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Abstract
Subsurface seismic imaging has relied on the acoustic wave-propagation model for
many decades. This choice has been justified by the greater availability of acoustic
only data, i.e., ocean streamers, higher computational cost of shear-wave processing,
and challenges in wave-mode separation methods.
However, in the last few years, seismic exploration has moved to more complex
subsurface targets, such as sub-salt and sub-basalt. In these scenarios, including a
greater range of physical processes is advantageous. Elastic modeling and inversion
achieves that by accounting for both pressure and shear wave propagations. Therefore, a greater understanding of elastic wave-equation methods in seismic imaging
becomes fundamental.
I formulate the imaging condition for the elastic wave-equation using the stressvelocity set of first-order partial differential equations. I show that the elastic imaging
condition can be obtained similarly for density-Lamé or density-velocity parameterizations of the model space. I demonstrate that these conditions are different than
the acoustic case and can be obtained by calculating the adjoint Born approximation
of the nonlinear problem.
I discuss how elastic wave-equation modeling and imaging is computationally more
intensive than acoustic methods. I propose solutions for memory cost and computational time optimizations and show performance gains in a simple synthetic example.
Using the proposed formulation and computational improvements, I apply the
elastic imaging condition to the Marmousi 2 synthetic model. I show an elastic
vi

reverse time migration (ERTM) result with model components in the density-Lamé
parameterization. I also show how this image can qualitatively indicate anomalies in
a bulk-shear moduli ratio.
Finally, I combine all methodologies presented into an elastic full waveform inversion (EFWI) workflow. I apply this workflow to a 2D field data set acquired using
four-component ocean-bottom nodes (4C OBNs). I obtain inversion results for density, P- and S-velocities up to 10 Hertz (Hz) frequency data. Finally, I combine Pand S-velocities to calculate a Vp /Vs model. The calculated model is composed of
layers with Vp /Vs values between 1.5 and 2.3, which is consistent with the expected
geology of the basin.
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Preface
The electronic version of this report1 makes the included programs and applications
available to the reader. The markings ER, CR, and NR are promises by the author
about the reproducibility of each figure result. Reproducibility is a way of organizing
computational research that allows both the author and the reader of a publication to
verify the reported results. Reproducibility facilitates the transfer of knowledge within
the Stanford Exploration Project (SEP) as well as between SEP and its sponsors.
ER denotes Easily Reproducible and is the result of processing described in the
paper. The author claims that you can reproduce such a figure from the programs, parameters, and makefiles included in the electronic document. The
data must either be included in the electronic distribution, easily available to
all researchers (e.g., SEG-EAGE data sets), or available in the SEP data library2 . We assume you have a UNIX workstation with Fortran, Fortran90,
C, X-Windows system and the software downloaded from our website (SEP
makerules, SEPScons, SEPlib, and the SEP latex package), or other free software, such as SU. Before the publication of the electronic document, someone
other than the author tests the author’s claim by destroying and rebuilding all
ER figures. Some ER figures may not be reproducible by outsiders because they
depend on data sets that are too large to distribute, data that we do not have
permission to redistribute but are in the SEP data library, or that the rules
depend on commercial packages such as Matlab or Mathematica.
1
2

http://sepwww.stanford.edu/public/docs/sep159
http://sepwww.stanford.edu/public/docs/sepdatalib/toc html/
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CR denotes Conditional Reproducibility. The author certifies that the commands
are in place to reproduce the figure if certain resources are available. The
primary reason for the CR designation is because the processing requires 20
minutes or more.
NR

denotes Non-Reproducible figures. SEP discourages authors from flagging
their figures as NR except for figures used solely for motivation, comparison, or
illustration of the theory, such as artist drawings, scannings, or figures taken
from SEP reports not by the authors or from non-SEP publications.

Our testing is currently limited to LINUX 2.6 (using the Intel Fortran90 compiler)
and the SEPlib-6.4.6 distribution, but the code should be portable to other architectures. Reader’s suggestions are welcome. For more information on reproducing SEP’s
electronic documents, please visit http://sepwww.stanford.edu/research/redoc/.
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Chapter 1
Introduction
Seismic theory tells us that waves propagating in a linear elastic medium can be
uniquely described by prescribing body forces and boundary conditions of a given
problem (Aki and Richards, 1980). The solution is usually a combination of body
waves, both pressure and shear, and surface waves. However, most current imaging techniques use only pressure waves. This usage is caused by both the lack of
available multicomponent data and greater computational requirements of processing
multicomponent data.
In recent years, however, this scenario has started to change. New technologies,
such as ocean-bottom cables (OBCs) and ocean-bottom nodes (OBNs), have extended
the ability to record multicomponent data to offshore acquisitions. Even in oceansurface acquisitions there have also been many advances, for example, wide azimuth
streamers, rich azimuth, multi-azimuth and, more recently, coil and dual-coil methods
(Moldoveanu et al., 2008). In most instances, these innovations come from the need to
illuminate a wider range of azimuths and overcome shadow zones created by complex
geology (Corcoran et al., 2007); but recently, the need for longer offsets both in the
inline and crossline directions has been motivated by deeper imaging targets, and the
need for refraction data for traveltime tomography and FWI (Brenders et al., 2007).
The importance of acquiring multicomponent data comes from additional wave
1
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modes that can be acquired by directional particle velocity receivers and pressure
sensors. These wave modes can serve as inputs for determining shear-wave velocity, amplitude of S-wave reflections caused by contrasts in shear impedances and
anisotropic effects created by birefringence of S-waves (Gaiser, 2016).

MULTICOMPONENT DATA
Yan and Sava (2008) discuss some of the problems of current data processing with
multicomponent data. In their work, they address the problem that, even when multicomponent data is available, processing is done with procedures based on acoustic
wave-equation imaging algorithms. They propose that multicomponent data should
be processed based on the fact that the wave fields are now vector quantities instead
of scalar quantities, as in the case of single-component data. Innanen (2014) also
shows the importance of correctly accounting for multiple parameters when working
with inversion methods. He argues that issues such as cross-talk can be properly understood by studying the Hessian operator for FWI and its off-diagonal terms, which
essentially involve mixtures of different parameters in multiparameter inversions.
Therefore, prospecting challenges and new acquisition techniques are producing
a new generation of multicomponent seismic data with richer azimuth coverage and
longer offsets. Consequently, new seismic imaging algorithms are required to process
this new data. Herein, I briefly summarize some of the literature regarding the use
of Reverse Time Migration (RTM) to image multicomponent data.

CURRENT LIMITATIONS IN ELASTIC IMAGING
The concept of data migration using reverse time extrapolation was initially proposed
by Baysal et al. (1983). It was based on the imaging principle of crosscorrelation
of scalar wavefields (Claerbout, 1971) and presented a development from traditional
methods that relied on depth extrapolation. A few years later, their idea was extended
by Chang and McMechan (1987), who included both acoustic and shear waves in their
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imaging condition. In their work, the imaging condition uses a ray tracing approach
to calculate the one-way travel time of a P wave from the source position to all points
in the image space (Sun and McMechan, 1986). Because this imaging condition
assumes only compressional travel times from the source, only PP and PS data are
assumed to exist. They also assumed that density is constant throughout their model,
therefore changes in elastic impedance came solely from changes in the bulk and shear
moduli. Later, Chang and McMechan (1994) extended their previous work to threedimensional (3D) data. In this work, they introduce the concept of calculating vector
wavefields at imaging points given by the aforementioned one-way travel time of a
P wave. PP and PS images are then obtained by considering the vector differences
between incident and reflected data.
Denli et al. (2008) proposed a modification to the imaging condition in Elastic
Reverse Time Migration (ERTM) to better handle artifacts in the final image. These
artifacts were caused primarily by the incorrect cross-correlation between different
wave modes. They introduced an upgoing and downgoing wave separation in the
frequency domain. The goal was to avoid undesired cross-correlations of head waves,
diving waves and back-scattered waves. They also introduced a secondary wave separation, normal to the upgoing/downgoing wave separation. This secondary splitting
was aimed at correcting the polarization problem observed in PS images.
Yan and Sava (2008) also proposed a modification to the traditional imaging
condition. They first recognized that the elastic wavefields are vector quantities and
the crosscorrelation imaging condition should be implemented on all components of
the wavefields. They proposed an imaging condition that combines scalar and vector
properties of the data, which was separated using angle decomposition. Their work
followed previous works that aim to extend the imaging condition by including nonzero lags in both time and space domains (Sava and Fomel, 2006).
A different approach to imaging of converted waves was proposed by Rosales
(2006). In his work, he uses the polarity changes observed in PS imaging as a guideline
to correct for the difference between these and PP images. He starts by migrating
the data and extracting angle-domain common-image gathers (ADCIGs) for both PP
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and PS images. He proceeds to separate the PS-ADCIGs into P and S component
gathers, which contain information about reflection and conversion angles. Finally,
PS-ADCIGs are corrected using the angle differences obtained previously and a final
PS image is obtained.
Most of the literature in ERTM focuses on imaging conditions that rely on wavemode separation, followed by a crosscorrelation that closely resembles the one used
in acoustic RTM. Common problems that result from this approach include polarity
reversals along the reflectors in the image domain and the presence of imaging artifacts
that arise from backpropagating recorded data using displacement sources. Usually,
these problems need to be handled by the application of filters during post-processing.

COMPUTATIONAL CHALLENGES OF ELASTIC
MODELING AND IMAGING
A very important factor that has limited the methodologies developed for elastic
imaging, such as ERTM, over the years is its increased memory and processing time
when compared to acoustic imaging. While in the constant-density acoustic case,
the memory requirements involve storing one property model (P velocity) and one
pressure wavefield, in the elastic case there are 3 property models that need to be
stored (P velocity, S velocity and density) and as much as 9 wavefields in the 3D
case (3 particle displacements, 3 normal stresses and 3 shear stresses). Also, because
shear waves propagate slower than pressure waves, the finite-difference grid needs to
be sampled more densely in the elastic than in the acoustic case to avoid numerical
dispersion problems. Such limitations have led some authors to look for a middleground between acoustic and fully elastic simulations.
In Chapman et al. (2010), the authors approximate the amplitudes for the Pwave in an elastic simulation by performing an acoustic simulation and then adding
a correction term to it. To approximate the difference between acoustic and elastic
amplitudes, they assume density and P velocity are the same for both formulations
and coupling of pressure and shear waves is small and occurs only at interfaces. The
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Green functions are then calculated through an acoustic formulation, while the correction is obtained by Born scattering at the points where the elastic and acoustic
formulations differ. This avoids the extra cost of numerically computing a truly elastic
wavefield; but, this hybrid approach is not capable of modeling shear waves. Later,
Veitch et al. (2012) extended the method by calculating the adjoint-state equation
associated to that forward modeling, effectively creating an approximated imaging
condition based in the hybrid propagation. More recently, Hobro et al. (2014) proposed another hybrid approach, in which the elastic wave equation is approximated
by two consecutive acoustic propagations, the first a traditional modeling and the
latter a correction term in which the source is a residual source that reproduces the
errors between the elastic and acoustic solutions. While these approaches have much
lower computational costs than an elastic solution, they cannot correctly reproduce
all the wave-modes observed in real elastic data.

APPLICATIONS OF FWI TO ELASTIC PARAMETERS
Many authors have worked on the problem of obtaining elastic parameters through
inversion methods. Mora (1987) shows an early application in this topic by combining
surface reflection data and transmission data from vertical-shot profiles (VSPs) to
obtain inverted models for P and S velocities. Also, Brossier et al. (2009) use a 2D
synthetic land data set to exemplify the ability to recover P and S velocity models
using Elastic Full Waveform Inversion (EFWI).
Field data applications of Elastic Full Waveform Inversion (EFWI) have been
demonstrated in both marine and land environments.

Raknes et al. (2015) use

streamer data to invert for P velocities using EFWI in a North-sea field. In their
work, they show that some improvement can be observed in the inverted model by
adopting the elastic wave-equation instead of the acoustic wave-equation even for
short-offset data. On land, Bharti et al. (2016) show an application of anisotropic
EFWI, in which they invert simultaneously for normal moveout (NMO) velocities
and the anisotropic η parameter using P wave refraction only data. Vp /Vs ratio and
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density are kept fixed through the inversion.
Simultaneous inversion of both P and S velocity models using multicomponent
data is shown, for example, in Sears et al. (2010). Their approach is based on a
nested scheme in which P velocities are inverted first from vertical geophone data,
followed by inversion of S velocities. At the last stage, horizontal geophone data is
used to inverted for both velocities using P to S converted data. Similarly, Prieux
et al. (2013) apply an alternating scheme where P velocities are updated first using
an acoustic FWI scheme to hydrophone data, followed by elastic FWI applied to
hydrophone data to obtain updates to both P and S velocity and, finally, an EFWI
workflow applied to geophone data. An interesting overview of the workflows adopted
in multiparameter FWI can be found in Operto et al. (2013).

THESIS OVERVIEW
Herein, I present a methodology to simultaneously invert for elastic parameters by
applying an EFWI workflow to multicomponent data. In my approach, all data
components, e.g., pressure and particle velocities, are simultaneously included in both
observed and modeled elastic data, without the need for P and S-waves separation.
The inverted models are given either in terms of Lamé parameters and density, or P
and S velocity and density. The remainder of this thesis is organized as follows:
Elastic wave-equation and adjoint formulation: In Chapter 2, I develop the
formulation used throughout this thesis for nonlinear elastic modeling, its linearized
approximation and the adjoint methods related to them. I introduce an alternative
formulation to the standard system of first-order coupled elastic equations, which allow regular-time samplings instead of staggered-time representations. I show formulations using both Lamé and seismic velocity parameterizations, as well as synthetic
simulations comparing the wave fields produced with the nonlinear elastic equations
and those obtained by the linearized solutions.
Computational optimization of elastic modeling and imaging: In Chapter 3,
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I show techniques used both to lower memory requirements and to speed-up computational time of elastic modeling and imaging. I start by introducing the concept of
random boundaries for elastic modeling. It allows a decrease in memory requirements
for computation of the imaging condition by avoiding storing the wave field of the
forward propagation. To improve computational speed, I show how to implement vectorization through the use of Intel’s SPMD Program Compiler (ISPC) and cover some
aspects of performance optimization in multi-threading when implementing forward
and adjoint operators.
Elastic imaging in the Marmousi 2 model: Chapter 4 shows an application of
the theory introduced in Chapter 2 and numerical aspects described in Chapter 3 to
the elastic Marmousi 2 synthetic model. I generate multicomponent synthetic data
and produce ERTM images for all three components of the parameter space. I also
show that ERTM can contain important elastic information, such as Vp /Vs ratio, in
otherwise visually similar images.
Elastic full waveform inversion of the Moere Vest 2D data set: In Chapter
5, I apply a full EFWI workflow to a real data set, which is a two-dimensional (2D)
OBN survey acquired in the North Sea and made available to the Stanford Exploration
Project (SEP) by Seabed Geosolutions. I describe the main features of this data set,
as well as the pre-processing steps that I performed before imaging. Then, I apply
the tools developed in Chapter 2 to an EFWI. I show results using a standard L2
norm objective function, as well as pre-conditioned and regularized implementations.
Reciprocity in multicomponent elastic data: Appendix A describes how to
apply spatial reciprocity when dealing with vector data and elastic model parameters.
It starts with the derivation of the appropriate Green’s functions for the direct and
reciprocal problems and with the equivalence between particle velocity sources and
normal stress sources. I show results for a linear inversion of the wavelet for a particle
velocity source and how it relates to the analytical solution. I also show synthetic
examples of reciprocal data in the Marmousi2 elastic model.
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3D equations: Appendix B includes the three-dimensional extensions to the nonlinear elastic wave-equation and the Born approximation for both Lamé and velocities
parameterizations. While the computational requirements for 3D EFWI are nowadays still high, the equations presented in this section are a direct extension of the
ones shown in Chapter 2.

Chapter 2
Elastic wave-equation and adjoint
formulation
INTRODUCTION
Elastic imaging is an important topic in seismic exploration and seismology because
of the additional information about the subsurface contained in shear and surface
wave modes. In seismic exploration, the elastic information in P-wave data can be
used to estimate reflection coefficients in angle versus offset (AVO), which has been
extensively used for detecting hydrocarbon reservoirs (Ostrander, 1984). The inclusion of shear waves in AVO can potentially improve reflection coefficient estimation
(Innanen, 2014), and shear velocity estimation in near surface. Shear velocities can
also help identify gas hydrate occurrences, which are a source of drilling hazards (Lu
and McMechan, 2004; Heggland, 2004). In global seismology, mode conversions between compressional and shear waves serve to detect and characterize interfaces in
the upper and lower mantle.
In this chapter, I present the elastic wave-equation in the framework of adjoint
methods applied to exploration seismology. My goal is to cast the problem as a series
of adjoint operators, so that both linearized forward methods and their adjoints can
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be clearly constructed. This approach is by no means an exhaustive description of the
methods used in elastic modeling and inverse methods. Other approaches to elastic
wave fields and multi-component data include, for example, Karrenbach (1995), which
describes the problem using elastics tensor, and more recently, Brytik et al. (2013),
that addresses the adjoint method for elastic data in a global seismology perspective.
I start by describing the 2D forward elastic modeling operator, using the velocitystress formulation in a staggered-grid (Virieux, 1986). In this formulation, particle
velocities as well as normal and shear stresses are state variables that are evaluated at
alternating time-steps in a staggered-grid representation of the property model. Figure 2.1 shows schematically where the different state variables and model properties
are evaluated for a single time step in the 2D case.
𝜎xz!
𝜎xx,𝜎zz!
𝝆,μ,λ!
Vz!
Vx!

Figure 2.1: The staggered grid for 2D elastic finite-difference modeling. Vx and Vz
represent the particle velocities in the x- and z-directions, respectively; while σxx , σzz
and σxz represent the normal and shear stress fields. [NR] staggeredgrid
Next, I rewrite the time-staggered wave-equations as recursive operators. The
reason is to avoid the alternate updates of state variables at half time steps, and
allows me to obtain a simpler chain of operators for the nonlinear elastic problem.
The nonlinear wave-equation and its linearization with respect to model parameters
are core elements for most wave propagation methods, such as Born modeling; Reverse Time Migration (RTM); Tomography and Wave-Equation Migration Velocity
Analysis (WEMVA).
I expand the nonlinear wave-equation in a Taylor series with respect to small
perturbations in the model parameters and truncate it to its first-order terms, which
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is usually known as the Born approximation. The Born approximation assumes that,
if changes to the model are small compared to the nonperturbed or background model,
changes in the state variables are primarily caused by only first-order scattering of
the wavefield at the model perturbation points. I show synthetic examples for a point
scatterer, and compare the results of the Born approximation to the nonlinear case.
Finally, I take the adjoint of the Born approximation to obtain the property
model’s perturbation caused by small variations in state variables. This solution is
analogous to the ones obtained in other adjoint state methods (Fichtner, 2010) and
can be compared to the imaging condition in traditional RTM. However, this form
of the elastic imaging condition correctly accounts for the vector nature of the state
variables, thereby avoiding the need to separate the data into pressure and shear
wavefields; as well as suppressing image artifacts caused by applying a scalar imaging
condition to the elastic case (Yan and Sava, 2008).

2D ELASTIC MODELING OPERATOR
Definitions
First, I define the model parameters and state variables used in this section and their
respective spaces as follows:

• The model parameters are functions in space that describe the elastic properties
of the medium. The derivations presented herein use the Lamé parameters, λ
and µ, which are measured in Pascals (Pa), and ρ, which is the density of the
medium and measured in

kg
.
m3

• In the last section, I show the equivalent equations for elastic properties described by VP and VS velocities, given in

m
,
s

and density.

• When the notation refers only to m, it is intended to describe a vector that
includes all model properties.
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• The state variables are a function of both space and time. They describe particle
velocities, normal and shear stresses, which are given in

m
s

and Pa, respectively.

• When the notation refers only to d, it is intended to describe a vector that
includes all state variables. This can either include state variables in all positions
in space and time, which is equivalent to the wavefields associated to these
variables, or it can refer only to positions where they are recorded, i.e., data
recorded at receiver positions. In the latter case, further information will be
included.
• The elastic wave-equation for a 2D problem can be written in the velocity-stress
formulation as a set of 5 equations (Virieux, 1986), as follows:


∂
∂
∂
σxx (x, t) + σxz (x, t) = s1 (x, t)
ρ(x) Vx (x, t) −
∂t
∂x
∂z


∂
∂
∂
ρ(x) Vz (x, t) −
σxz (x, t) + σzz (x, t) = s2 (x, t)
∂t
∂x
∂z


∂
∂
∂
σxx (x, t) − (λ(x) + 2µ(x)) Vx (x, t) + λ(x) Vz (x, t) = s3 (x, t)
∂t
∂x
∂z


∂
∂
∂
σzz (x, t) − (λ(x) + 2µ(x)) Vz (x, t) + λ(x) Vx (x, t) = s4 (x, t)
∂t
∂z
∂x


∂
∂
∂
σxz (x, t) − µ(x)
Vx (x, t) +
Vz (x, t) = s5 (x, t),
∂t
∂z
∂x

(2.1)

(2.2)
(2.3)
(2.4)
(2.5)

where ρ, λ, and µ are model parameters; Vx and Vz are particle velocities; σxx ,
σzz and σxz are normal and shear stresses, respectively; s1 and s2 are velocity
components of the source, and s3 , s4 , and s5 are stress components of the source.
The staggered-grid representation gives good results for finite-difference solutions to
the elastic wave-equation. Ikelle and Amundsen (2005) show a very comprehensive
implementation of a 4th order in space and 2nd order in time staggered-grid finitedifference modeling. Instead, I apply a 10th order in space discretization. This higherorder approximation minimizes dispersion errors for large simulation times without
the need for very fine modeling grids. Because I am also interested in amplitudes,
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it is essential that the wavelet is not affected by numerical artifacts and behaves
accordingly to the physical equations. As an example of such dispersive effects, I
refer to the work of Souza et al. (2013), who compares the traditional 4th order
stencil to a 12th order one and their respective numerical dispersions.

RECURSIVE OPERATORS FOR THE 2D ELASTIC
WAVE-EQUATION BY TIME-STEP REFINEMENT

This method tries to obtain all wavefields at both integer and half-integer time steps,
effectively refining the time stepping in the recursive relation.
I start by defining a wavefield vector Dn , which represents the velocities and
stresses at time n. Notice that the stresses are not shifted in time with respect to the
velocities.


Vxn



 n
 Vz 
 
 n
dn = σxx
.
 
σn 
 zz 
n
σxz

(2.6)

Next, I define a set of operator matrices that represent the original time-staggered
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equations, as follows:


0

0 A 0 B


0 0


n
d = D E

F G

H J





0 0



0
0 B A


 n− 12

n−1
+I·d
+ 0
0 0 0d


0
0 0 0


0 0 0
0

0

0

0




0

1

0 ∆t 0
0  Sn− 2 +

0 0 ∆t 0 

0 0
0 ∆t
0



0

C

0

0 0 0 0





 0 C 0 0 0




 0 0 0 0 0 Sn−1 , (2.7)


 0 0 0 0 0


0 0 0 0 0
where I is the identity matrix and operators A through J are:

A=

∆t ∂
ρ ∂x

B=

∆t ∂
ρ ∂z

C=

∆t
ρ

∂
D = ∆t(λ + 2µ) ∂x

∂
E = ∆tλ ∂z

∂
F = ∆t(λ + 2µ) ∂z

∂
G = ∆tλ ∂x

∂
H = ∆tµ ∂x

∂
J = ∆tµ ∂z
.

The forward recursive relation can be represented as:
1

1

1

1

dn = Xdn− 2 + I · dn−1 + Y1 Sn− 2 + Y2 Sn−1 ,

(2.8)

and its adjoint as
qn = X0 qn+ 2 + I · qn+1 + Y10 dn+ 2 + Y20 dn+1 .

(2.9)
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NONLINEAR MODELING AND THE BORN
APPROXIMATION
Let A be a real-valued function, defined by the following:
A : R 7→ R

(2.10)

s 7→ A(s).

(2.11)

A is linear with respect to s if, ∀s ∈ R and ∀α ∈ R:
A(si + sj ) = A(si ) + A(sj )
A(αs) = αA(s).

(2.12)
(2.13)

My goal in this section is to define a linear relationship between changes in model
properties to changes in the wavefields, which allows me to define an adjoint method
that can map changes in the wavefields back into changes in the model. However,
Equations 2.1 through 2.5 show that the elastic operator is linear with respect to
sources, but nonlinear with respect to model parameters. Therefore, my first step is
to obtain a linearized approximation to the elastic operator. Let W be a multivariable
real-valued function, defined by the following:
W : RM 7→ RD

(2.14)

m 7→ W(m).

(2.15)

The function W maps from model space m into wavefields W(m), with the mapping
described by Equations 2.1 through 2.5. By expanding W in a Taylor series about a
model m0 , for m = m0 + ∆m, I get the following:
W(m0 + ∆m) = W(m0 ) +

∂
W(m)
∂m

m0

∆m + O(∆m2 ),

(2.16)

where the zeroth order term is the solution to the elastic wave-equation for a background model m0 , and the first order term is given by the Jacobian of W evaluated
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at m0 . For ∆m << m0 , higher order terms are small compared to zeroth and first
order terms, and can be ignored —known as the Born approximation.
I can now define a change in the wavefield, ∆d as the difference between the
wavefields obtained with a model m0 + ∆m and a model m0 , so that:

∆d = W(m0 + ∆m) − W(m0 ),
∂
∆d =
W(m) m0 ∆m.
∂m

(2.17)
(2.18)

Finally, I obtain the Born approximation to the elastic wave equations, given by
the following:
∂
ρ0 ∆Vx −
∂t



∂
ρ0 ∆Vz −
∂t



∂
∂
∆σxx + ∆σxz
∂x
∂z



∂
∂
∆σxz + ∆σzz
∂x
∂z



= ∆ρ

∂ 0
V
∂t x

(2.19)

= ∆ρ

∂ 0
V
∂t z

(2.20)



∂
∂
∂
∂
∆σxx − (λ0 + 2µ0 ) ∆Vx + λ0 ∆Vz = −(∆λ + 2∆µ) Vx0
∂t
∂x
∂z
∂x
− ∆λ

∂ 0
V (2.21)
∂z z



∂
∂
∂
∂
∆σzz − (λ0 + 2µ0 ) ∆Vz + λ0 ∆Vx = −(∆λ + 2∆µ) Vz0
∂t
∂z
∂x
∂z
− ∆λ

∂ 0
V (2.22)
∂x x

 



∂
∂
∂
∂ 0
∂ 0
∆σxz − µ0
∆Vz + ∆Vx
= −∆µ
V + Vx ,
∂t
∂x
∂z
∂x z
∂z

(2.23)

where ρ0 , λ0 and µ0 are components of the background model m0 , and Vx0 and Vz0 are
wavefields obtained by solving Equations 2.1 through 2.5 for the background model
m0 .
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The numerical implementation of the Born approximation can be broken into
two steps. First, a background wavefield vector d0 is calculated by solving the elastic
wave-equation (Equations 2.1 through 2.5) for a background (unperturbed) properties
model, described by ρ0 , λ0 , and µ0 . The chain of operators used to obtain this
wavefield vector is given by:
d0 = L0s WYLs Ks f ,

(2.24)

where f is the source, Ks and Ls are spatial and time linear interpolations from
source sampling to propagation sampling, respectively; Y is a scaling of the source,
W represents the forward modeling operator, and L0s is the adjoint time interpolation.
After generating the background wavefield, I use it as a virtual source to generate a
new solution, which I call the Born scattered wavefield (∆d). This wavefield is given
by:
∆d = K0r L0r WYLs S∆m,

(2.25)

where S is a scattering source, ∆m is the perturbed properties model and K0r and
L0r are adjoint spatial and time linear interpolations, respectively, from propagation
sampling to receiver sampling. The matrices that represent S and ∆m are as follows:


∂
Vx
 ∂t
∂
 Vz
 ∂t


 0

S=

 0



0

0

0



0

0







,







∂
− ∂x
Vx +

∂
− ∂x
Vx +

∂
V
∂z z
∂
V
∂z z



∂
−2 ∂x
Vx



∂
−2 ∂z
Vz


∂
− ∂z
Vx +

0



∆ρ



 

∆m = 
∆λ .
∆µ

∂
V
∂x z

(2.26)

(2.27)
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It is important to observe that Equation 2.38 has terms that only depend on derivatives of the particle velocity components, which means that the scattering source, at
least in this particular formulation, requires only the velocity components from the
background wavefield.
To test the validity of the Born approximation, I compare two solutions to the
elastic wave-equation. In the nonlinear solution, the model includes both background
and perturbation, m = m0 + ∆m. In the linear solution, I apply the Born approximation, adding the solution obtained with a background model m0 to the solution
from the Born scattering term for a perturbation ∆m.
First, I show results for perturbing a single model property. Figure 2.2(a) shows ρ,
which contains a Gaussian anomaly in density of 25% with respect to the background
value, while λ and µ are kept constant. While ideally a single spike would better
represent a small perturbation in density, a Gaussian anomaly avoids potentially
adding high frequency artifacts to the nonlinear solution, due to the band-limited
frequency content of the source. ρ0 is constant and the difference between total and
background models is shown in Figure 2.2(b). The source used in this test is a 20Hz
peak frequency Ricker wavelet, injected as a pressure source in the normal stress
components (s(x) = ω(t)δ(x = 800m, z = 500m)). I obtain results for λ and µ from
similar Gaussian perturbations in their respective models.

(a)

(b)

Figure 2.2: (a) Total density model with a Gaussian perturbation, (b) model difference
between total and background model. rhomodel,drhomodel
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 2.3: Constant time snapshots of the velocity x-component of the wavefield
for the nonlinear and Born modeling. Nonlinear modeling with perturbations in (a)
density, (c) λ and (e) µ, and Born approximation for perturbations in (b) density, (d)
λ, and (f) µ. nlvxr,lvxr,nlvxl,lvxl,nlvxm,lvxm
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 2.4: Constant time snapshots of the velocity z-component of the wavefield
for the nonlinear and Born modeling. Nonlinear modeling with perturbations in (a)
density, (c) λ and (e) µ, and Born approximation for perturbations in (b) density, (d)
λ, and (f) µ. nlvzr,lvzr,nlvzl,lvzl,nlvzm,lvzm
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Figures 2.3(a), 2.3(c), and 2.3(e) show snapshots of the x-component of particle
velocities for the nonlinear modeling of each individual property perturbation. As
expected, when there is only a change in λ, there is no generation of converted waves
and only one wavefront is observed around the scatterer (see Figure 2.3(c)). However,
for changes in either density or µ, converted waves are generated, which can be seen in
Figures 2.3(a) and 2.3(e). Figures 2.3(b), 2.3(d), and 2.3(f) show the corresponding
Born approximations. It can be seen that the scattered wavefields observed in these
examples not only match the phase but also the amplitudes of the nonlinear solutions.
Figures 2.4(a) through 2.4(f) show the same results for the z-component of the particle
velocities. These results show that the Born solution correctly matches the solution
of the nonlinear case for a small perturbation.
The perturbation of all model properties simultaneously gives similar results to
those observed for individual changes in the model properties. Figures 2.5(a) and
2.5(c) are the solutions for the x and z components of the particle velocity for the
nonlinear case; while 2.5(e) is the calculated pressure wavefield for the nonlinear
case, obtained from the normal stresses. Figures 2.5(b), 2.5(d), and 2.5(f) give the
corresponding results for the Born approximation. Again, the solutions show a good
agreement in both phase and amplitudes between the nonlinear and Born results. It
is important to note that, because the pressure wavefield records only changes in the
normal stresses, it does not contain the secondary wavefront observed in the particle
velocities.

Velocity and density model parameters
In this section, I show how the elastic wave-equation can also be expressed in P, S
velocity, and density by a simple variable substitution. In this representation, the
wavefield vector ∆d remains unchanged, while the model vector m and the Jacobian
are modified. While this is not the only parameter substitution possible, this section
illustrates the flexibility of the method. Other substitutions could be made, i.e.,
impedances and density.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 2.5: Constant time snapshots of the wavefield for the nonlinear and Born
modeling for a Gaussian perturbation in all model properties. (a) and (c) show x
and z components of particle velocities for the nonlinear case, while (b) and (d)
show the corresponding results for the Born case. (e) and (f) show the calculated pressure wavefields for the nonlinear and Born approximations, respectively.
nlvx,lvx,nlvz,lvz,nlp,lp
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I start by rewriting Equations 2.1 through 2.5 in terms of P and S velocities and
density,

∂
∂
ρ(x) Vx (x, t) −
σxx (x, t) +
∂t
∂x

∂
∂
ρ(x) Vz (x, t) −
σxz (x, t) +
∂t
∂x


∂
σxz (x, t) = s1 (x, t)
∂z

∂
σzz (x, t) = s2 (x, t)
∂z

(2.28)
(2.29)


∂
∂
σxx (x, t) − (ρ(x)Vp2 (x)) Vx (x, t) + ρ(x)(Vp2 (x)
∂t
∂x
−

2Vs2 (x))


∂
Vz (x, t) = s3 (x, t) (2.30)
∂z


∂
∂
σzz (x, t) − (ρ(x)Vp2 (x)) Vz (x, t) + ρ(x)(Vp2 (x)
∂t
∂z
−

2Vs2 (x))


∂
Vx (x, t) = s4 (x, t) (2.31)
∂x



∂
∂
∂
2
σxz (x, t) − ρ(x)Vs (x)
Vx (x, t) +
Vz (x, t) = s5 (x, t),
∂t
∂z
∂x

(2.32)

where Vp and Vs are the P and S velocities, respectively; and ρ is the density. As
before, I calculate the Jacobian with respect to the model properties, evaluated at
m0 . The result is as follows:


∂
∂
ρ0 ∆Vx −
∆σxx +
∂t
∂x

∂
∂
∆σxz +
ρ0 ∆Vz −
∂t
∂x


∂
∂
∆σxz = ∆ρ Vx0
∂z
∂t

∂
∂
∆σzz = ∆ρ Vz0
∂z
∂t

(2.33)
(2.34)
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∂
2 ∂
2
2 ∂
∆σxx − (ρ0 Vp0 ) ∆Vx + ρ0 (Vp0 − 2Vs0 ) ∆Vz =
∂t
∂x
∂z


2 ∂
0
2
2 ∂
0
− ∆ρ Vp0 Vx + (Vp0 − 2Vs0 ) Vz
∂x
∂z


∂ 0
∂ 0
V + Vz
− ∆Vp (2ρ0 Vp0 )
∂x x
∂z


∂ 0
V
(2.35)
− ∆Vs (4ρ0 Vs0 )
∂z z



∂
2 ∂
2
2 ∂
∆σzz − (ρ0 Vp0 ) ∆Vz + ρ0 (Vp0 − 2Vs0 ) ∆Vx =
∂t
∂z
∂x


0
2
2 ∂
0
2 ∂
− ∆ρ Vp0 Vz + (Vp0 − 2Vs0 ) Vx
∂z
∂x


∂ 0
∂ 0
V + Vz
− ∆Vp (2ρ0 Vp0 )
∂x x
∂z


∂ 0
− ∆Vs (4ρ0 Vs0 )
V
∂x x


(2.36)



∂
∂
∂
2
∆σxz − ρ0 Vs0
∆Vz + ∆Vx =
∂t
∂x
∂z
−

[∆ρ(Vs02 )



∂ 0
∂ 0
V + Vx , (2.37)
+ ∆Vs (2ρ0 Vs0 )]
∂x z
∂z

As before, the right side of Equations 2.33 through 2.37 can be expressed as the
multiplication of a scattering matrix Svel and a perturbed properties model vector
∆m. These can be written as,



Svel

∂
V
∂t x
∂
V
∂t z

0

0



0
 



− V 2 ∂ V 0 + (V 2 − 2V 2 ) ∂ V 0 −(2ρ0 Vp0 ) ∂ V 0 +
s0 ∂z z
p0
p0
x

∂x x
=   ∂x



− V 2 ∂ V 0 + (V 2 − 2V 2 ) ∂ V 0 −(2ρ0 Vp0 ) ∂ V 0 +
p0
s0 ∂x x
p0 ∂z z

∂x x




∂
∂
−(Vs02 ) ∂x
0
Vz0 + ∂z
Vx0



∆ρ










∂
∂
0
0

V
− 4ρ0 Vs0 ∂z Vz

∂z z
,




∂
∂
0
0

V
−
4ρ
V
V
0
s0
z
x

∂z
∂x



∂
∂
(2ρ0 Vs0 ) ∂x
Vz0 + ∂z
Vx0
0

(2.38)





.
∆m = 
∆V
p



(2.39)

∆Vs
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ADJOINT BORN OPERATOR
While the Born operator takes model perturbations and relates them to changes in
data, the adjoint Born operator does the opposite. In other words, it takes changes
in the observed data and relates them to model perturbations. I start by taking the
adjoint of Equation 2.25,
∆m = S0 L0s Y0 W0 Lr Kr ∆d,

(2.40)

which I can obtain trivially by taking the adjoint of each individual operator and
reversing the order of their application. This is the main advantage of casting the
original forward problem as a chain of operators. Equation 2.40 can be understood as
an adjoint propagation of the residual data injected at the receiver positions, followed
by a multiplication with the adjoint of the scattering matrix, S0 , which is given by
the following:
∂

V
∂t x


 0
0
S =


0

∂
V
∂t z

0
0

0

−

∂
V
∂x x

+

0
∂
V
∂z z

∂
−2 ∂x
Vx




−

∂
V
∂x x

+

∂
V
∂z z

0



0



,





∂
−2 ∂z
Vz


∂
− ∂z
Vx +

∂
V
∂x z

(2.41)
for the case where model properties are described in terms of density and Lamé
parameters. For the case of density and velocities, we get,



∂
 ∂t Vx

S0vel



=
 0


0

∂
V
∂t z

0
0


−

∂
Vp02 ∂x
Vx0

(Vp02

∂
2Vs02 ) ∂z
Vz0

+
−


∂
∂
0
0
−(2ρ0 Vp0 ) ∂x Vx + ∂z Vz


∂
0
− 4ρ0 Vs0 ∂z Vz




−

∂
Vp02 ∂z
Vz0

(Vp02

∂
2Vs02 ) ∂x
Vx0

+
−


∂
∂
0
0
−(2ρ0 Vp0 ) ∂x Vx + ∂z Vz


∂
0
− 4ρ0 Vs0 ∂x Vx



−(Vs02 )



∂
V0
∂x z

+

0

∂
(2ρ0 Vs0 ) ∂x
Vz0 +

∂
V0
∂z x






,



0

∂
V
∂z x

(2.42)
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It is important to stop here and analyze more carefully Equation 2.41 and how it
can be related to seismic imaging. Suppose the adjoint propagation of the residual
data is given by a vector ∆d̃, for Equation 2.40 to simplify as follows:
∆m = S0 ∆d̃.

(2.43)

which in matrix form, becomes,

∂

∂t Vx

   0
∆λ = 
  

∆µ
0



∆ρ



∂
∂t Vz

0
0

0

∂
Vx +
− ∂x

∂
∂z Vz

∂
Vx
−2 ∂x



0

∂
− ∂x
Vx +

0

∂
∂z Vz

∂
−2 ∂z
Vz





Ṽx



 


 Ṽz 


0
 σ̃xx 
,






∂
∂
 σ̃zz 
− ∂z
Vx + ∂x
Vz
σ̃xz
(2.44)

The relationship between model property images and source and receiver wave fields
is now clearer, and some observations can be made.
First, the coupling between wavefield components and the respective model parameters is completely dependent on the choice of parameterization (compare Equations
2.41 and 2.42), which can be a good indicator of the amount of cross-talk expected
between different model parameters.
Second, consider the case of the constant-density acoustic approximation. In it,
it is assumed that there are no changes in density and shear modulus. There is
now only one nonzero component in the left side of Equation 2.44. Furthermore,
that component is the sum of the normal stresses of the receiver wavefield, i.e., the
pressure, cross-correlated to the gradient of the particle velocities of the sourcewave
field, also related to the pressure (see Equations 2.3 and 2.4). This process is very
similar to Claerbout’s imaging principle of time coincident wavefields (Claerbout,
1971). Therefore, the traditional imaging condition used in Reverse Time Migration
(RTM) is a subset of the more general elastic case, as should be expected.

Chapter 3
Computational optimization of
elastic modeling and imaging
INTRODUCTION
One of the challenges of the numerical computation of the elastic wave-equation such
as the formulation introduced in Chapter 2 is an increase in memory requirements
caused by storing particle velocities and stress wavefields. For 2D applications, there
are five wavefields that need to be stored and computed. In 3D applications, that
number increases to 9. There is also a threefold increase in the number of model properties when compared to the acoustic formulation. This extended number of arrays
needed for computation, together with denser sampling caused by numerical accuracy of slower propagating shear waves, can render 2D and 3D problems impractical
in current computer architectures.
One possible approach to this problem is to exchange memory requirements for
added processing time —achieved by interpolating wavefields from coarser solutions or
directly recomputing them. An example of such a method is checkpointing, in which
the wavefield is stored at a coarser time sampling than propagation and intermediary
time steps are recalculated. Symes (2007) describes the application of checkpointing
29
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to RTM.
However, it is important to keep track of increases in computational time. Ideally,
one should balance the memory requirements and runtimes to make the most of
available computational resources, which allows the computation of more realistically
sized models in an acceptable processing time.
In this chapter, I address both memory and runtime aspects of EFWI. I start
by introducing random boundaries for elastic modeling, which is an extension of the
concept first described by Clapp (2009). Second, I cover two solutions that address
the processing time involved in elastic wave propagation. One solution makes better
use of multithreading capabilities of current computer architecture by changing the
stencils derived for adjoint operators of spatial derivatives. The other introduces the
use of Intel’s SPMD Program Compiler, which allows for a more aggressive vectorization of operators, which makes computation of derivatives faster, thereby leading
to speed ups in processing time. In Appendix A, I discuss another computational
speed up that is achieved by implementing spatial reciprocity between sources and
receivers. I introduce the theoretical background to the methodology, describe the
equivalence between normal-stress sources and particle-velocity sources, and show
synthetic results.

MEMORY USAGE OPTIMIZATIONS
Random boundaries
In RTM and other wave-based imaging methods, it is necessary to propagate the
source wavefield forward in time from the source position and to reverse propagate
the data wavefield from receiver positions. These two wavefields are later correlated
at coinciding time steps, as described in the adjoint Born method in Chapter 2. To
obtain both wavefields at the same time steps, one would need to store all time steps of
the forward wavefield before calculating the reverse wavefield. Clapp (2009) proposed
that, instead of storing all time steps of the forward wavefield or storing a subset of
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them as in the case of checkpointing (Symes, 2007), it was possible to recalculate them
from only the last time steps. However, that would require all the energy of the source
wave field to remain within the modeling domain, so that it could be propagated back
in time. The solution was to introduce random model properties in the boundaries
around the modeling region. The goal is to make the wavefronts incoherent as they
hit these random areas, while avoiding any damping of the wavefields themselves, so
the total energy in the wave propagation is conserved. Because the total energy is
conserved, it is then possible to store only the last time steps of the wavefield forward
modeling and later reconstruct earlier steps by back propagation.

In Clapp (2009), the concept of random boundaries is applied to acoustic modeling.
Herein, I extend the idea of random boundaries to the elastic case. First, a random
number generator is used to populate the model regions outside the area where the
imaging method will be applied. Then, these random numbers are used to scale the
properties of the model, thereby creating random scatterers of different sizes and
amplitudes. It is important to note that the model properties are allowed to have
greater variation in the outer areas than in the inner areas to avoid strong coherent
reflections. Also, the properties are only allowed to either decrease with respect to
the reference model (in the case of velocities), or increase (in the case of density). The
effect is to slow the waves as they enter the random domain, so that less energy gets
reflected back into the imaging domain. Figure 3.1 shows an example of a random
boundary added to the Marmousi 2 synthetic model. It is important to note that
stability conditions due to maximum and minimum velocities should be evaluated
after the random borders have been included in the model.

In Figure 3.2, I show four different snapshots of the σxx wavefield at different propagation times. Only the last two time steps are stored in memory to be used for the
back propagation, of which the results are shown in Figure 3.3 for the corresponding
time steps, demonstrating the ability to reconstruct the initial wavefield.
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Figure 3.1: Example of a random boundary around a constant Vp model. Notice how
the random region is composed of scatterers of variable size and that the maximum
allowed variation of the random property increases as it moves towards the model
edges. [ER] random
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(a)

(b)

(c)

(d)

Figure 3.2: Snapshots of the forward propagated σxx wavefield at times (a)
t = 0.4s, (b) t = 0.8s, (c) t = 1.2s, and (d) t = 2.0s.
[NR]
randomf1,randomf2,randomf3,randomf4
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(a)

(b)

(c)

(d)

Figure 3.3: Snapshots of the back propagated σxx wavefield at times (a)
t = 2.0s, (b) t = 1.2s, (c) t = 0.8s, and (d) t = 0.4s.
[NR]
randomr1,randomr2,randomr3,randomr4
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Other memory improvements
Other changes in memory requirements I introduce in my elastic algorithm are standard practice in data processing. I make extensive use of pointers to avoid memory
copies between arrays. I also apply several linear interpolation operators that subsample the arrays in time and space. These changes decrease the memory needed to
allocate wave fields, while increasing the total processing time of the algorithm. In
the next two sections, I describe the methods used to counter increases in processing
time.

COMPUTATIONAL SPEED OPTIMIZATIONS
Race conditions in Open MP
To calculate the adjoint of the forward modeling operator, I require the adjoints of individual spatial derivative operators. These can be obtained in a very straightforward
way by considering that the adjoint of a stacking operator is a spreading operator.
Claerbout (2010) shows an example of a forward and an adjoint coded in this way,
subroutine igrad1( adj, add,
integer i,

adj, add,

real

xx,n,

yy

)

n
xx(n), yy(n)

call adjnull(

adj, add,

xx,n,

yy,n )

do i= 1, n-1 {
if( adj == 0 )
yy(i) = yy(i) + xx(i+1) - xx(i)
else {
xx(i+1) = xx(i+1) + yy(i)
xx(i
}
}

) = xx(i

) - yy(i)
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return; end
where adj == 0 does a forward derivative (stacking), while else does an adjoint
derivative (spreading).
While this formulation is easy to understand and implement, it is not easily parallelized. Consider the following modified code, that makes use of Open MP directives
to take advantage of multicore processors,
subroutine igrad1( adj, add,
integer i,

xx,n,

adj, add,

yy

)

n

real

xx(n), yy(n)

call adjnull(

adj, add,

xx,n,

yy,n )

!$OMP PARALLEL DO DEFAULT (SHARED) PRIVATE (i)
do i= 1, n-1 {
if( adj == 0 )
yy(i) = yy(i) + xx(i+1) - xx(i)
else {
xx(i+1) = xx(i+1) + yy(i)
xx(i

) = xx(i

) - yy(i)

}
}
return; end
where i defines a private counter that is assigned individually to each thread. This
implementation contains a race condition in its adjoint, in which two concurring
threads will try to update the same vector positions. In the case of a 2D operator,
this situation can be more complicated, as I show for a 10th order stencil of a first
order derivative,
subroutine Bx(adj,add,model,data)
logical,intent(in)

:: adj,add
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real,dimension(nz,nx),intent(inout)

:: model,data

if(adj) then
if(.not.add) model = 0.
!$OMP PARALLEL DO SHARED(model,data) PRIVATE(ix,iz)
do ix=1,nx
do iz=5,nz-5
model(iz+5,ix) = model(iz+5,ix) + c1*data(iz,ix)
model(iz+4,ix) = model(iz+4,ix) + c2*data(iz,ix)
model(iz+3,ix) = model(iz+3,ix) + c3*data(iz,ix)
model(iz+2,ix) = model(iz+2,ix) + c4*data(iz,ix)
model(iz+1,ix) = model(iz+1,ix) + c5*data(iz,ix)
model(iz

,ix) = model(iz

,ix) - c5*data(iz,ix)

model(iz-1,ix) = model(iz-1,ix) - c4*data(iz,ix)
model(iz-2,ix) = model(iz-2,ix) - c3*data(iz,ix)
model(iz-3,ix) = model(iz-3,ix) - c2*data(iz,ix)
model(iz-4,ix) = model(iz-4,ix) - c1*data(iz,ix)
enddo
enddo
!$OMP END PARALLEL DO
else
if(.not.add) data = 0.
!$OMP PARALLEL DO SHARED(model,data) PRIVATE(ix,iz)
do ix=1,nx
do iz=5,nz-5
data(iz,ix) = data(iz,ix) + (c1*(model(iz+5,ix) - model(iz-4,ix))+&
c2*(model(iz+4,ix) - model(iz-3,ix))+&
c3*(model(iz+3,ix) - model(iz-2,ix))+&
c4*(model(iz+2,ix) - model(iz-1,ix))+&
c5*(model(iz+1,ix) - model(iz
enddo

,ix)))
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enddo
!$OMP END PARALLEL DO
endif
endsubroutine
where the private index ix again causes a race condition in the adjoint. A possible
solution to this problem is,
subroutine Bx(adj,add,model,data)
logical,intent(in)

:: adj,add

real,dimension(nz,nx),intent(inout)

:: model,data

if(adj) then
if(.not.add) model = 0.
do iz=5,nz-5
!$OMP PARALLEL DO SHARED(model,data,iz) PRIVATE(ix)
do ix=1,nx
model(iz+5,ix) = model(iz+5,ix) + c1*data(iz,ix)
model(iz+4,ix) = model(iz+4,ix) + c2*data(iz,ix)
model(iz+3,ix) = model(iz+3,ix) + c3*data(iz,ix)
model(iz+2,ix) = model(iz+2,ix) + c4*data(iz,ix)
model(iz+1,ix) = model(iz+1,ix) + c5*data(iz,ix)
model(iz

,ix) = model(iz

,ix) - c5*data(iz,ix)

model(iz-1,ix) = model(iz-1,ix) - c4*data(iz,ix)
model(iz-2,ix) = model(iz-2,ix) - c3*data(iz,ix)
model(iz-3,ix) = model(iz-3,ix) - c2*data(iz,ix)
model(iz-4,ix) = model(iz-4,ix) - c1*data(iz,ix)
enddo
!$OMP END PARALLEL DO
enddo
else
if(.not.add) data = 0.
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!$OMP PARALLEL DO SHARED(model,data) PRIVATE(ix,iz)
do ix=1,nx
do iz=5,nz-5
data(iz,ix) = data(iz,ix) + (c1*(model(iz+5,ix) - model(iz-4,ix))+&
c2*(model(iz+4,ix) - model(iz-3,ix))+&
c3*(model(iz+3,ix) - model(iz-2,ix))+&
c4*(model(iz+2,ix) - model(iz-1,ix))+&
c5*(model(iz+1,ix) - model(iz

,ix)))

enddo
enddo
!$OMP END PARALLEL DO
endif
endsubroutine

where the adjoint is parallelized only over the ix index. The first problem with this
solution is that the index iz is now solved as a serial and not parallel operation. The
second and more serious problem is that updates to the model are nonsequential in
memory, with an inner loop over the slow index (ix) instead of the fast index iz.
Both situations result in a significant loss of performance.
To better understand the problem, I show the first order derivative operator in
matrix form,
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0
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(3.1)
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which represents how the output vector Y is constructed from elements of vector X.
The −1 term in the last row of the matrix is excluded by looping the operation only
up to row index n − 1 of Y.
Now, I show the adjoint operator matrix, which is the conjugate transpose of the
forward operator matrix,
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(3.2)

The adjoint operator matrix is a lower triangular matrix with different boundary
conditions than the forward one. Therefore, the first row element −1 needs to be
treated in a separate loop than the one used in the forward. Otherwise, both forward
and adjoint operators can now be expressed as stacking operators,
export void Ax_c_(uniform int adj, uniform int add, uniform int nx,
uniform int nz, uniform int ix, uniform float model[],
uniform float data[]){
uniform float c1=35.0/294912.0;
uniform float c2=-405.0/229376.0;
uniform float c3=567.0/40960.0;
uniform float c4=-735.0/8192.0;
uniform float c5=19845.0/16384.0;
if (adj==1) {
uniform int i=ix*nz;
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if (add==0) {
for (uniform int iz=0;iz<nz;iz++){
model[iz+i]=0.f;
}
}
foreach(iz=5...(nz-5)) {
model[iz+i] += c1*data[iz+i-4*nz]
+c2*data[iz+i-3*nz]
+c3*data[iz+i-2*nz]
+c4*data[iz+i+c5*data[iz+i
-c5*data[iz+i+

nz]
]
nz]

-c4*data[iz+i+2*nz]
-c3*data[iz+i+3*nz]
-c2*data[iz+i+4*nz]
-c1*data[iz+i+5*nz];
}
}
else {
uniform int i=ix*nz;
if (add==0) {
for (uniform int iz=0;iz<nz;iz++){
data[iz+i]=0.f;
}
}
foreach(iz=5...(nz-5)) {
data[iz+i] += c1*(-model[iz+i-5*nz])+
c2*(-model[iz+i-4*nz])+
c3*(-model[iz+i-3*nz])+
c4*(-model[iz+i-2*nz])+
c5*(-model[iz+i-

nz])+
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c5*( model[iz+i
c4*( model[iz+i+

])+
nz])+

c3*( model[iz+i+2*nz])+
c2*( model[iz+i+3*nz])+
c1*( model[iz+i+4*nz]));
}
}
}

In this formulation, arrays are represented as continuous vectors, with the index ix
taken out of the function and parallelized through OMP routines. Memory accesses
are done sequentially for both forward and adjoint, thereby avoiding performance
losses, such as those shown in the previous example. The previously discussed code
uses a variant of C programming language developed for the Intel SPMD Program
Compiler. I present a detailed description of this implementation in the next section.

The Intel SPMD Program Compiler
The Intel SPMD Program Compiler (ISPC) was developed to improve performance in
problems defined as Single Program Multiple Data (SPMD), in which the processor
executes the same operation many times over a long sequence of values. Its goal
is to provide performance boosts on orders of 3x to 6x, depending on computer
architecture, without the need for extensive changes to existing code. Pharr and
Mark (2012) give a thorough description of this compiler.
I implement derivative operators used in elastic forward and adjoint algorithms
using ISPC. The last code example in the previous section shows an example of ISPC
optimization. I also introduce a wrapper function that allows the interface between
Fortran and C, which I do not show here for brevity.
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RESULTS
To test performance gains in the improved code, I ran an elastic nonlinear modeling and migration for 5,500 time steps on a 300 by 300 2D grid and measured the
total time required by both forward and adjoint propagations. Figure 3.4(a) shows
performance gains by rewriting the adjoint operators as stacking operators. Even for
the best performance in the previous implementation, speedup was approximately
3.4 times for 4 cores. The lowest time for ISPC (blue line) is also at 4 cores, which
might be explained by the granularity of the computation. The linear increase of the
original Fortran code as a function of number of cores, shows performance decrease
cause by nonsequential data writes in swapped loops.
Figure 3.4(b) shows the improvement in the computation time of the forward
operator. Again, the best performance for both codes was at 4 cores. The ISPC
implementation was approximately 3 times faster than the original code.

Non1linear'modeling'1'Comparison'

RTM'3'Comparison'
25"
C"ispc"

20"
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150"

Run$me'(s)'

Run$me'(s)'

200"
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15"
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0"
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(a)
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13"
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C"ispc"
Fortran"
1"

3"
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11"

13"

15"

Number'of'cores'

(b)

Figure 3.4: Computation time as a function of number of cores for the (a) RTM and
(b) nonlinear modeling algorithms. The red lines show the original codes and the blue
lines the optimized ones. The optimal runtime for the Fortran implementation is at
2 and 4 cores for (a) and (b), respectively. For the ISPC implementation, optimal
runtime is at 4 cores. [NR] performance-omp,performance-ispc
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CONCLUSIONS
The use of random boundaries can decrease significantly the memory cost of applying
the adjoint operator of the elastic wave-equation. It is important to limit the random boundary values to avoid numerical instability. Correct time sampling for the
propagation operator should be calculated after the addition of random boundaries.
Computational optimization using Open MP routines resulted in a speedup of
more than three times when compared to the original implementation. The choice
of the number of cores used in the computation depends on the size of the model.
This number is particularly important for small computational domains, in which
granularity can be an issue.
ISPC vectorization gave an additional speedup of three times —on par with expected values suggested by Intel.

Chapter 4
Elastic imaging in the Marmousi 2
model
INTRODUCTION
The methods developed in Chapters 2 and 3 set the basis for elastic imaging. In
this chapter, I apply these improvements to the 2D elastic Marmousi model (Martin
et al., 2002). Marmousi 2 is a multiparameter extension of the 1988 Marmousi model
(Martin et al., 2002) and includes models for density, compressional, and shear velocities. It is a 17 km wide by 3.5 km deep 2D model. It features contrasts in model
properties that represent hydrocarbon reservoirs with oil and gas anomalies, targeted
at studying angle versus offset (AVO) in simple and complex geometries.
For this experiment, I convert the density and velocity models in the Marmousi
2 model to density and Lamé parameters. This choice of parameters follows the
equations defined at the beginning of Chapter 2. Although the choice of representing
elastic equations in terms of Lamé parameters is not the most standard in seismic
exploration, they represent more fundamental physical properties, which can help
highlight the effect of crosstalk in elastic imaging. For results using density and
velocity parameters, I refer to Chapter 5.
45
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RESULTS
I simulate 100 shots equally distanced along the surface of the Marmousi 2 model.
The source is an explosive Ricker wavelet with a 20 Hz peak frequency at 12 m depth.
I place receivers in the horizontal direction at every grid-point —the same depth as
the sources. Figure 4.1 shows the true model for density, λ and µ, respectively.
Spatial sampling of the model is 4 m in both vertical and horizontal directions to
avoid numerical dispersion in shear waves.
For each shot, I record seismograms for pressure and particle velocities. While
pressures correspond to hydrophone data and particle velocities correspond to geophone data, marine streamer acquisition usually does not include geophones. However, the use of both hydrophone and geophone data is not only advantageous from
an imaging perspective, as I have shown in Chapter 2, but is also useful in data preprocessing (Barr and Sanders, 1989). Therefore, I consider that it is important to
include all components in this synthetic test.
The background data is computed by solving the nonlinear elastic wave equation
described in Chapter 2 using a smoothed version of the true model parameters (see
Figure 4.2). I use the concept of random boundaries described in Chapter 3 to store
the wavefields propagated with the background model to be used later in the imaging
step. The receiver wavefield is obtained by solving the same set of equations, but
with the true model shown in Figure 4.1.
Figure 4.3 shows residual data for pressure, vertical, and horizontal velocity. The
shot position is x = 8km. I generate residual data by taking the difference between the
elastic nonlinear data using the true (correct) model and the data using a background
(smooth) model.
Figure 4.4 is the final ERTM image for density, λ, and µ. I apply a vertical second
order derivative operator to remove low wavenumber noise close to shot positions and
also a gain as a function of depth to improve imaging of deeper targets.
The results in this Chapter are important because ERTM using residual data
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(a)

(b)

(c)

Figure 4.1: (a) Density, (b) λ, and (c) µ for the Marmousi 2 elastic model. [ER]
marr,marl,marm
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(a)

(b)

(c)

Figure 4.2: (a) Density, (b) λ, and (c) µ for the smooth Marmousi 2 elastic model
used in the ERTM. [ER] smarr,smarl,smarm
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(a)

(b)

(c)

Figure 4.3: (a) Pressure, (b) vertical, and (c) horizontal particle velocity for a sample
shot at x = 8km. An absorbing boundary condition is applied at the sides for tapering
the data. [CR] seiszz,seisvz,seisvx
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(a)

(b)

(c)

Figure 4.4: (a) Density, (b) λ, and (c) µ images obtained after migration of 100 shots.
Images were filtered with a vertical low cut to remove artifacts close to the sources
and a gain was applied as a function of depth to better show deep reflectors. [CR]
drho,dlambda,dmu
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serves as a proxy to the first gradient of the EFWI workflow. Therefore, problems
that arise in the imaging step need to be understood and, if possible, mitigated, before
solving the full inversion scheme.

Figure 4.4 leads to interesting observations regarding ERTM with this set of parameters. First, the addition of a random boundary has not significantly affected the
result of the final images. This shows that there is enough scattering of the wavefronts along the random boundaries to prevent the appearance of artifacts in the final
image.

Second, the density image shows stronger reflectors in deeper areas than λ and
µ. While this is an interesting observation, it is impossible to rule out the possibility
that it is due to crosstalk between density and Lamé parameters, because contrasts
in model space are present at the same locations for all parameters. The concept of
parameter crosstalk is an important topic in multiparameter imaging and inversion.
While this topic is outside the scope of this work, I refer to Prieux et al. (2013) and
Bharti et al. (2016).

Third, although the images for λ and µ seem similar, they have important amplitude differences. Figure 4.5 shows the result of normalizing each image by its
maximum amplitude and taking the ratio of the two. The resulting image is stronger
where AVO anomalies are expected, i.e., when the Vp /Vs ratio changes drastically.
The relation between Lamé parameters and V and S velocities is given by:

s

λ + 2µ
ρ
r
µ
Vs =
ρ

Vp =

(4.1)

(4.2)
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Figure 4.5: Image ratio between normalized λ and µ images. Notice how the reflectors
with stronger vp/vs ratios get highlighted. [CR] div

CONCLUSIONS
The use of random boundaries to generate background wavefields does not generate
strong correlated noise in the final migrated image. However, it is important to point
out that, while the same random model should be used for both forward and backward
propagation of each individual shot, these random models should be changed for
different shots.
ERTM produces accurate images and can qualitatively show AVO anomalies.
However, crosstalk between model parameters prevents a more quantitative analysis. One possibility to address this issue is to apply an iterative inversion scheme,
such as elastic full waveform inversion (EFWI). In the next chapter, I apply an EFWI
method to 2D field data and show inversion results for the elastic problem using density and velocities as model parameters.

Chapter 5
Elastic full waveform inversion of
the Moere Vest 2D data set
INTRODUCTION
In this chapter, I apply the methodology developed in Chapter 2 to 2D field data
in an EFWI workflow. I describe the preprocessing steps applied to the data and
detail the objective function, search direction, and step-length criteria. The inversion
workflow uses the generic nonlinear solver library developed by Biondi and Barnier
(2017).
The data provided to SEP by Seabed Geosolutions were recorded in the Moere
Vest field, offshore Norway. It was acquired using four component ocean-bottom
nodes (4C OBNs) in a 2D array. In this work, I use a subset of this data composed
of 141 nodes spaced 250 meters apart, totaling a 35 km receiver line. There are 1,145
shots in this data set, with 100 m between each shot, totaling a 114.5 km shot line.
The sail line overlaps the receiver line, which gives a maximum offset of 75 km. Figure
?? shows the bathymetry of the survey area and the locations of the receivers.
I perform EFWI with field data sorted in common-receiver gathers. To generate
synthetic data in this domain, I apply reciprocity to find equivalent sources at node
53

54CHAPTER 5. ELASTIC FULL WAVEFORM INVERSION OF THE MOERE VEST 2D DATA SET

Figure 5.1: Bathimetry of the survey area and receiver positions. Receiver depths
vary between 1942 m (West) to 1,640 m (East). [NR]

positions. See Appendix A for a detailed description of how to obtain reciprocal data
in the elastic case and its advantages.

DATA PREPROCESSING
Before the data can be used for EFWI, it is important to preprocess it. By preprocessing, I mean the application of operators that remove features present in the field
data but which are not modeled during the inversion. Because the EFWI process
minimizes the L2 norm of the data residual, it is paramount that field and synthetic
data are as similar as possible. However, my goal is not to remove information related
to the dynamics and kinematics of elastic events. Those should be unaffected by the
preprocessing steps, to be recovered by the EFWI.
Schematically, I can describe the preprocessing steps as the following chain of
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operators,

dt = Fbub Flc Srec Rdraw ,

(5.1)

where draw is the original data, R is the rotation of horizontal geophones, Srec is the
receiver designature, Flc is a low-cut filter, Fbub is the bubble removal and dt is the
data prepared for EFWI.

Data rotation
I start the preprocessing by rotating the horizontal components of the geophones. My
goal is to separate data into radial and transverse. Because the shot line and receiver
lines overlap, this is the same as having one horizontal component aligned with the
acquisition and the other component orthogonal to it. To find the radial direction
for each receiver, I apply an operator that rotates the horizontal components by 1
degree increments until I find the one that maximizes the energy of the first break
in the radial component. Figure 5.2 shows data for horizontal geophones before and
after rotation. I apply hyperbolic move-out (HMO) to the data and mark in red the
areas above a fixed amplitude to highlight the energy change. The rotation scheme
applied herein follows the methodology presented in Levin and Chang (2015).

Receiver designature
Data recorded in the field is subject to the response of receivers used in the acquisition. This response includes, but is not limited to, coupling between receiver and
elastic medium, frequency bandwidth, and signature. I assume perfect coupling to
the medium and combine all other effects as a convolution of wavefield with receiver
signature. I apply a deconvolution filter to the data by dividing it by the impulse
response in the Fourier domain. A small stability term is added to avoid division by
zero. Figure 5.3 shows the impulse responses of hydrophone and geophone receivers,
as provided by Seabed.
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(a)

(b)

(c)

(d)

Figure 5.2:
Common receiver gathers of the two horizontal geophones for a single node, before (a,c) and after (b,d) rotation.
The
red highlights indicate the amplitude above a clipping value.
[NR]
rotation-original-vx,rotation-new-vx,rotation-original-vy,rotation-new-vy
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(a)

(b)

Figure 5.3: Receiver impulse responses for the (a) geophones and (b) hydrophones
used in the survey. [NR] rec-geo,rec-hyd

Bandpassing
Below 2 Hz, the signal-to-noise ration becomes very low, specially due to the presence
of swell noise. Therefore, I apply a low-cut filter at 2 Hz. Figures 5.4(a) and 5.4(b)
show the application of this frequency filter.

Debubble
The last step in the field data preprocessing is the removal of the air gun bubbles.
The air guns used in marine acquisition generate pressure waves by injecting a fast
expanding air bubble in the water. This bubble oscillates as it surfaces and disperses,
producing a periodic low frequency ringing in the data. While in theory this event
could be introduced in the wavelet of the synthetic modeling, it would represent a
novelty in traditional imaging with challenges of its own. Because the goal of this
work is not to study this topic, I choose to remove the bubble effect.
I remove the bubbles by applying an autoregression filter, also called a prediction
error filter (PEF), which is a suitable method for removing events, such as multiples
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or, in my case, bubble effects, in which the time and length of the events is predictable.
For a detailed description of PEFs, I refer to Claerbout and Fomel (2008). Figures
5.4(b) and 5.4(c) show data before and after the debubble, respectively.

DATA MODELING
While the preprocessing described in the previous section deals with the many undesired effects present in field data, the steps in this section are aimed at improving the
generation of synthetic data.

Source wavelet estimation
The objective function is essentially a measure of the difference between the observed
data in the field and data synthetically generated by the modeling. Therefore, it is
very important to find a good estimate of the source wavelet to minimize the residual
between equivalent events in each data.
A very robust method to approximate the source wavelet is by performing a linear
inversion of the direct arrivals in the field data. In the case of marine data, the
direct arrivals travel only through an approximately constant medium (water), so the
background model is known, and the only parameter to be inverted for is the source
wavelet itself.
Figure 5.5 shows the data residual of the direct arrival for one gather before and
after wavelet estimation. The initial estimated source signature is zero, so the initial
residuals are just the observed data, while the final residuals are obtained after 100
iterations. Figure 5.6 displays the objective function for this inversion and Figure 5.7
shows the estimated wavelet.
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(a)

(b)

(c)

Figure 5.4: Vertical geophone data (a) before, (b) after band-passing, and (c) after
bubble removal by prediction error filtering. [ER] swell,noswell,dbub
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(a)

(b)

Figure 5.5: Data residual (a) before and (b) after wavelet estimation.
reswave0,reswave100

[ER]

Figure 5.6: Objective function for the linear inversion of the source wavelet. [ER]
objwave
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Figure 5.7: Final estimated source inverted from the direct arrivals in the field data.
[ER] srcwave

Data reciprocity
Both field and synthetic data used in the inversion are sorted in common-receiver
gathers. To generate common-receiver gather synthetic data, I apply the elastic
reciprocity theorem (Aki and Richards, 1980) to the hydrophone and geophone components. While the pressure (hydrophone) data is trivially obtained from acoustic
reciprocity, vector data (geophones) need to be understood more carefully. I thoroughly explain spatial reciprocity for multicomponent elastic data in Appendix A.

INITIAL MODEL
The survey area is located in the Moere Basin, in the Norwegian-Greenland Sea. The
Moere Basin is composed primarily of Lower Cretaceous to Late Oligocene shales,
marine sandstone sequences during the Upper Cretaceous, and Paleocene, as well
as Early Eocene lavas, which are characteristic throughout most of the Voering and
Moere Basins (Brekke et al., 1999).
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Vp /Vs ratio from linear moveout
I obtain initial estimates for Vp and Vs from linear move-out (LMO) analyses of ocean
bottom and top of basalt refractions. Estimated velocties are Vp = 2, 300m/s and
Vs = 1, 340m/s for the overburden, which results in a Vp /Vs ratio of 1.72. A detailed
explanation of how these velocities were estimated and how P-to-S conversions were
used to obtain Vp /Vs can be found in Moronfoyer et al. (2016).
Figure 5.8 shows horizontal and vertical geophone data highlighting the refractions
used for LMO.

(a)

(b)

Figure 5.8: (a) Horizontal and (b) vertical geophone data. AGC was applied to
highlight refractions. [ER] data-hor-zoom2,data-ver-zoom2

Reverse time migration
I use the depths of the OBNs and velocities estimated previously to create a simple
two-layer model (see Figure 5.9). I apply Elastic Reverse Time Migration (ERTM) to
the preprocessed data with a smoothed version of this model. The resulting images
for density, P and S velocities are shown in Figure 5.10. They are obtained similarly
to the results shown in Chapter 4, but with reciprocity being used to position the
sources at the ocean-floor. Because the nodes are placed in the ocean-floor 250 m
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apart, the ERTM images have a strong acquisition footprint in the shallow layers. To
mitigate this problem, I perform mirror ERTM, using only the free-surface multiples
to obtain a new set of migrated images Wong et al. (2015). Mirror ERTM results are
shown in Figure 5.11. Due to the depths observed in this field data, primaries and
multiples can be separated by simple windowing and muting.
I manually pick the top of the basalt layer from the ERTM results. I expect that
the picked layer will be shallower in the migrated image because of lower velocities
in the initial background model, but I can recover the overall shape of the top of the
basalt. Figure 5.12 shows an interval velocity model built from the layer picks.

Figure 5.9: Initial Vp velocity calculated from linear move-out analysis and used for
RTM. Components Vs and ρ are not displayed for brevity. These look similar to Vp ,
respecting the estimated Vp /Vs ratio and densities of 103 kg/m3 and 2.0 ∗ 103 kg/m3
for water and overburden, respectively. [ER] initvp
Finally, I create a smooth version of Figure 5.12 to be used as the initial model.
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(a)

(b)

(c)

Figure 5.10: (a) Density, (b) Vp and (c) Vs components of ERTM image using the
initial properties model. Notice the acquisition footprint caused by receiver density.
[CR] ertmrho0,ertmvp0,ertmvs0
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(a)

(b)

(c)

Figure 5.11:
(a) Density, (b) Vp and (c) Vs components of mirror
ERTM image using the initial properties model.
Mirror imaging has
mitigated the footprint caused by the spacing between nodes.
[CR]
ertm-mirror-init-rho,ertm-mirror-init-vp,ertm-mirror-init-vs
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Figure 5.12: Improved initial velocity model with a basalt layer. [NR] basaltvp
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The smoothed model is iteratively built by adding the sedimentary and basalt layers
with linearly increasing model property values. At each layer addition, I compare the
modeled data to field data. My goal is to fit the main reflectors with enough accuracy
to avoid cycle-skipping during the inversion process. Avoiding strong contrasts also
helps speeding up the inversion, which otherwise would spend many iterations to
move hard boundaries between layers.

ELASTIC FULL WAVEFORM INVERSION
There are many different forms of implementing a FWI workflow. Every step of the
iteration process includes many choices, such as norm of the objective function, search
criteria for both direction and step length, and use of preconditioners and regularizers,
etc. An interesting review on some of these choices can be found in Hager and Zhang
(2006).
The objective function that I minimize is given by,
φ(m) =

1
kE(m) − dt k22 ,
2

(5.2)

where E(m) is the solution of the nonlinear elastic operator for model m, and dt is
the field data. The gradient at iteration n, gn , used for the model update is,

gn =

∂E(m)
∂m

T
,

(5.3)

mn

where the partial derivative with respect to model parameters is the Jacobian of the
function E(m), evaluated at the current background model, mn . The search direction
is obtained by steepest-descent on the first iteration, followed by conjugate-gradient
at every other iteration (Aster et al., 2005). The step length is obtained by parabolic
search.
I run 20 iterations of EFWI. Data and synthetics are band-passed between 2 to
5 Hz, to focus the initial inversion in the long wavenumber updates of the properties
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model and decrease the chances of cycle skipping. Figure 5.13 shows an example of
a gradient obtained for this implementation.

Figure 5.13: Example of gradient for first EFWI scheme without any data or gradient
weighting. The gradient is dominated by updates at the nodes positions. [CR]
gefwi0
It is clear from Figure 5.13 that the gradient only contains information at the
node positions. Even after several iterations, the gradient remained similar and did
not guide the inversion toward updates in the subsurface. Therefore, I improve on
the previous objective function by adding a weighting term to the data residual,
φ(m) =

1
kWres (E(m) − dt )k22 ,
2

(5.4)

and also a weighting term to the gradient,
g̃n = Wgrad gn ,

(5.5)
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where Wres is a weighting function applied to the data residual that dampens the
2
direct arrivals and applies a gain proportional to vrms
in time. Wgrad is a weighting

function to the gradient, that reduces the updates in the regions around the node
positions.
I apply Equations 5.4 and 5.5 to a new EFWI workflow. I start by running 20
iterations with data at the frequency range of 2 to 5 Hz. Figure 5.14(a) shows the
objective function for this inversion. I then take the inverted model obtained after
these 20 iterations, and use it as a starting model for an EFWI with data between 2
and 7.5 Hz. At this frequency range, the inversion took more iterations to converge
to a minimum, as can be seen in Figure 5.14(b). Finally, I use the results of this
inversion as a starting model for the frequency range of 2 to 10 Hz. Figure 5.14(c)
shows the objective function for this range.
Figures 5.15, 5.16, and 5.17 show initial and inverted models for all frequency
ranges listed previously for the model parameters density, P and S velocities, respectively. It is interesting to notice how the layering in the overburden starts to become
well defined as new frequencies are added, as well as the sharpening of the top of
the basalt layer. However, the distance between nodes (250 m) adds an acquisition
footprint that is evident, specially at shallower depths. Ideally, using free-surface multiples only or a combination of primaries and free-surface multiples as inputs for the
inversion would yield better results. However, computational costs are much higher
due to increased data time length.

Vp − Vs ratio
An elastic inversion method, such as EFWI, has the advantage of not only generating
models for different mechanical properties, but also allowing the analyses of how these
models are correlated. The Vp − Vs ratio is an important geological parameter and
helps identifying types of rock and fluid content. Anomalies in the Vp − Vs ratio can
be an important indicator of the presence of gas or other hydrocarbons.
Figure 5.18 shows the Vp − Vs ratio calculated from the inverted models at 2-5 Hz,
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(a)

(b)

(c)

Figure 5.14: Normalized objective function at each iteration for data between (a) 2
to 5 Hz, (b) 2 to 7.5 Hz and (c) 2 to 10 Hz. [CR] obj2-5,obj2-75,obj2-10
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(a)

(b)

(c)

(d)

Figure 5.15: (a) Initial and inverted densities for the ranges of (b) 2 to 5 Hz, (c) 2 to
7.5 Hz, and (d) 2 to 10 Hz. [CR] rho0,rho2-5,rho2-7-5,rho2-10
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(a)

(b)

(c)

(d)

Figure 5.16: (a) Initial and inverted P velocities for the ranges of (b) 2 to 5 Hz, (c)
2 to 7.5 Hz, and (d) 2 to 10 Hz. [CR] vp0,vp2-5,vp2-7-5,vp2-10
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(a)

(b)

(c)

(d)

Figure 5.17: (a) Initial and inverted S velocities for the ranges of (b) 2 to 5 Hz, (c) 2
to 7.5 Hz, and (d) 2 to 10 Hz. [CR] vs0,vs2-5,vs2-7-5,vs2-10
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2-7.5 Hz, and 2-10 Hz, respectively. The values obtained for these models are between
1.5 to 2.3, which is consistent with the types of lithology expected for this basin, that
is predominantly composed of a thick shale section with intercalated sandstones, and
Early Eocene lavas (Brekke et al., 1999).

Elastic reverse time migration
Another important application for the results of EFWI is to obtain improved migrated
images. These can be used both for geological interpretation and as a quality control
to assess the inversion results.
I use the results shown in Figures 5.15(d), 5.16(d) and 5.17(d) as inputs in an
ERTM process. I preprocess the field data in the same way as in the EFWI workflow,
but now including frequencies up to 20 Hz. I also interpolate the background model
parameters to 4 m spatial sampling to avoid numerical dispersion. Results for the
migrated image of density, Vp and Vs are shown in Figure 5.19.
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(a)

(b)

(c)

Figure 5.18: Vp − Vs ratio of the inverted models (a) 2 to 5 Hz, (b) 2 to 7.5 Hz, and
(c) 2 to 10 Hz. [ER] vpvs5,vpvs7,vpvs10
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(a)

(b)

(c)

Figure 5.19: (a) Density, (b) Vp , and (c) Vs components of ERTM image using the 10 Hz EFWI model. Notice that mirror image migration was applied to mitigate the acquisition footprint caused by receiver density. [CR]
ertm-mirror-final-rho,ertm-mirror-final-vp,ertm-mirror-final-vs

Appendix A
Reciprocity in multi-component
elastic data
INTRODUCTION
Spatial reciprocity in elastic systems, also known as Betti’s theorem, relates applied
forces and observed particle displacements between different points. It states that the
Green’s function associated with a particle displacement observed at point A caused
by a force at point B can be related to the Green’s function of an equivalent problem
in which particle displacement and force positions have been interchanged (Aki and
Richards, 1980).
Reciprocity can be advantageous in data processing techniques, in which differences in spatial sampling of source and receiver domains can be exploited by exchanging their positions, usually by re-sorting common-shot gathers into common-receiver
gathers (Nowack et al., 2003). Such differences in spatial sampling are particularly
common in Ocean Bottom Node (OBN) surveys, in which the distance between receivers is in the order of hundreds of meters, while the distance between shots is in
the order of tens of meters.
Reciprocity in data processing can also lower the computational cost of imaging.
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When imaging involves propagation of individual shots, such as in RTM or other
wavefield extrapolation techniques, exchanging shots and receivers can lower the cost
of computation, because the number of shots in the direct problem is usually an order
of magnitude greater than the number of receivers.
While reciprocity can be trivially implemented when dealing with acoustic data;
vector data, as is the case of the data used in this thesis, requires a more careful
analysis of reciprocal components. To understand that analysis, one should explicitly
describe the sources and receivers in their respective forces and displacements, as well
as the Green’s functions that connect them.
Herein, we start by showing the equivalence between normal stresses and particle velocities when describing explosive type sources. We use the velocity-stress
formulation of the elastic wave equation (Virieux, 1986) to analytically prove that
equivalence. We then show numerically how the same analytical solution is found by
a linear inversion of the source wavelet for a particle velocity quadrupole source.
Next, we describe the Green’s functions that relate pairs of particle velocities at
source and receiver positions and obtain their reciprocal functions. We show that a
direct problem with a source in both vertical and horizontal velocities can be simulated
by two reciprocal experiments in which each particle velocity component is injected
separately at the receiver position and recorded as a sum of components at the source.
Finally, we show these results for a synthetic experiment in the Marmousi2 elastic
model.

METHODOLOGY
In marine acquisition, the physical effect of airguns as seismic sources can be represented as a single point in which the moment tensor is diagonal (Aki and Richards,
1980). Using the velocity-stress formulation of the isotropic elastic wave equation,
the injection of this kind of source into the subsurface is given by the following system
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of partial differential equations:
ρ(x, z)

∂vx (x, z, t)
∂σxx (x, z, t) ∂σxz (x, z, t)
=
+
,
∂t
∂x
∂z

(A.1)

ρ(x, z)

∂σxz (x, z, t) ∂σzz (x, z, t)
∂vz (x, z, t)
=
+
,
∂t
∂x
∂z

(A.2)

∂σxx (x, z, t)
∂vx (x, z, t)
∂vz (x, z, t)
= [λ + 2µ](x, z)
+ λ(x, z)
+ Sex (x, z, t),
∂t
∂x
∂z
∂σzz (x, z, t)
∂vx (x, z, t)
∂vz (x, z, t)
= λ(x, z)
+ [λ + 2µ](x, z)
+ Sex (x, z, t),
∂t
∂x
∂z


∂σxz (x, z, t)
∂vx (x, z, t) ∂vx (x, z, t)
= µ(x, z)
+
,
∂t
∂z
∂z

(A.3)
(A.4)
(A.5)

where λ, and µ represent the elastic parameters, ρ is the medium density, vx , and
vz are the particle velocities, and σxx , σzz , and σxz are the propagated stresses. In
Equations A.3 and A.4 the forcing term is given by:
Sex (x, z, t) = δ(x − xs , z − zs )w(t),

(A.6)

where w(t) is the source signature, and δ(x − xs , z − zs ) is a spike positioned at the
source location.

To derive the reciprocal experiment based on the elastic reciprocity theorem shown
in Aki and Richards (1980), it is easier to find the equivalent body force given by
an explosive seismic source. To do so, we have to integrate in time and substitute
equations A.3 and A.4 into A.1 and A.2, respectively:
∂vx (x, z, t)
∂
ρ(x, z)
=
∂t
∂x

t



∂vx (x, z, τ )
∂vz (x, z, τ )
[λ + 2µ](x, z)
+ λ(x, z)
dτ
∂x
∂z
−∞
Z t
∂σxz (x, z, t)
∂Sex (x, z, τ )
+
dτ +
, (A.7)
∂x
∂z
−∞

Z
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∂vz (x, z, t)
∂
ρ(x, z)
=
∂t
∂x

t



∂vx (x, z, τ )
∂vz (x, z, τ )
λ(x, z)
+ [λ + 2µ](x, z)
dτ
∂x
∂z
−∞
Z t
∂Sex (x, z, τ )
∂σxz (x, z, t)
dτ +
. (A.8)
+
∂z
∂x
−∞

Z

In these two equations we can clearly distinguish the forcing terms in the x and z
components:
t

Z
fx (x, z, t) =

−∞

Z

t

fz (x, z, t) =
−∞

∂Sex (x, z, τ )
∂δ(x − xs , z − zs )
dτ =
∂x
∂x

Z

∂δ(x − xs , z − zs )
∂Sex (x, z, τ )
dτ =
∂z
∂z

Z

t

w(τ )dτ,

(A.9)

w(τ )dτ.

(A.10)

−∞
t

−∞

These two body forces have the same time signature that corresponds to the time
integral of the original source wavelet of equation A.6. Otherwise, the space signature
is given by derivatives in the x and z directions of a delta function, respectively. This
effect can be approximated by dipoles in the two directions, which is the same result
found in the main diagonal of the moment tensor shown by Aki and Richards (1980).
When considering a multi-component marine ocean-bottom acquisition we have to
be careful to separate the various recorded components to create the correct reciprocal
experiments. In fact, it is important to understand that the hydrophone is coupled
to the water; whereas, the geophones are coupled to the sea bed. Because of this
differential coupling, we have at least two reciprocal experiments to consider, one for
an acoustic medium and a different one for an elastic subsurface. We are going to
see that in reality, we need three reciprocal propagations in this acquisition scenario.
For the hydrophone component the true experiment can be represented by a time
convolution of the explosive source response with the acoustic Green’s function, as
follows:
Z

∞

Z

∞

p(xrh , zrh , t) =

g(xrh , zrh , t; x, z) ? Sex (x, z, t)dxdz
−∞

(A.11)

−∞

= g(xrh , zrh , t; xs , zs ) ? w(t),

(A.12)
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where (xrh , zrh ) represents the hydrophone position, and ? the time convolution operator. In this case the reciprocal experiment is given by interchanging the source
position with the receiver location:
p(xrh , zrh , t) = g(xs , zs , t; xrh , zrh ) ? w(t).

(A.13)

Otherwise, for the geophone component we have to employ the following property of
elastic Green’s functions (Aki and Richards, 1980):
gij (xr , zr , t; xs , zs ) = gji (xs , zs , t; xr , zr ),

(A.14)

where gij (xr , zr , t; xs , zs ) is the Green’s function of a body force injected in the j-th
direction from (xs , zs ) and recorded in the i-th axis at (xr , zr ). Using the representation theorem and the forcing terms of Equations A.9 and A.10 we can describe the
recorded particle velocities as:
Z

∞

Z

∞

vx (xrg , zrg ) =
−∞

[gxx (xrg , zrg , t; x, z) ? f˙x (x, z, t)

−∞

+ gxz (xrg , zrg , t; x, z) ? f˙z (x, z, t)]dxdz
= [gxx (xrg , zrg , t; xs + dx, zs ) − gxx (xrg , zrg , t; xs − dx, zs )
+ gxz (xrg , zrg , t; xs , zs + dz) − gxz (xrg , zrg , t; xs , zs − dz)] ? w(t), (A.15)

vz (xrg , zrg ) = [gzz (xrg , zrg , t; xs , zs + dz) − gzz (xrg , zrg , t; xs , zs − dz)
+ gzx (xrg , zrg , t; xs + dx, zs ) − gzx (xrg , zrg , t; xs − dx, zs )] ? w(t), (A.16)
in which (xrg , zrg ) is the geophone position, and where we have approximated the
derivatives of a delta function by:
∂δ(x, z)
≈ [δ(x + dx, z) − δ(x − dx, z)]/dx,
∂x

(A.17)

∂δ(x, z)
≈ [δ(x, z + dz) − δ(x, z − dz)]/dz.
∂z

(A.18)
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By employing the result of Equation A.14 in relations A.15 and A.16, we have:
vx (xrg , zrg ) = [gxx (xs + dx, zs , t; xrg , zrg ) − gxx (xs − dx, zs , t; xrg , zrg )
+ gzx (xs , zs + dz, t; xrg , zrg ) − gzx (xs , zs − dz, t; xrg , zrg )] ? w(t), (A.19)

vz (xrg , zrg ) = [gzz (xs , zs + dz, t; xrg , zrg ) − gzz (xs , zs − dz, t; xrg , zrg )
+ gxz (xs + dx, zs , t; xrg , zrg ) − gxz (xs − dx, zs , t; xrg , zrg )] ? w(t). (A.20)
These two equations describe the actual reciprocal experiment when an explosive
source is employed and particle velocities are acquired. We notice that in both components we are injecting a force at the receiver location xrg , zrg only in one direction,
i.e., in x and z, respectively. However, the recording of the particle velocities is performed using a quadrupole. For instance, the particle velocity vx (xrg , zrg ) component
can be obtained by injecting a force in the horizontal axis and recording the propagated vx and vz with a dipole along the corresponding direction. The same is true for
the vertical component but with an injection in the z axis. Because we are injecting a
force along one axis per component in the reciprocal experiment, we have to perform
two different propagations. This observation means that to perform the reciprocal
experiment for an ocean-bottom multicomponent survey, we have to propagate three
independent propagations, i.e., one for the pressure component and two for the geophone components. Therefore, as long as the number of receivers is less than a third
the number of sources, the reciprocal experiment involves fewer propagations than
the true acquisition. Despite this apparent issue, we clearly see the advantage in this
acquisition scenario. In fact, in this case, we usually have thousands of sources and
only a few hundred receivers, such that the aforementioned condition is potentially
fulfilled.

83

RESULTS
Equivalence between stress and velocity explosive sources
We started by generating multicomponent elastic data in a constant background
model by applying an explosive source in the normal stress components of the wavefield, as described by Equations A.3 and A.4. The source was a Ricker wavelet with
peak frequency 10 Hz, as shown in Figure A.1(a). Next, we run a linear inversion of
the source wavelet; but now, instead of finding a source for the stress components,
we look for a wavelet that minimizes the objective function and is described by a
quadrupole in the velocity components of the wavefield, as we have shown in Equations A.9 and A.10. According to our analytical solution, the quadrupole wavelet
should be the time integral of the original Ricker. Figure A.1(b) shows a comparison
of the analytical and inverted solutions and Figure A.2 shows the objective function
for the linear inversion problem.

(a)

(b)

Figure A.1: (a) Ricker wavelet used to generate data and (b) comparison between the
negative of the time integral of the Ricker wavelet (blue) and the numerical approximation obtained by linear inversion (red). The reason for displaying the negative of
the integral is to account for the sign change introduced with the dipole configuration.
[CR] ricker,comp-wave
Next, we run two synthetic experiments using the 2D elastic Marmousi model
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Figure A.2: Objective function for the first 50 iterations of the linear inversion of
the wavelet. The value at the 50th iteration is 0.5% of the initial value. [CR]
obj-function

(Martin et al., 2002). In the first experiment, we inject an explosive source using the
stress formulation in Equations A.3 and A.4. In the second experiment, we repeat
the positions for source and receiver, but now inject an explosive source according
to Equations A.9 and A.10. Our goal is to show that multicomponent elastic data
recorded at the ocean-bottom interface is equal for both source formulations, even
with a fairly complex model. Figure A.3 shows all data components overlaid for (red)
stress sources and (blue) particle velocity sources.

Reciprocity in multicomponent data
The 2D elastic Marmousi model is a fairly complex model even for shallow targets,
which allows us to observe many reflections and mode conversions in the synthetic
data and study the validity of the reciprocal data for different types of events. Figure
A.4 shows the elastic parameters for this model.
To get the direct data, we place an initial explosive source close to the water
surface, representing an air gun. The synthetic source is modeled using the quadrupole
in particle velocities. We position the receiver at the ocean-bottom interface, so it
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(a)

(b)

(c)

Figure A.3: Data recorded for one receiver caused by an explosive source injected
in the stress components (red) or as a particle velocity quadrupole (blue). Graphs
show (a) hydrophone, (b) vertical geophone and (c) horizontal geophone data. [ER]
comp-ex-f-hyd,comp-ex-f-ver,comp-ex-f-hor
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(a)

(b)

(c)

Figure A.4: (a) Density, (b) Vp and (c) Vs for the 2D Marmousi 2 elastic model. [ER]
rho,vp,vs

can mimic the complexity of the elastic coupling to the solid medium observed in
ocean-bottom data. Source and receivers are not aligned in depth, so that amplitude
versus angle relations are observed.
As we described in the previous section, we need three independent experiments
to generate the reciprocal data for a pair of source and receiver. The first experiment injects the source at the reciprocal position as a quadrupole in velocities. This
experiment generates the traditional acoustic reciprocity, thereby giving us the hydrophone reciprocal data. Next, we run two modelings —a vertical and a horizontal
velocity source —and record the data as a quadrupole at the new receiver position.
We summarize our results in Figure A.5, that shows the direct and reciprocal multicomponent data. It can be seen that both data sets overlay almost perfectly. There
are minor differences that we believe can be attributed to numerical accuracy.
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(a)

(b)

(c)

Figure A.5:
Direct (blue) and reciprocal (red) data for the (a) hydrophone, (b) vertical-geophone, and (c) horizontal geophone.
[ER]
comp-rec-hyd,comp-rec-ver,comp-rec-hor

Appendix B
3D Equations
3D ELASTIC MODELING OPERATOR
Density and Lamé parametrization
Analogously to the two dimensional (2D) case presented in Chapter 2, the three
dimensional elastic wave-equation can be written as,


∂
∂
∂
∂
ρ(x) Vx (x, t) −
σxx (x, t) +
σxy (x, t) + σxz (x, t) = s1 (x, t)
∂t
∂x
∂y
∂z

∂
∂
ρ(x) Vy (x, t) −
σxy (x, t) +
∂t
∂x

∂
∂
ρ(x) Vz (x, t) −
σxz (x, t) +
∂t
∂x


∂
∂
σyy (x, t) + σyz (x, t) = s2 (x, t)
∂y
∂z

∂
∂
σyz (x, t) + σzz (x, t) = s3 (x, t)
∂y
∂z

(B.1)

(B.2)
(B.3)



∂
∂
∂
σxx (x, t) − (λ(x) + 2µ(x)) Vx (x, t) + λ(x)
Vy (x, t)
∂t
∂x
∂y

∂
+ Vz (x, t)
= s4 (x, t) (B.4)
∂z
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∂
∂
∂
σyy (x, t) − (λ(x) + 2µ(x)) Vy (x, t) + λ(x)
Vx (x, t)
∂t
∂y
∂x

∂
+ Vz (x, t)
= s5 (x, t) (B.5)
∂z



∂
∂
∂
σzz (x, t) − (λ(x) + 2µ(x)) Vz (x, t) + λ(x)
Vx (x, t)
∂t
∂z
∂x

∂
+
Vy (x, t)
= s6 (x, t) (B.6)
∂y


∂
∂
∂
σxy (x, t) − µ(x)
Vx (x, t) +
Vy (x, t) = s7 (x, t)
∂t
∂y
∂x


∂
∂
∂
σxz (x, t) − µ(x)
Vx (x, t) +
Vz (x, t) = s8 (x, t)
∂t
∂z
∂x


∂
∂
∂
σyz (x, t) − µ(x)
Vy (x, t) +
Vz (x, t) = s9 (x, t),
∂t
∂z
∂y

(B.7)
(B.8)
(B.9)

where ρ, λ and µ are model parameters, Vx , Vy and Vz are particle velocities, σxx , σyy
and σzz are normal stresses and σxy , σxz and σyz are shear stresses. Similarly to the
two dimensional case, terms s1 to s9 represent sources for each respective component.

Density and velocity parameterization
Substituting Lamé parameters for P- and S-velocities yields the following set of equations:


∂
∂
∂
∂
ρ(x) Vx (x, t) −
σxx (x, t) +
σxy (x, t) + σxz (x, t) = s1 (x, t)
∂t
∂x
∂y
∂z

∂
∂
ρ(x) Vy (x, t) −
σxy (x, t) +
∂t
∂x

∂
∂
σxz (x, t) +
ρ(x) Vz (x, t) −
∂t
∂x


∂
∂
σyy (x, t) + σyz (x, t) = s2 (x, t)
∂y
∂z

∂
∂
σyz (x, t) + σzz (x, t) = s3 (x, t)
∂y
∂z

(B.10)

(B.11)
(B.12)
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∂
∂
σxx (x, t) − ρ(x)Vp2 (x) Vx (x, t) + ρ(x)(Vp2 (x) − 2Vs2 (x))
∂t
∂x


∂
∂
Vy (x, t) + Vz (x, t)
= s4 (x, t) (B.13)
∂y
∂z


∂
∂
σyy (x, t) − ρ(x)Vp2 (x) Vy (x, t) + ρ(x)(Vp2 (x) − 2Vs2 (x))
∂t
∂y


∂
∂
Vx (x, t) + Vz (x, t)
= s5 (x, t) (B.14)
∂x
∂z


∂
∂
σzz (x, t) − ρ(x)Vp2 (x) Vz (x, t) + ρ(x)(Vp2 (x) − 2Vs2 (x))
∂t
∂z


∂
∂
Vx (x, t) +
Vy (x, t)
= s6 (x, t) (B.15)
∂x
∂y


∂
∂
∂
2
σxy (x, t) − ρ(x)Vs (x)
Vx (x, t) +
Vy (x, t) = s7 (x, t)
∂t
∂y
∂x


∂
∂
∂
2
σxz (x, t) − ρ(x)Vs (x)
Vx (x, t) +
Vz (x, t) = s8 (x, t)
∂t
∂z
∂x


∂
∂
∂
2
σyz (x, t) − ρ(x)Vs (x)
Vy (x, t) +
Vz (x, t) = s9 (x, t),
∂t
∂z
∂y

(B.16)
(B.17)
(B.18)

where ρ, Vp and Vs are the new model parameters.

BORN APPROXIMATION IN THE 3D CASE

The Born approximation to the three dimensional elastic wave equation is obtained
similarly to the two dimensional case. For brevity, I present only the final step for
both Lamé and velocity formulations:
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Density and Lamé parametrization

∂
∂
ρ0 ∆Vx −
∆σxx +
∂t
∂x

∂
∂
∆σxy +
ρ0 ∆Vy −
∂t
∂x

∂
∂
ρ0 ∆Vz −
∆σxz +
∂t
∂x


∂
∂
∂
∆σxy + ∆σxz = ∆ρ Vx0
∂y
∂z
∂t

∂
∂
∂
∆σyy + ∆σyz = ∆ρ Vy0
∂y
∂z
∂t

∂
∂
∂
∆σyz + ∆σzz = ∆ρ Vz0
∂y
∂z
∂t

(B.19)
(B.20)
(B.21)




∂
∂
∂
∂
∆σxx − (λ0 + 2µ0 ) ∆Vx + λ0
∆Vy + ∆Vz
=
∂t
∂x
∂y
∂z


∂ 0
∂ 0
∂ 0
∂
− ∆λ
Vx +
Vy + Vz − 2∆µ Vx0 (B.22)
∂x
∂y
∂z
∂x




∂
∂
∂
∂
∆σyy − (λ0 + 2µ0 ) ∆Vy + λ0
∆Vx + ∆Vz
=
∂t
∂y
∂x
∂z


∂ 0
∂ 0
∂ 0
∂
− ∆λ
Vx +
Vy + Vz − 2∆µ Vy0 (B.23)
∂x
∂y
∂z
∂y




∂
∂
∂
∂
∆σzz − (λ0 + 2µ0 ) ∆Vz + λ0
∆Vx +
∆Vy
=
∂t
∂z
∂x
∂y


∂ 0
∂ 0
∂ 0
∂
− ∆λ
Vx +
Vy + Vz − 2∆µ Vz0 (B.24)
∂x
∂y
∂z
∂z




∂
∂
∂
∂ 0
∂ 0
∆σxy − µ0
∆Vy +
∆Vx = −∆µ
V +
V
∂t
∂x
∂y
∂x y
∂y x




∂
∂
∂
∂ 0
∂ 0
∆σxz − µ0
∆Vz + ∆Vx = −∆µ
V + Vx
∂t
∂x
∂z
∂x z
∂z




∂
∂
∂
∂ 0
∂ 0
∆σyz − µ0
∆Vy +
∆Vz = −∆µ
V +
V ,
∂t
∂z
∂y
∂z y
∂y z

(B.25)
(B.26)
(B.27)

where ρ0 , λ0 and µ0 are components of the background model m0 ; ∆ρ, ∆λ and ∆µ are
the model perturbations for density, λ and µ, respectively; Vx0 , Vy0 and Vz0 are wave
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fields obtained by solving equations B.1 to B.9 for the background model m0 ; and
∆Vx , ∆Vy , ∆Vz , ∆σxx , ∆σyy , ∆σzz , ∆σxy , ∆σxz and ∆σyz are the intrinsic variables
for the Born approximation.

Density and velocity parametrization
The three dimension extension for the Born approximation in the P- and S-velocities
case is straightforward and follows from equations B.10 to B.18,


∂
∂
∂
∂
∂
ρ0 ∆Vx −
∆σxx +
∆σxy + ∆σxz = ∆ρ Vx0
∂t
∂x
∂y
∂z
∂t

∂
∂
∆σxy +
ρ0 ∆Vy −
∂t
∂x

∂
∂
ρ0 ∆Vz −
∆σxz +
∂t
∂x


∂
∂
∂
∆σyy + ∆σyz = ∆ρ Vy0
∂y
∂z
∂t

∂
∂
∂
∆σyz + ∆σzz = ∆ρ Vz0
∂y
∂z
∂t

(B.28)

(B.29)
(B.30)




∂
∂
∂
∂
2
2
2
∆σxx − ρ(x)Vp0 (x) ∆Vx + ρ(x)(Vp0 (x) − 2Vs0 (x))
∆Vy + ∆Vz
=
∂t
∂x
∂y
∂z




∂ 0 ∂ 0
∂ 0 ∂ 0 ∂ 0
2 ∂
0
2
2
V + V + V
−∆ρ Vp0 Vx +(Vp0 −2Vs0 )( Vy + Vz ) −∆Vp (2ρ0 Vp0 )
∂x
∂y
∂z
∂x x ∂y y ∂z z


∂ 0
∂ 0
− ∆Vs (4ρ0 Vs0 )
V + Vz
(B.31)
∂y y
∂z




∂
∂
∂
∂
2
2
2
∆σyy − ρ(x)Vp0 (x) ∆Vy + ρ(x)(Vp0 (x) − 2Vs0 (x))
∆Vx + ∆Vz
=
∂t
∂y
∂x
∂z




∂ 0 ∂ 0
∂ 0 ∂ 0 ∂ 0
2 ∂
0
2
2
−∆ρ Vp0 Vy +(Vp0 −2Vs0 )( Vx + Vz ) −∆Vp (2ρ0 Vp0 )
V + V + V
∂y
∂x
∂z
∂x x ∂y y ∂z z


∂ 0
∂ 0
− ∆Vs (4ρ0 Vs0 )
V + Vz
(B.32)
∂x x
∂z
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∂
∂
∂
∂
2
2
2
∆σzz − ρ(x)Vp0 (x) ∆Vz + ρ(x)(Vp0 (x) − 2Vs0 (x))
∆Vx +
∆Vy
=
∂t
∂z
∂x
∂y




∂ 0 ∂ 0
∂ 0 ∂ 0 ∂ 0
2 ∂
0
2
2
−∆ρ Vp0 Vz +(Vp0 −2Vs0 )( Vx + Vy ) −∆Vp (2ρ0 Vp0 )
V + V + V
∂z
∂x
∂y
∂x x ∂y y ∂z z


∂ 0
∂ 0
(B.33)
V +
V
− ∆Vs (4ρ0 Vs0 )
∂x x
∂y y

∂
∆σxy − ρ0 Vs02
∂t



∂
∂
∆Vy +
∆Vx
∂x
∂y



∂
∂
∆Vz + ∆Vx
∂x
∂z
−

∂
∆σyz − ρ0 Vs02
∂t





∂ 0
∂ 0
V +
V
+ ∆Vs (2ρ0 Vs0 )]
(B.34)
∂x y
∂y x


=

[∆ρ(Vs02 )

∂
∂
∆Vz + ∆Vy
∂y
∂z
−

=

[∆ρ(Vs02 )

−

∂
∆σxz − ρ0 Vs02
∂t





∂ 0
∂ 0
V + Vx
+ ∆Vs (2ρ0 Vs0 )]
(B.35)
∂x z
∂z


=

[∆ρ(Vs02 )



∂ 0
∂ 0
V + Vy , (B.36)
+ ∆Vs (2ρ0 Vs0 )]
∂y z
∂z
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