectra showed a fairly smooth progression of LFQPO feature 

prominence.  In the region of Θ values between 1.0 and 1.5, the analyst had consider-

able difficulties in picking one of the two classes, as evidenced by the overlap of the 

two sets of Θ.  Subsequent checks of false positive and negatives – for the chosen 

discriminant value of Θ – identified a considerable number of subjective errors.   

Nevertheless, these checks clearly indicated that the chosen figure of merit had 

accurately reflected – and quantified – a bump-like deviation from an ideal 1 f spec-

trum. 

Different figures of merit constructed in a similar manner were also tested – for 

example goodness of fit for (7.5), and other monotone functions of the integral devia-

tion from a perfect 1 / f  spectrum, and had been found to perform similarly well as a 

discriminant.  Formula (7.6) produced the most evenly distributed values, and thus it 

was deemed the most robust measure to quantify the presence of LFQPO feature. 
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Figure 7-6  The distribution of the figure of merit Θ for 642 Cygnus X-1 observations.  

Crosses indicate observation manually selected as not containing a QPO feature (544 observations), and 

squares as containing a characteristic QPO bump.   The optimal discriminant value for Θ to minimize 

the probability of misclassification is 1.15 (vertical dashed line). 

7.5.2  The wavelet kurtosis diagram 

Using the subsets of observations exhibiting and not exhibiting LFQPO activity (Θ 

threshold of 1.15) we have computed the wavelet kurtosis measure; the result is shown 

in Figure 7-7.  The subsets had different average count rate, so a direct comparison 

would have been affected by counting noise.  To minimize this effect we have selected 

only observations with average rate within one standard deviation of the overall 

average rate for the ‘QPO’ observations: both subsets had been filtered to fall into the 

range of 998 to 1889 counts per second per PCU, corrected for deadtime.  We have 

also selected a minimal continuous observation length to be at least 512 seconds.  

Also, only observations with 3 active PCUs were used, to avoid combining statistics 

for observations with different overall counting rate. 



78 

 

For each scale, the significance of the difference between the two samples was calcu-

lated using Welch’s t-test.  The probability to reject the hypothesis that those subsam-

ples are drawn from the same population was converted to a “σ” measure – the 

equivalent two-tailed probability for a normal distribution with standard deviation of 

one.  In the region between 0.1 to 10Hz wavelet scales, the significance of the differ-

ence in the two samples was between 4 and 8σ.  

The observations without QPO like features show more intermittent activity at fre-

quencies starting at 0.1Hz.  This indicates the increased presence of sparsely occurring 

rapid transitions in intensity – potentially individual resolvable shots.  Note that both 

regimes show considerably higher kurtosis then what is observed in the “stable” mode 

of GRS 1915+105 (Figure 7-3).  

Figure 7-8 shows the relation between the LFQPO figure of merit Θ and the cumula-

tive wavelet kurtosis CK(7,15) for scale index from 7 to 15 (7.2).  (To reduce the 

sampling variance, a shorter largest scale of 16 seconds was used compared with GRS 

1915 plot (Figure 7-4).)  The inclusion of larger wavelet scales would produce essen-

tially the same distribution, but with slightly more deviation along the horizontal axis. 

An obvious trend is that a larger wavelet kurtosis is observed for periods when Fourier 

power spectrum was following stricter 1 / f dependency (highly linear in the log-log 

plot) in the 1 to 10 Hz region and the observations with a more pronounced LFQPO 

bump in their power spectra showed less intermittent – and more Gaussian – distribu-

tion of wavelet coefficients. 
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Figure 7-7  Wavelet kurtosis of Cygnus X-1 

The wavelet kurtosis distribution vs. wavelet scale for QPO (F.O.M. Θ > 1.15, solid line, 74 observa-

tions, 118 Ksec) and non-QPO (diamonds, 129  observations, 194 Ksec) modes.  Only observations 

longer than 512 sec, with 3 PCU active and the average corrected rate between 998 and 1890 cts/s per 

PCU were used.  Error bars shown are standard deviation of the sample mean.   For frequencies above 

~30Hz this measure is dominated by rate dependent counting noise.     
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Figure 7-8  Cygnus X-1 LFQPO figure of merit Θ and observed cumulative wavelet kurtosis. 

Cumulative wavelet kurtosis CK(7, 15) for wavelet scales from ~62.5ms to 16 seconds 

In this plot more observations are used than in Figure 7-7 as we included observations 

with 4 or 5 PCUs active, and did not cut on rate. These changes gave about twice the 

data as compared to the results presented in Figure 7-7, yet did not distort the result 

obtained by the more restricted data sample as discussed below.  

In section 6.2 we discussed the effects of counting noise on the wavelet kurtosis 

measure.  To check how the counting noise affects the cumulative kurtosis computa-

tions for observations where more than 3 PCU are used the following procedure was 

used.  For observations with 5 and 4 PCU active 40% and 25% of all counts were 

randomly dropped from the data, so as to simulate an effective detector area equiva-

lent to that with 3 PCU active (as was presented on Figure 7-7).  Figure 7-9 shows the 

resulting cumulative wavelet kurtosis measure, as compared with that of the non-

attenuated signal.  The lower counting rate signal has a consistently lower value of the 
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wavelet kurtosis, as expected (see Figure 6-3 for comparison).  The difference is not 

very significant in this case. 

 

Figure 7-9  Wavelet kurtosis for reduced counting rate (randomly removing events) observations with 5 

and 4 PCU active for Cygnus X-1. 

The crosses represent 131 observation segments with 4 PCU detectors active, triangles – 69 observation 

segments with 5 detectors active.  The minimal continuous observation length is 512 seconds.  The rate 

is reduced by randomly removing 25% and 40% of events respectively.  The horizontal axis is the 

cumulative wavelet kurtosis of the reduced rate signal, vertical axis – without rate reduction.  The 

effects of this procedure are small in this case. 

7.6  Discussion 

7.6.1 Detection of bursting activity in GRS 1915+105 

In section 7.4 we have described a method to discriminate bursting activity in a source 

using cumulative wavelet kurtosis measure. 
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Several factors are important when comparing any quantitative analysis of an observa-

tion with manual classification. 

First, unlike a computational algorithm, a human analyst is influenced by all the 

samples that are presented.  Thus a curve that is consistent with a non-intermittent 

random process can be misclassified due to its particular realization shape.  Curve c) 

on Figure 3-1 is an example.  People have found “flares” and other features in astro-

physical data that later could not be substantiated by statistical analysis.  This does 

become more of a problem when the statistical analysis is developed under the influ-

ence of what researcher had visualized in the data: for example attempting to fit a shot 

profile that looks like an apparent observed feature, or making a-priori assumptions 

about what does constitute background noise. 

Second, the amount of information that a human can process is naturally limited.  In 

our GRS 1915+105 analysis the presented lightcurves had been binned in one second 

intervals.  The CK statistical measure used was looking at the same data down to the 

millisecond level – something that is not feasible to perform manually.  Curve d) on 

Figure 3-1 is one example where short timescale bursting activity was missed by the 

analyst. 

Third, humans make errors.  For at least three of the observations an obvious error in 

classification had been discovered after the analysis was completed.  Those second 

thought errors were not corrected in the final data sample used in this analysis. 

The cumulative wavelet kurtosis measure, such as defined in (7.2), is a useful tool for 

astrophysical time series discriminant analysis that can be used for source taxonomy 

purposes in conjunction with other measurable quantities, such as intensity, hardness, 

color, RMS variability, Fourier power spectrum features and others. 

Usage of such quantitative measures becomes more important as the amount of 

experimental data grows.  Future experiments will undoubtedly present an abundance 

of data for thousands of sources where simple visual examination of features – as well 

as development of parametric discriminant functions based on such examination – 

may no longer be feasible.  
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7.6.2 Intermittency and quasi-periodic oscillations in Cygnus X-1 

Cygnus X-1 shows an increased intermittent activity in observation segments that do 

not display the presence of low-frequency periodic oscillations or any other distinct 

Fourier power spectrum features for all included observations.  In those cases there is 

an indication of sparse intensity variations on the time scale from 0.1 to 1 Hz that are 

not consistent with the random accumulation of independent small pulses and may 

indicate the presence of shot noise with low duty cycle or the presence of other sparse 

events. 

Comparing this result with analysis of the Dripping Handrail model presented in 

Figure 6-9, Figure 6-10, and Figure 6-11 it can be noted that the behavior of Cygnus 

X-1 is consistent with the DHR driven by accretion flow with varying intermittency.   

For a more constant flow, the QPO feature is more prominent and there is slightly 

higher wavelet kurtosis at time scales comparable with the QPO location.  For obser-

vations with a less pronounced LFQPO feature, intermittent flow is indicated by the 

wavelet kurtosis measure at longer time scales. 

Thus, the wavelet kurtosis measure is shown to be a revealing extra dimension in 

addition to such established techniques as source intensity, power spectrum density 

analysis (including figure of merit measure of LFQPO activity used in this study), 

energy spectral hardness and others that can be used for phenomenological classifica-

tion of source states and for validation of variability models. 



84 

 

8.  APPENDIX A.  RXTE EXPERIMENT 

8.1  RXTE software and FTools 

RXTE data had been extracted using the HEASOFT FTOOLS library version 6.1 

(released July 06, 2006), including CFITSIO Version 3.01 (Blackburn 1995; Pence 

1999; GSFC 2006).   An overview of the data extraction procedures is available in the 

RXTE Cook Book (RXTE 2008).  Custom software and data extraction scripts that had 

been created for this study are described in Appendix D. 

Data had been included according to the following standard criteria: 

• Source elevation greater than 10 degrees. 

• Pointing offset less than 0.02 degrees. 

• Time since South Atlantic anomaly passage – greater than 30 minutes or less 

than 0 minutes. 

• Number of active PCU constant – separate good time interval extraction was 

done for 3, 4, and 5 active PCU (RXTE PCUs 3 and 4 had been suffering 

breakdowns since early in the RXTE mission). 

Since both sources studied are very bright, and all data was used with fine binning of 

244μs, background subtraction was not performed.  All data used was grouped in three 

energy channels.     Both binned-mode and event mode had been used and rebinned to 

the same 244μs resolution.  

The XTE filter files had been created using xtefilt tool, and data extracted with 

seextrct and saeextrct. 
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9.  APPENDIX B.  DATA EXTRACTION  

9.1  Cygnus X-1 

Using public archive tools for the RXTE data archive (W3Browse 2010), 1154 availa-

ble archived public RXTE observations (as of 2007) were retrieved selected by source 

position for Cygnus X-1.   Observation dates were selected between modified Julian 

dates (MJD) from 50090 to 53841 (from January 1996 to April 2006). 

Those observations had been scanned for available data formats, by screening Event 

Analyzer modes in the PCA index file.   Software and data extraction scripts are 

described in Appendix D. 

Minimal 244μs (1/4096 sec) time resolution was required.  In general RXTE observa-

tions for a bright source such as Cygnus X-1 would have all events recorded with a 

combination of binning/event modes having a few energy channels – three in selected 

cases.  For the low energy channel, events are binned and recorded in the science array 

mode, while for high energy events a science event mode would be used for better 

resolution.  We selected only combinations of modes with a large number of available 

observations, and only the following data acquisition modes were retained.  

1) Mode A: 517 observations 

a) SB_250us_0_13_2s (244 μs single bit binned, channels 0 to 13) in EA3 

2–5 keV 

b) SB_250us_14_35_2s (244 μs single bit binned, channel 14 to 35) in EA7 

5—13 keV 

c) E_125us_64M_36_1s (122μs events, channel 36 and up) in EA1 

13–60 keV 

Energy bands are given for RXTE epoch 3.    

The analysis performed in this study used unbinned individual photon events.  Thus, 

correction for background had not been performed for actual timing analysis where 

noted as these correction are very small for these cases.  Generally a deadtime correc-
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tion was made, though again as noted, where the corrections are small the correction 

was not made. 

Out of the selected observations, 506 contained good data, 412 of these observations 

had a continuous observation segment of at least 256 seconds, and contained 642 

continuous segments of different lengths adding up to 950K seconds of data.  The 

longest continuous segment was 3536 seconds. 

 The average rate in 1 PCU was 1189 counts per second, with a standard deviation 

across observations of 404 counts per second.   The minimal average rate for a single 

observation was 532 counts per second and maximum – 3186. 

Out of all selected segments, 417 had 3 PCUs active, 144 – 4 PCU, and only 81 had 

all five PCU collecting data. 

Figure 9-1 and Figure 9-2 show Hardness—intensity and color—color diagrams for 

the selected observations longer than 512 seconds.   That cutoff was used to provide a 

sufficient statistical sample for wavelet coefficients at scales under 0.1 Hz for each 

observation. 

 



87 

 

 

Figure 9-1  Hardness HR2 vs. intensity per PCU for selected Cygnus X-1 observations.   

The minimal observation length is 512 seconds.  Rate is corrected for deadtime.  Background is not 

subtracted.  
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Figure 9-2  Color-color diagram for selected Cygnus X-1 observations.   

Hardness ratios HR1 and HR2 are defined in (7.4).  Minimal observation length is 512 seconds.  

Background not subtracted. 

9.1.1 Anomalies 

Observation 60090-01-45-02 was found to have an unusually high rate in the C energy 

channel – the only observation with HR2 (as defined in (7.3)) above 1.0 – 1.5 in fact – 

and drifting upwards over the course of the segment independently in comparison to 

rates in other channels.   The duration of that segment was 330 seconds, and as most of 

the data analysis performed used a cut for a minimal duration of 512 seconds – for 

reasons unrelated to the presence of this anomaly – no further investigation into this 

issue was done in this study. 

9.2  GRS 1915+105 

Using public archive tools for the RXTE data archive (W3Browse 2010), 1481 obser-

vations of GRS 1915+105 were selected, including some scheduled observations.  The 
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dates of completed and archived observations spanned MJD 50179 to 54207 (April 5, 

1996 to April 16, 2007). 

Using the standard set of RXTE data manipulation tools, observation performed in the 

following data acquisition modes were selected and processed: 

a. Mode A: 211 observations 

a. SB_125us_0_13_1s (122μs single bit binned, channel 0 to 13) in EA3 

b. SB_125us_14_35_1s(122μs single bit binned, channel 14 to 35) in EA7 

c. E_16us_16B_36_1s (15μs events, channel 36 and up) in EA2 

b. Mode B:  153 observations 

a. SB_125us_0_13_1s (122μs single bit binned, channel 0 to 13) in EA3 

b. SB_125us_14_35_1s(122μs single bit binned, channel 14 to 35) in EA7 

c. E_62us_32M_36_1s(61μs events, channel 36 and up) in EA2 

All data were rebinned to 244μs.    687 continuous good data segments with a minimal 

length of 256 seconds, containing 871657 seconds of data were selected.   Three 

segments (20187-02-05-00/pca/FS3b_7141e40-7142c43, 20402-01-48-

00/pca/FS3b_70af990-70b0717, 20402-01-49-00/pca/FS3b_7167e40-7168c3b) were 

dropped due to errors in processing them. 
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10.  APPENDIX C. ARGOS USA EXPERIMENT 

The Unconventional Stellar Aspect (USA) experiment was launched on February 23, 

1999 aboard the Advanced Research and Global Observation Satellite (ARGOS) as 

one of nine experiments.  USA then operated from May 1, 1999 through November 

16, 2000 (Wood, Fritz et al. 1999). 

The USA Experiment was an X-ray timing experiment with a large collecting area and 

microsecond time resolution.  A unique feature of USA is that data events are time 

tagged by reference to an onboard GPS receiver allowing precise absolute time and 

location determination at the microsecond level. 

The USA x-ray telescope is made up of 2 collimated proportional counter arrays each 

with about 1000 cm2 of effective area and sensitive to photons in the energy range 1 – 

15 KeV. 

Besides an extensive x-ray astronomy program, USA also performed studies of the 

upper atmosphere and aurora as well as contributing to the development of novel 

techniques for autonomous X-ray navigation and timekeeping. 
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10.1 Pointing 

 

Figure 10-1  USA telescope 

Soon before mounting on ARGOS platform. 

USA is unique among space based X-Ray astronomy experiments as it was pointed 

using an offset pointing mechanism relative to the ARGOS spacecraft in pitch and 

yaw.  The requirement for offset pointing resulted from the +z axis of the ARGOS 

spacecraft being continuously pointed to anti-nadir as it moved around its orbit.  The 

USA detector was mounted on a 2 axis gimbaled system (Figure 10-1) designed to 

provide pointing accuracy of 0.1°, with 0.03° jitter in both pitch and yaw. 

10.2 Collimator transmission 

The angular dependence of USA detector acceptance was measured for each individu-

al copper collimator using an X-Ray cannon at the Stanford Linear Accelerator Center 

(SLAC) (Wen 1997).  The experimental data from the calibration runs was fitted with 

elliptic cone functions.  Fitted function for each of 8 collimator segments in a single 

collimator assembly were averaged to obtain the transmission function.  Three colli-

mator assemblies were constructed.  Only two were expected to be used for flight, but 
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all were used, as one was destroyed during a thermal vacuum test at the Naval Re-

search Laboratory (NRL). 

Additionally geometrical calculations were performed to compute the theoretical 

acceptance of the telescope (Godfrey 1999).  This was done using Monte-Carlo 

simulations.  The computation ignored insignificant effects of X-rays passing through 

or reflecting off collimator walls.  The results of the experimental calibration meas-

urements and the theoretical geometrical calculations were compared and found to be 

in an excellent agreement (Figure 10-2). 

 

 

Figure 10-2  USA detector transmission. 

Comparison of calculated and measured transmission functions for USA collimator. 

The full-width at half maximum transmission is 1.5o for all collimator assemblies. 

10.2.1 Pointing rate dependencies 

Due to pointing control errors for the USA detector and the rapid change of ac-

ceptance of the collimator, a measured source may have been significantly off the 

peak of the acceptance during an observation.  According to the data selection criteria, 

intervals were only selected for analysis when USA was pointing less than 0.5° off the 
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center of the field of view (the nominal location of the source), with additional cuts 

near the boundaries of the time interval when this accuracy was satisfied.  Unfortu-

nately for our analysis this selection still would use data that was obtained with the 

detector acceptance being as low as 60% of the maximum.  

The source could also move in the field of view over the course of an observation.  

These effects result in a change in observed rate that cannot be distinguished from 

natural intensity fluctuations of the source.  Thus the offset pointing used by the USA 

telescope was not conductive to the science of this study. 

Yoke obscuration is another factor for acceptance variation during an observation.  

Amount of obscuration may be computed from the housekeeping data for the observa-

tions.  One of the data selection criteria was the maximum degree of yoke obscuration 

allowed. 

Consider effect of this detector acceptance fluctuations on the various statistics 

collected. 

• Variability vs. luminosity: When computing source luminosity over interval 

chosen to compute variability, it is important to account for collimator ac-

ceptance variations and yolk obscuration.  Otherwise, a systematic error in lu-

minosity measurement may be introduced of up to 50%.  This error will be 

source rate independent. 

• Correlation of wavelet variability on different time scales. If the variation of 

acceptance may be approximated by a sufficiently smooth function, changing 

acceptance will reflect as an additional power at scales typical to this change. 

10.3  Data acquisition modes 

The data from USA observations was stored and transmitted from the spacecraft using 

five different data acquisition modes.  They differed by overall telemetry rate, time 

and energy resolution.  An overall limitation was the available data acquisition band-

width that has to be shared with other ARGOS experiments.  That necessitated 
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tradeoffs between spectral and timing information, and also could prevent recording a 

continuous data stream of event information.   

Mode Description Time resolution, μs Energy resolution, channels Telemetry rate, kbps 

1 Basic low-rate 32 16 40 

2 Basic high-rate  32 16 128 

3 Alternate low-rate 2 8 40 

4 Alternate high-rate 2 8 128 

5 Spectral 10000 47 40 

 

In modes 1 through 4, information about individual photon events was stored, includ-

ing Detector ID, Layer ID, PHA channel, Time, and additional information to identify 

data structures used to store and transmit event information.   

Events were organized in vectors – collection of up to five photon events within 2 ms, 

and blocks – collection of eight vectors.  Further, the data stream was organized in 

frames – data stream acquired within one second.  Such grouping allowed for efficient 

compression of redundant information.  (For detailed bitwise description of the data 

structures see (Reilly 2002). 

In mode 5, events are binned in 47 energy channels every 10ms and no individual 

timing information is kept.  These energy channels are formed from grouped raw PHA 

channels, so that at lower energy finer resolution is preserved. 

For all modes, only a limited amount of bandwidth for storage and transmission of 

information was available.  Therefore, when an allocated amount of storage was filled 

within one frame, further events were not recorded.  For low telemetry rate (40 kbps) 

timing modes, approximately 1000 events could be stored per frame, for high-rate 

(128 kbps) – up to 8000.  These numbers are not exact as available storage could 

fluctuate. 

Since individual event information was not stored in “spectral” Mode 5, it could 

handle event rates up to USA shutdown rate of 10,000 cts s-1.   
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When a frame could not store all of the available information, the remaining blocks of 

information were dropped and the time at which data acquisition stopped could be 

retrieved.  Frame start and stop times were stored in the final USA FITS data format.  

Together with housekeeping data it was used to determine good time intervals (GTI) – 

continuous data segments used for data analysis (Figure 10-3).  For a more complete 

discussion of the USA detector, timing accuracy, data modes, and final data formats 

see (Shabad 2000; Reilly 2002). 

10.4 Rate dependent selection effects   

Because of the data acquisition rate limitations, GTI continuous observation segments 

could be dependent on the source brightness fluctuation.  If data analysis was per-

formed on all available data, that could introduce severe selection effects, that would 

cause significant systematic errors for various observation statistics. 

As an example of such effect, Figure 10-4 shows typical GTI length distributions for 

low state Cygnus X-1 source observations done in data acquisition mode 1.  Data was 

acquired between June and December of 1999.  Besides gaps caused by frame fill up, 

it also includes GTI cuts done using typical selection criteria, such as background 

noise, spacecraft orientation and others, as described above. 

 

 

Figure 10-3  Good time intervals and gaps in USA data. 
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Figure 10-4  Distribution of continuous observation intervals for USA experiment. 

Mode 2 for Cygnus X1.  This represents 485 observations 

A number of GTIs are longer than one second in duration. That happens when first 

several one second frames in a GTI did not have enough events to fill up, and the last 

one did.  This is due to natural fluctuation of source intensity and counting statistics.  

Notice that length structure repeats itself every second.  Total number of GTI longer 

than a second gets progressively smaller, as the probability to have several frames in a 

row that did not fill up decreases. 

A sharp peak at slightly less than half a second is due to the situations when a large 

portion of the data frame had to be dropped due to storage limitation. 

The Figure 10-5 shows relationship between numbers of events in continuous observa-

tion intervals versus length of these intervals for mode 1 observations of Cygnus X1.   

When observation segments are selected independently, for a stationary source one 

would expect number of events to be proportional to the duration of the observation 

interval. 
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Figure 10-5  Number of photon events per continuous observation segment vs. duration of the segment 

Cygnus X-1 mode 1 observations in USA detector. 

However, we see a strong non-linear dependency in this data. Moreover, there are no 

simple criteria, such as a fixed number of events, to predict what fraction of the event 

data would be left in a frame. 

To correct for this selection effect, unfortunately, a large portion of the available data 

has to be discarded.  From the Figure 10-4 it is clear that only approximately first 

450ms of each frame can be used, independent from whether that particular frame 

filled up or not. 

For certain simple statistics, such as counting rate, systematic error due to this effect is 

not large. Computing the average observed rate for the above data using all GTI by 

dividing total number of events by total length of observation segments would yield a 

result of 995 cps.  Using only 450ms portion of each segment average computed rate 

is 1050 cps.   However, when performing analysis that is directly dependent upon 

unbiased selection of intervals with different observed source intensity, this selection 

effect has to be properly corrected. 
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10.5 Data extraction and analysis 

Complete set of Cygnus X-1 observations from the USA experiment had been re-

trieved and processed according to guidelines described in (Reilly 2002).  Unfortu-

nately, most of the data had been acquired in modes that contained gaps in each 

second long block.  Combined with a relatively low source rate in USA detector it 

made the data not suitable to be used in the analysis performed in this study.   
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11. APPENDIX D.  SOFTWARE. 

11.1 Software 

Software that was used in this study is included in file code.zip as a ZIP archive.   

Shell scripts and generic data transfer tools had been used to download and extract 

data from the RXTE guest observer facility (RXTE 2008).   A custom library had been 

created in C++ to extract the data from FITS files, compute descriptive statistics, test 

for consistency, create observation indexes and summary data and repackage photon 

counting data in a simple custom format for further analysis.   Bulk of the data analy-

sis as well as creation and testing of synthetic models had been implemented in ITT 

IDL language (ITTVIS 2009).  Version “IDL Version 7.1.2, Microsoft Windows 

(Win32 x86_64 m64)” was used.  

11.1.1 Download and data selection scripts 

Download scripts and logs are located in /code/dataimport/1915 and 

/code/dataimport/CygX1 directories of the archive. 

File Summary.xls contains information about the RXTE observation that had been 

considered (Microsoft Excel format). 

Folder /code/cpp/rxte contains C++ code to generate shell scripts to perform basic 

data handling operations with RXTE data. 

• filterscript.sh created with maketimescript.cpp: Creates filter files for 

maketime to use. Adds filter.xfl to each observation directory. 

• maketimescript.sh created by maketimescript.cpp.  Uses maketime Ftool, 

with housekeeping file filter.xfl (in each observation directory) to create 

GTI files for 3, 4, and 5 PCU on. (pcu3.gti, pcu4.gti, pcu5.gti) 

• extract.sh created by extractscript.cpp invokes mgtime to create proper-

ly merged Good Time Intervals uses merged gti files and to create lightcurve 

data file for further processing. 
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• makeindex.cpp reads intermediate lightcurve data files, writes them in com-

bined format and creates an index file describing all data files generated. 

11.1.2 Data repackaging  

Using CFITSIO library all data had been repackaged in a simplified format for further 

analysis in ITT IDL environment.   Data in three energy channels (low, medium, high, 

as described above) was stored in consecutive ASCII characters with ‘0’ value repre-

senting no photons in a 244msec bin, ‘:’ representing 10 photons etc.  

This repackaging is implemented in /code/cpp/rxte/convert.cpp. 

11.1.3 RSI IDL 

RSI IDL source code is located in /code/idl directory of the archive.   

Since a different version of kurtosis estimator than one provided as part of the ITT 

IDL standard library had been used, it was implemented in 

/code/idl/Transform/kurtosisg2.pro.     

For Fourier transform plots  

/code/idl/Transform/fft_normalize.pro 

/code/idl/Transform/fft_normalize_fine.pro  

had been used. 

11.1.4 Wavelet transform 

Wavelet transform, as described above had been implemented in both C++ and ITT 

IDL languages and both versions had been validated against each other and with build 

in ITT IDL version where it was possible.   The DAUB6 wavelet had been used 

throughout this study, as a compromise between its number of vanishing moments and 

support compactness. 

ITT IDL version 

/code/idl/Transform/dwt.pro 

/code/idl/Transform/daub6.pro 

C++ version 
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/code/cpp/dwt/DWTTransform.cpp 

/code/cpp/dwt/Daubechies6.cpp 

/code/cpp/dwt/Filter.cpp 

/code/cpp/dwt/ScaleFilter.cpp 

11.1.5 Synthetic models 

11.1.5.1 Dripping handrail 

For constant accretion rate: 

/code/idl/Models/handrail.pro 

For lognormal rate:  

/code/idl/Models/handrail_ln.pro 

For shot noise accretion: 

/code/idl/Models/handrail_shot.pro 

11.1.5.2 Random walk 

Implemented in  

/code/idl/Models/walk.pro 

11.1.5.3 Logistic map 

Implemented in 

/code/idl/Models/logistic_map.pro 

11.1.5.4 Logistic map simulation artifacts in RSI IDL 

An educational issue was found when performing the logistic map simulation.  Due to 

the limited precision of the machine arithmetic the process would collapse. The value  

1 - 0.499999999077028 

was evaluated to 0.5 due to rounding error.  All subsequent values for the logistic 

map would then be equal to 0.   This was detected by the wavelet kurtosis analysis as a 

strongly intermittent event.   When modeling chaotic processes on a computer – small 

errors of machine representation of numbers do produce large deviations. 
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11.1.6 Figures 

The following code was used to generate the figures in this study.   All programs are 

written in ITT IDL language and are located in the /code/idl/Figures directory.    

Note that many of those routines rely on raw observational data being present; it is not 

provided in the archive due to size restrictions – approximately 29 GiB in the interme-

diate format that was used. 

 

Figure 3-1  GRS 1915+105 intensity. 
lc_1915.pro 

Figure 5-1  Wavelet kurtosis KS of Poisson arrival 

process for different rates λ, Hz. 

poisson_plot.pro 

Figure 5-2  Shot noise process. 
shot_lc.pro 

Figure 5-3  Shot noise process with counting noise. 
shot_lc.pro 

Figure 5-4  Fourier power spectrum of the shot noise 

process discussed in the text. 

shot_lc.pro 

Figure 5-5  Wavelet kurtosis of shot noise process. 
shot_simulation.pro 

Figure 6-1  Wavelet kurtosis of Heaviside step 

function. 

step_function.pro 

Figure 6-2  Poisson arrival process with changing rate. 
poisson_step.pro 

Figure 6-3  Sample wavelet kurtosis plot for non-

homogeneous Poisson process. 

poisson_step.pro 

Figure 6-4  Gaussian random walk 
random_walk.pro 

Figure 6-5  Logistic map process 
logmap_lc.pro 

Figure 6-6  Wavelet kurtosis plot for the logistic map 

process. 

logmap.pro 

Figure 6-8  Gibrat’s distribution 
generated interactively 

Figure 6-9  Intensity output of DHR models. 
dhr_lc_fft.pro 

Figure 6-10  Fourier power spectrum of DHR model 

simulations. 

dhr_lc_fft.pro 
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Figure 6-11  Wavelet kurtosis KS of DHR model 

simulations. 

dhr_wk.pro 

Figure 7-3  Wavelet kurtosis plot for GRS 1915 

observations. 

grs1915_kg.pro 

Figure 7-4  Cumulative wavelet kurtosis vs. intensity 

for GRS 1915+105. 

ex_k_1915.pro 

Figure 7-5  Fourier power spectra for Cygnus X-1 

observations. 

cygx1_fft.pro 

Figure 7-6  The distribution of the figure of merit Θ 

for 642 Cygnus X-1 observations. 

cygx1_fft_fit.pro 

Figure 7-7  Wavelet kurtosis of Cygnus X-1 
cygx1_kg.pro 

Figure 7-8  Cygnus X-1 LFQPO figure of merit Θ and 

observed cumulative wavelet kurtosis. 

cygx1_lc.pro 

Figure 7-9  Wavelet kurtosis for reduced counting rate 

(randomly removing events) observations with 5 and 

4 PCU active for Cygnus X-1. 

resample_test.pro 

Figure 9-1  Hardness HR2 vs. intensity per PCU for 

selected Cygnus X-1 observations. 

cygx1_lc.pro 

Figure 9-2  Color-color diagram for selected Cygnus 

X-1 observations. 

cygx1_lc.pro 
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